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1. INTRODUCTION

Order statistics and records are used in a variety of disciplines and have ex-
tensively appeared in statistical literature. Many authors have investigated
either of the topies or both, among others: Sarhan and Greenberg (1962),
Reiss (1989), Arnold, Balakrishnan and Nagaraja (1992, 1998), Ahsanullah
(1995) and Ahsanullah and Nevzorov (2001).
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In this paper, recurrence relations of conditional moment generating
functions and conditional moments of powers of order statistics and records
based on random samples drawn from a population whose distribution is a
member of a general class of distributions, denoted by g4, are obtained.

Suppose that a random variable X having an absolutely continuous
distribution function (df), considered by AL-Hussaini and Osman (1997),
AL-Hussaini (1999) and AL-Hussaini and Ahmad (2003a, 2003b), is given
by

F(z)=Fx(z;0)=1— e ME0) =1 _ =A@ x>0,

and the probability density function (pdf), given by

fl@)=N(x) e @ z>0,

where A(z) = A(z;0) is a nonnegative, monotone increasing and differen-
tiable function of x such that A\(z) — 0 as x — 07 and A(z) — oo as
x — 00, N () is the derivative of A\(z) with respect to z and the parameter
6 (may be a vector) belongs to some parameter space.

We shall write the class & of distributions as

(1.1) g = {F F(z)=1-e?@, 2> o}.

A doubly truncated pdf on [Py, @], denoted by fq(x), is given by

(1.2)  falx) = AgN(z) e P <2<Qi, (P>0,Q; <o),

where

(1.3) Ag=1/ [e—A(Pl) _ e—A(Ql)} _

The corresponding doubly truncated df and the survival function (sf) are
given, respectively, for 0 < P < x < Q1 < 00, by

(1.4) Fuy(z) = Aqg [64(131) _ 64(;,;)]
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and

fa(z)
N(x)’

where Fy(.) =1 — Fy(.), Fy(.) is given by (1.4) and

(1.5) Fy(z) = Q2 +

(1.6) Qo = —Ag e M) = ¢=A@Q1) /=M @1) _ o=A(P),

Notice that Fy(Py) = 1 and Fy(Q;) = 0.
We shall write &y to denote the doubly truncated class. So that, for
P <z<Q1, L >0,Q1 <00,

(1.7)  SQug= {Fd s Fy(x) = [e_’\(Pl) - e_’\(x)} / [e_/\(Pl) - e_/\(Ql)} } .

Special cases of the doubly truncated class &4 are the non-truncated, left and
right truncated classes, denoted by <&, S, and Sg, where the non-truncated
class § is given by (1.1), the left truncated class is given by

(1.8) Q= {FL Fp(z)=1— e D@ 4> pps o} ,

in which case, it is only required for A(z) to satisfy the condition A(z) — oo
as £ — 0o. The right truncated class g is given by

(1.9) %R:{FR : Fr(x)= [1 - e*)‘(lﬂ)]/[l - e)‘(Ql)}, 0<z<@r, Q1 < oo} ,

in which case, it is only required for A(z) to satisfy the condition A(x) — 0
asz — 0.

AL-Hussaini, Ahmad and El-Boghdady (2004a, 2004b) have obtained
recurrence relations of multivariate moment generating functions of powers
of order statistics and records, respectively, based on random samples drawn
from a population whose distribution is a member of the doubly truncated
class of distributions Sy.
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Members of &y include important distributions, used in areas as life
testing and other areas of statistics as well, such as the doubly truncated
distributions of each of the Weibull, Compound Weibull, Pareto, power
function, Gompertz and compound Gompertz distributions. Recurrence
relations obtained in this paper are applied to such members as
illustrative examples.

2. RECURRENCE RELATIONS FOR CONDITIONAL MOMENT
GENERATING FUNCTION OF ORDER STATISTICS

Suppose that Xi,..., X, are independently identically distributed random
variables as a random variable X having a df Fy(x), z € [P;,Q1]. Let
Xim < -++ < Xp.pn be the order statistics of Xi,...,X,. For integers r,s
such that 1 < r < s < n, the conditional density function of Xg., given X,.,
is known to be given by

o FX o Xom (Y | @) = Av| Fy(x) — Fd(y)} o [Fd(y)]n_sfd(y),

P1§x<y§Qla

where

(2.2) A= (n—r)/ [(s—r— D) (n— s)! {Fa(z)}"].

(See, for example David 1981).
The following theorem gives recurrence relations for the conditional mo-
ment generating function or conditional moments of order statistics.

Theorem 1. The necessary and sufficient condition for a random variable
X to be distributed as (1.4), is that, for integers r,s and a such that 1 <r <
s<nanda>1,
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Mxa |x,.,t|2) = Mxo  |x,.,(t]|2)

(n—r) Q2
(n —s+1) Fy(z)

at [X;nletxgm

= Xy =
n—s+1 N(Xsm) | Xrn x}jL

(2.3)

[Mys, 8 12) = M, (] 2)]

which implies that

E[Xgn ‘ XT:n = $i| - E[X;L—lzn | XT:n = $i|
¢ X' (n —r)Q2
= e Xr'n == —
(24) n—s+1 |:>\/(Xs:n) | Xr: x] + (n—s+1)Fy(x)

{E|:Xg:n—1 | Xrin—1 = m} - E[Xg—lzn—l | Xrin—1 = x} } .

It is assumed that all of the moment generating functions and conditional
moments involved exist.

Proof.
Mxe, x,..(t | @)
— E[eth:n | Xr:n — 33:|
Q1 e
(2.5) = /ﬂc €Y X X (Y | ) dy

= [7 e R - B[R] e

= o [ [ty - Rat)] T Rt
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where
Ay (n—7r)!

(2.6) A2:n_3+1:(n_3+1)! (s—r—1)! [Fd(x)]nqﬂ'

Integrating by parts, we then have

Mxa, |x,.,(t]z)

where
(n—r)! ‘
(n—s+ 1) (s—r—2)! [Fy(z)]""

The second term in (2.7) is the same as (2.5) when s is replaced by s — 1.
Therefore, (2.7) can be written as

AgI(S—T—l)AQZ

Mxa x| 2) = Mxa  |x,..(t|2)

(2.8) o)) e B s—r—1r _ n—s+1
—atdy [yt () = )] [Ra)] T an

By using (1.5), we can write

] n—s+1

(B = R [Faw) = [Faw)] [Q2 N
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By substituting in (2.8) with A being written in terms of A; as in (2.6),
we have

MX;L

m

X (U] 2) = Mxa  x,., (L] 2)

at Ay Qu ya—lety® o _
= z | F _
i) Gy [

(2.9) AR /x “ y e [Fd(w) —Fd(y)r_r_1 [Fd(y)}n_sdy

n—s+1
t Xo tetXon
= ¢ s}n ¢ ’ Xpm =1
n—s+1 N (Xsin)

ath A1 @1 a1 _ty* [ £ _ s—r—1rp _ n—s
o Te it / e [ Faw) - Fay)| [Faw)] .

By replacing n by n — 1, in (2.8), we obtain

[ e (R - B [Rat)]
(2.10)

(n—7)

- m |:MXg:n—1|XT'Z"_1(t ’ x) o MX?—I:n—lIXTzn_l (t ‘ CU) '

Notice, from (2.6) and (2.2), that if n is replaced by n — 1 in (2.6), then
A9 = A1Fy(x) / (n —r) where A; is given by (2.2).

Substituting in (2.9), we obtain (2.3).

On the other hand, if (2.3) is satisfied, its left hand side is then given,
from (2.8), by

(2.11) at A /:21 y* e [Fd(x) - Fd(y)] o {Fd(y)}n_ﬁldy
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The right hand side of (2.3) is given, from definition and the use of (2.10)
and (2.9), by

na_t;j—ll /leya_letya[Fd(m) - Fd(y)r_r_l[pd(y)r_s [{\C'lély/” W

Y A LR

n—s+1
—ataaf e (R -Ra)] T [Ruw] [@er 240) ay
By equating (2.11) and (2.12), we obtain
o= [Mymer [ - Raw] T [Raw)] 7 [Fat) - @ 9]

By applying the extension of Miintz-Sazds theorem [see, Hwang and Lin
(1984)], it follows that

fa(y)
N(y)

By differentiating both sides of (2.3) and then setting ¢ = 0, the recurrence
relation (2.4) of conditional moments of order statistics is obtained.

Fy(y) = Q2+

2.1. Left, right and nontruncated cases

Special conditional doubly truncated cases are the conditional left, right
and nontruncated distributions. Recurrence relations of moment generating
functions and product moments of order statistics corresponding to each one
of such cases characterize its members.

Corollary 1. The necessary and sufficient condition for a random variable
X to be distributed as a member of the left truncated class (1.8) is that, for
integers r,s and a such that 1 <r <s<n anda > 1,
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Mxa |x,.,(t|2) = Mxo  |x,.,(t|2)

(2.13)

_at [X;;letxgrn

= Xy =
ns 1l | N (K| x]

which implies that

E Xg:n | Xr:n = l} — E|:Xg—1:n ’ Xr:n = 17}
(2.14)

a Xxa-1
_ . sn ’Xr:n =2l
n—s+1 N (Xsm)
Corollary 2. The necessary and sufficient condition for a random variable
X to be distributed as a member of the right truncated class (1.9) is that,
for integers v, s and a such that 1 <r <s<mnanda>1,

at

Mra _—
X n—s—+1

smn

X (U] ) = Mxa

—1:n

X (| 2) =

(n —r)e Q)
[e=M@1) —1](n — s+ 1) Fy(x)

(2.15)

)(a'._1 th:n
E [&ne | Xy = 2| +

N(Xsm)

[MX.in—l‘XTin—l(t | ;U) - MXS"‘_I:n_1|XT:n_1(t ‘ x)i| ’

which implies that

| X = 2| - B[ X2 N I
E[Xs:n | Xr:n = 17] E[Xsflzn ‘ Xr:n = x:| = ———
a—1 _ 7)\(@1)
(2.16) E [;Xsn | Xy = m] n (n—r)e )
A (Xs:n) [e_A(Ql) — 1] (TL — s+ 1)Fd($)

{E{Xg:nfl ‘ Xrin—1 = l’} - E[nglznfl ’ Xrin—1 = .%} } .
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Remarks.

(1) In the non-truncated case <, the characterization condition is the

same as (2.13).
(2) A referee has pointed out that relation (2.3) can also be shown to
be a consequence of Eq. (2.9) obtained by Ahmad and Fawzy (2003).

2.2 Examples

(1) Doubly truncated Weibull distribution:
Az) = BxY and N (x) = Byz7~ L.

Recurrence relations (2.3) and (2.4) reduce, respectively, to

Mxa, x| 2) = Mxo  |x,.,(t|2)

at _ a
= e X =]
(n—r) Q2
(n — 3 + 1) Fd(x) |:MXg:n_1|Xr:n—1(t ‘ x) - MX;I_lm/_l‘Xr:n—l(t ‘ x):|

and

BN\ X | Xom = x] - E[Xg—lzn | X = x}

= G B X =
(n _(erl))%(x) {E [Xg;n_l | Xpin—1 = :c} - E[Xg_lm_1 | X1 = x] } 7

where Fy(z) = {eap[—(2" — Q7)] = 1}/{eap[~B(P] — Q])] = 1} and a > 7.



RECURRENCE RELATIONS FOR CONDITIONAL MOMENTS ... 191

[Recurrence relations for product moments of order statistics under the
doubly truncated exponential and doubly truncated Rayleigh distributions
can be obtained from the Weibull distribution by setting v = 1 and 2,
respectively].

(2) Doubly truncated compound Weibull distribution
(three - parameter Burr type XII distribution):

Mz) =~ In(1+2%/8) and N(z) =~ 02971 /(3 + 2?).

Recurrence relations (2.3) and (2.4) reduce, respectively, to

Mxa, |x,., (| 2) = Mxo  |x,.,(t|2)

m

at _ a .
g et ] 5 0]

(n—1) Q2
(n—s+1) Fya)

My, 12) = M, ¢ 2)]

and

s—1:n

E[X;n | X :x} —E[ a |Xm::c]

= e VEP e o] [ =]

(n—r) Q2

m {E |:Xg;n—1 ‘ Xr:n—l :LU:| —E [nglznfl ’ XT:n—l :x} } ,

where Fy(x) = {[(8+Q1)/(8+2")]* = 1}/{[(B+Q))/(B + P)]* - 1}.
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[Recurrence relations for product moments of order statistics under the
doubly truncated compound exponential, doubly truncated compound
Rayleigh and doubly truncated two-parameter Burr type XII distributions
can be obtained from the compound Weibull distribution by setting
a=1,a=2and =1, respectively].

(3) Doubly truncated Pareto I distribution:
Az) = —yIn(a/z) and N (z) = /.

Recurrence relations (2.3) and (2.4) reduce, respectively, to

Mxa |x,.,(t|2) = Mxe  |x,.,.(t]|2)

at a

(n—1) Q2
(n —s+1) Fy(x)

(Mo, Xy (] 2) = Mxa |, (8] 2)

and

E[Xgm | Xy = x} - E[ C | Xy = x]
a —r)Q
= o B X =a 4 _(2 +r1)) Fo)

{E[Xg:n—l | Xrin—1 = x] - E|:Xg—1:n—1 | Xrin—1 = x} } )

where Fy(x) = [(Q1/)" — 1/[(Qu/P) — 1].
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(4) Doubly truncated beta distribution:

Axz) = BIn[1/(1 — )] and N (x) = B/(1 — ).

Recurrence relations (2.3) and (2.4) reduce, respectively, to

Mxa |x,.,(t|2) = Mxe  |x,.,.(t]|2)
at a—1_tXa a _tXo
= B m) VP X = a] = B[00 | X =]
(n—1)Q2
e Dy e (19 = M 610

and

BN\ X | Xem = x] - E[Xg—lzn | Xpon = x}

(n—1)Q2
(n—s+1)Fy(z)

{B[Xt0s | Xpmo1 = 2] = B[Xe 10y | Xomor = 2]}

where Fy(z) = {[(1 — 2)/(1 = Q1)) = 1}/{[(1 = P)/(1 = Q1)]” — 1} and

a > 1.
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(5) Doubly truncated Gompertz distribution:
Ax) = (1/o7)[e’® — 1] and N (z) = (1/0)e®.
Recurrence relations (2.3) and (2.4) reduce, respectively, to
Mxa, x| 2) = Mxo  |x,.,(t|2)
= (ato—) E{X;;leth:n_'YXS:n | Xy = m]

n—s+1

(n—1)Q2
(n—s+1)Fy(x)

(Mo xen (1 2) = Mya i (] 2)]

and

E [X;ﬁn | Xyon = x] _E [Xg,m | Xy = x}

= 7 {Blxg e | X =] + B[X8y | X = ) }

(n—r) Q2
(n—s+1) Fy(z)

{E[Xgn—l ’ szn—l = ~T:| - E[X§—1:n—1 | szn—l = m] } )

where Fy(z) = {e:):p[—g%y(e” — Q)] — 1}/{exp[—g%(e"7pl —e¥91)] —1} and
a>1.
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(6) Doubly truncated compound Gompertz distribution:
A() = SIn[1 + (7% — 1)/84] and N () = 6v/[1 + (By — 1)e 2],

Recurrence relations (2.3) and (2.4) reduce, respectively, to

Mxa |x,.,(t|2) = Mxe  |x,.,.(t]|2)

m

at _ a
= —Vé(n S 1) {E[Xg:nletXS:n | Xr:'n = ZU1|

+(5’Y _ 1)E|:X;l:;16th:n7'YXs:n | X?":n — l‘]}

(n—r) Q2
(n—s—l—l)Fd

(ZE) |:MXg:n71|XT3n*1(t | I) - MX;Z—I:TL—1|X7”5”*1 (t ‘ l‘)

and

s—1n

E X§n|XT:n:m] —E[ a |XT;n::n}

= m {E[Xg;ﬁl | Xrin = x} +(By — 1)E[X§:;16*7stn | Xr:n:$:|}

(n—1) Q2
(n—s+1) Fy(z)

{E[Xgm*l ’ er’_l = x} - E[nglznfl | Xr:n—l = $] } ;

where Fy(z) = {[(87 — 1+ &%) /(87— 1+ )] — 1}/{[(By — 1+ &P);
(By—1+e9)) % —1}and a > 1.
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3. RECURRENCE RELATION FOR CONDITIONAL MOMENT
GENERATING FUNCTION OF RECORD VALUES

A different type of ordering is that of records. Suppose that X1, Xo,... is
a sequence of i.i.d. random variables as a random variable X having a df
Fy(x). Let, for n > 1, Xy = maz{Xy,..., Xn}.

We say that Xis(,) is an upper record value of {Xp,n > 1}, if Xy >
Xy (j—1), for j > 1. The sequence {U(n),n > 1} is called upper record times,
where U(1) = 1 and U(n) = min{j : j > U(n — 1), X; > Xyp_1),n > 1}.
Lower record times and values are similarly defined. For details, see Arnold,
Balakrishnan and Nagaraja (1998). In this book, it was shown that the
conditional density function fi;(n)(m)(y | 7) is given by

[R(y) = R(@)]""" " f(y)
(n—m-1)!  F(z)’

fumom)(y | =) = y > .

The conditional density function based on the doubly truncated distribution
Fy4(.) (and density fy4(.)) is then given by

fuomwm)(y | ) =

(3.1) o
[Ra(y) — Ra(@)]""" " faly)
. (n—nff—m Fz(x>, P <z<y<Q,
where
(3:2) R4(.) = —In[Fy(.)].

For a given record value, we may be interested in knowing what is expected
in the next record. The following theorem gives recurrence relations for the
conditional moment generating function or conditional moments of record
values.

Theorem 2. The necessary and sufficient condition for a random variable
X to be distributed as (1.4), is that, for integers 1 <m <mn and a > 1,
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MX?J(n+1)|XU(m) (t | z) = MXg(nﬂXU(m) (t ’ z)

(3.3) ool txe
XU(nJrl)e vt

= atFk
N(Xv(n+1))

{1 _ e[x(xU(nH))—A(Ql)}} | Xvm) = 2| ,

which implies that

E[Xg(nﬂ) | Xu(m) = x} B E[X[C}(”) | Xum = x}

2a—1

X
UMD 1 M Xt —MQ1)] —
)) {1 e + } | XU(m) x| .

=aF
)‘/(XU(n—H

It is assumed that all of the conditional moment generating functions and
conditional moments involved exist.

Proof. By definition,

txe
Mxo Xpom (@) = E|e700 | Xygny =@

Q1
(3.5) = / e Ix0 ) Xu oy W | @) dy
X

n—m—1

=5 [ [Ra) - Rt T o)

where

(36) B=1/ [(n —m—1) Fd(x)}, Ry()=—In [Fd(.)},

and Fy(.), f4(.) are given by (1.4) and (1.1). Therefore
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n—m

Q.
Mg Xy (t| 2) = B* / e Faly)d| Ra(y) ~ Ra)|

5|  TRatw)—Ra)]" " (e [ fulw)] a1 Foty) hay

(3.7)

—p e [Raty) - Ra@)]" " atw)dy

—at B* /EQl Y@ letv” [};Z((zy/))] {Rd(y) — Rd(x)} nimfd(y) dy,

where B* = B / (n—m)! = 1/[(n — m)! Fy(x)].

It may be observed that the first term in (3.7) is the same as (3.5) if n is
replaced by n — 1. In the second term of (3.7),

Faly) _ 1 1 [—A(Qn—x(y)}]
faly) X(y)[ ’ '

Therefore, (3.7) can be rewritten in the form

(t]x) = Mxg

U(n)'XU<m> (t ’ IL’)

X?I(n+1)|XU(m)

a—1 X (1
Xymne 70

)‘/(XU(n+1))

—atE {1 — eP‘(XU(n+1))_)‘(Q1)]} | Xt (m)

On the other hand, if condition (3.3) is satisfied, then its left hand side is
given from (3.7) by

n—m

38 arm [y O] [p) - )] ) ay
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The right hand side of condition (3.3) is given by

1 — e~ A@QD-A®)]
N(y)

39 atp | Pyt [ [Ray)yRa@)]" " faly) dy.

Equating (3.8) and (3.9) we then have

/Q1 | e
— ya_ ey
T

It then follows from the extension of Miintz-Sazds theorem [see, Hwang and
Lin (1984)] that

n—m

- e~ A@)-AW)]
Fuy) 1 ' ] [Ruly)~Fa@)" ™" £utw) do.

fa(y) N(y)

Fd(y) _ 1-— 6_[)\(Q1)_>‘(y)} e—)\(y) - 6_)\(Q1)

faly) N(y) Ny e W

which has a solution given by

Fy(y) = Ale @) — =AW,

so that
fay) =AN(y) e V], P <y<Qn,

where A is such that Fj(y) is a survival function, or fy(y) is a pdf.

Differentiating both sides of (3.3) with respect to t and then setting
t = 0, recurrence relation (3.4), for conditional moments, is obtained.

Remark. A referee has pointed out that relation (3.3) can also be shown
to be a consequence of Eq. (2.7) obtained by Ahmad and Fawzy (2003).

3.1. Left, right and nontruncated cases

In the left truncated or nontruncated cases, conditions (3.3) and (3.4)
become, for integers n < m and a > 1,
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M X (81 2) = Mg 15, (] 2)

a—1 X (1
XU(nJrl)e (vt

N(Xvm+1))

=atk |XU(m) ,

and

B Xy | Xom) = 2) = | X0y | Xy = ]

2a—1
U(n+1)

—aB|—Y0D x|
)‘/(XU(n+1))| . )]

In the left truncated case, x > Py, (P; > 0) and A(z) — 00 as © — 0.

In the non-truncated case, x > 0, (P, > 0) and A(z) — 0 as x — 0T
and A(z) — oo as x — 0.

In the right truncated case. conditions (3.3) and (3.4) remain the same,
provided that 0 <z < Q1, Q1 < co and A(z) — 0 as x — 0.

3.2 Examples

(1) Doubly truncated Weibull distribution:

Mz) = BxY and N (x) = Byz7~ L

Recurrence relations (3.3) and (3.4) reduce, respectively, to
Mxa o1 Xum (1 2) = Mxg x| 2)

t _ a
_ %E Xy exp bt (1= P70 ) | Xy =,
v
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where a >~ and
E [ng(mrl) | Xv(m) = x} -F [Xg’ o | Xvm) = x}

= 5 B X (1= ) | X =2,

where 2a > ~.

[Recurrence relations for product moments of record values under the doubly
truncated exponential and doubly truncated Rayleigh distributions can be
obtained from the Weibull distribution by setting a« = 1 and 2,
respectively].

(2) Doubly truncated compound Weibull distribution
(three - parameter Burr type XII distribution):

Mz) =~ In(1 +29/8) and N(z) =~ 60 2971/(B + 2%).

Recurrence relations (3.3) and (3.4) reduce, respectively, to

Mxg X (t|z)— Mxg X0 (t]z)

(G B N C N [

where a > 6 and

B\ X iy | Xumy = 2| = B[ Xfoy | Xugm =7
B+ Xg(n+1

= P (0xE T + X ) [1 - (F5 ™) 1 =],

where 2a > 0.
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[Recurrence relations for product moments of record values under the dou-
bly truncated compound exponential, doubly truncated compound Rayleigh
and doubly truncated Burr type XII dstributions can be obtained from
the compound Weibull distribution by setting v = 1,7 = 2 and 8 = 1,
respectively].

(3) Doubly truncated Pareto distribution:

Az) = —yIn(a/z) and N (z) = /.

Recurrence relations (3.3) and (3.4) reduce, respectively, to
Mx

tlx)—M

X iy [ Xv (m) (t ’ m)

8(n+1)‘XU(m)(

at txa XU(n—&-l))’Y) }
= — B X} e UM+ (1 — | ———= Xuytm) =
v { [ U(n+1) < < Q; | U(m) :|

E {Xz?(nm | Xum) = 5"} -k {X’(} o | Xumy = x}

Xumn v
:3{E[ Un+1) (1— <UC(21+1)> >|XU(m):x]}‘

(4) Doubly truncated beta distribution:

and

Az) = BIn[1/(1 — z)] and N (x) = 8/(1 — x).

Recurrence relations (3.3) and (3.4) reduce, respectively, to

Mg oy Xoam (1 2) = Mg i) (] 2)

_ aﬂtE[(XZZ,}H)+Xg(n+1))€txg(n+l) (1_ <1_1;;(2:+1))5) ] XU(m) :fc}

and
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B Xy | Xuim) = o] = B| X0y | Xy = 2]

_ 11— “
a—1 a _
(XU(n+1) + XU(”+1)> (1 - (1 — XU(n+1)> > | Xoem = 90] 7

where a > 1.

a
-°F
p

(5) Doubly truncated Gompertz distribution:
Az) = (1/o7y)[e?* — 1] and X (z) = (1/0)e™.
Recurrence relations (3.3) and (3.4) reduce, respectively, to

t|x)—M

X[c;(,,L)‘XU(m)(t ’ 33‘) =ato

MX((}(nH) 1 XU (m) (

a=1  JtX{ 1)y "1 XU@mt1)
XE[XU(m-l)e ()

X {1 —exp <Ul’y (e'YXU(TH-l) — ev@h))} | Xv(m) = a:}

and

E[X?}(nm | Xv(m) = 9”} - E[Xg(’” | Xom = x}

— a—1 —Xu n41
—aaE[XU(nH)e (n+1)

1
X {1 —exp <(67XU(”+1) — 67Q1)> } | Xtr(m) = 7|,
o

where a > 1.
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(6) Doubly truncated compound Gompertz distribution:
A(z) = d1n[l + (€7 — 1)/B7] and X(z) = 6v/[1 + (By — 1)e*].
Recurrence relations (3.3) and (3.4) reduce, respectively, to

t|z)—M

Xg(n-u) |XU(m) (t | .73)

MXIL}(rH—l)lXU(m)(

t a
- ot s (o (31— )

1)
By + e Xumtn — 1 B
" [1_< By +e —1 | Xum ==

and, for a > 1,

E[Xg(nﬂ) | Xu(m) = x} B E[Xg(") | Xum) = x}

- el 1+ (- 1)

5
By +etveen — 1 B
X [1—( ,3’}/+6’YQ1—1 |XU(m)—x .
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