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Abstract

A linear geostatistical model is considered. Properties of a uni-
versal kriging are studied when the locations of observations are
measured with errors. Alternative prediction procedures are intro-
duced and their least squares errors are analyzed.
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1. INTRODUCTION

A random field z(t), t € D, of the form (1) is observed at locations &1, . . ., &,.
Kriging means optimal predicting the unobserved values of the random
field z. The procedure of kriging is well-known (see e.g. Krige (1951),
Cressie (1991), Yakowitz—Szidarovszky (1985), and Berke (1998)). Our aim
is to study the result of kriging when locations &1, ..., &,, where the field is
observed, are not known precisely.

A similar problem was studied in Fazekas—Kukush (1999) but another
mathematical setting was used there. In that paper, the location &; was
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considered as a non-random point, but we observed &; with a random error.
Therefore the appropriate tool was the deconvolution method often used for
estimation in functional errors-in-variables models (see e.g. Fazekas-Baran—
Kukush-Lauridsen (1999)).

In this paper, we consider that &q,...,&, are random and we do not
know their actual value but we have certain knowledge about their distri-
bution. In Section 2, we introduce a measurement error model for random
fields prediction problems. In Section 3, a modification of the universal krig-
ing is given. Our model and kriging method is similar to those proposed in
Gabrosek—Cressie (2002). In Gabrosek—Cressie (2002) the objective func-
tion is the first term of our objective function Q(A) in (8). In Theorem 3, we
prove that under some conditions the Lo-error of our predictor is asymptoti-
cally 0. Another possibility for prediction in our case is to use the universal
kriging procedure without any modification for data with error. This is
called naive kriging and is studied in Section 4. In Section 5, we present a
small set of simulation results. It shows that in the case of location errors
neither naive kriging nor modified kriging can reproduce the precision of
universal kriging with error free locations. The modified kriging is better
than the naive kriging and moreover, it is more stable.

2. A MEASUREMENT ERROR MODEL FOR RANDOM FIELDS

2.1. The model and the assumptions

Consider the following linear geostatistical model

(1) 2(t) = Zf:o B f;(t) + 8(t) +£(t), teDCRP,

where p is a fixed positive integer, f;(t) are known functions, fy(t) = 1,
B; are unknown parameters, j = 0,1,...,k, 0(f) are random error terms
with E§(t) = 0, Ed%(t) < oo, t € D. Random measurement error terms
e(t), t € D, are assumed to be independent of 6(t), t € D. We shall
always suppose that the functions f;(t), j = 0,...,k, are measurable and
{e(t), t € D}, {d(t), t € D} are measurable random fields. The field {e(¢)}
is a white noise, Ee(t) = 0, 02 = Ee?(t) < oo, t € D. We assume that £(t)
is due to the measuring procedure and therefore we can assume that o2 is
known.
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We are interested in the field without an observation error, i.e., in

2) ) =3 Bifi(t)+ 50, teDCR?,

but we cannot observe it directly. The observed random field is z(¢).
Describe the scheme of observations:

f=2(6) = Y BHE) +0(E) +e(€), =12 m,

where £1,&2,...,&, € D are random. Moreover, we do not know the precise
value of §;. We assume that the distribution of §; is known, it is P¢,. We use
especially the expectation £ = E¢;. We interpret it as follows. We intend to
observe the field at location 5?. However, because of some measurement er-
ror the actual observation is made somewhere around &Y, namely at location
&

We assume that &i,...,&, are independent, and the three sets {&; :
i =1,...,n}, {0(t) : t € D}, {e(t) : t € D} of random variables are
independent of one another.

The observations in the matrix form are the following:

Z(§) = F(§)B + A(E) +(6),

where
& fol€&) - ful&) fé
E=1 |, F= : z = : |
£n fol&) -+ ful&) fe,
Bo z(&1) 21
| ) () a7 ).
ﬂk 0 Z(én) Zn
5(&1) e(&1)
A=A = , e=e(§) =
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Let sg € D be fixed. Our aim is to predict zo(sp) using Z(£) and the distri-
bution of £&. The universal kriging gives the best linear unbiased predictor

(see Krige (1951), Cressie (1991)). It approximates zp(sg) with a linear
function of Z = Z(&):

n

z0(s0) ~ 21:1 Nz =\ Z,

where A = (A1,...,A,) " is a vector to be determined. The unbiasedness
Ezo(so) =E> " | X\iz is equivalent to

(3) fils0) =D NEF(&), G=0,1,.. .k,

in other words f(sg) = E(F(ﬁ))—r)\, where f(s0) = (fo(s0), f1(s0), - - - ,fk(so))T.
We remark that by the constraint (3) with j = 0, we have

=1
Zz‘:1 v
To obtain the best linear unbiased predictor we have to solve
N
m/\inE (zo(so) - A Z)
under the constraint (3). Let

v(h) = (1/2) var (z0(x + h) = 20()),

where z,x + h € D, be the semivariogram of zy (we assume that it does
not depend on z, i.e., the field is intrinsically stationary). We assume that
the semivariogram is known. We remark that the semivariogram of the
observed random field z(t) = 2zo(t) + &(t) is y(h) + o2 if h # 0; and it is
equal to v(0) =0 if h =0 (as &(¢) is a white noise). Let

(4) I'(€) = (Ti5(8))ij-1>

where

[ (&) = v(s0 — &) +v(s0 — &) — (& — &)
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2.2. The mean squared error

Proposition 1. Assume (3). Then the La-distance of zo(so) and > | Nizi
18

E(zg(so) — ijl )\izi)Q

(5)

=ANTEROA+02 YT N4 (30 X886
where S; is the covariance matriz  of (fi(&),..., fe(&))T  while
G5 = By B) "

Proof. The first part of the calculation is given in a more general setup.
Let fo, ..., Br be random variables independent of {&;}, {6(¢)}, {e(t)} (a
particular case is when [y,..., B, are constants). From the constraint (3)
we use only the case j = 0, that is ) . ; A\; = 1.

To find the Lo-error, consider the following calculation.

E{ (zo(so) — ijl )\izi>2‘f}
6 - E{(Al LA, +A3)2)5} — E{A%’g} +E{A%‘€} +E{A§’§}

+ 28 { A1 Az} + 2B A1 4s]¢ } + 2B { 4z 4]},

where

D NI CICED SR ()

n

Ag = 6(s0) — Zi:l Aid(&i), As=-— Z”

i=1
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Now

E{A;14:[§} = Z [(fg s0) — ijl /\ifj(gi))E{ﬁjAQE}} =0,

because, by independence,
E{ﬁ]A2|f = x} = E{ﬁ] (5(80) — Zi:l )\1(5(.%1)) } =0
(here = (21,...,2,)" ). Similarly

E{A4;143/¢} =0, E{A243[¢} =0.

By independence

E{A%|¢ = 2} = E[Z ; ] —0221 1

E{Alc} =02 " N

As Z:‘L:l )\1 = 1,

E(A3lE = 2} =E{ " X(3(s0) —8(@)} = ATD(@)A,

1

E{A3l¢} = ATT(EN

Using that ;" ; A; =1 and fo = 1,

By = B( 3 Y i) — (6l
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Now substituting these into (6), we obtain

E<z0(so) -3 /\izi>2 = ATED(OA + 02> M

(0 MY Bl - £

From now on, we consider non-random 0y, ..., 0r and use all equations in
the constraint (3).

EA} = D?4; = D? ( Z; Ai ijl Bilfi(s0) = 1 (&)])

=3 (S0 B0 — £(&)]) = Yo NA(ST 86

=S s = o (S, )

i=1

where S; is the covariance matrix of (f1(&;), ..., fx(&))". Now, substituting
this into (7), we obtain (5). |

3. A MODIFICATION OF KRIGING

3.1. The new predictor

Our aim is to minimize the Lo-distance of z(sg) and ) ;" | A\iz; according
to A. However, the expression in (5) depends on the unknown value of S.

Assume that ||F5]| < R, where R is a fixed positive constant, and ||5;]|
is the Euclidean norm of the vector 5. Therefore we have to minimize

n 2
E( . A ) .
Hgall?é% 20(s0) Zz‘:l iZi
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Therefore the objective function is

(8) Q) = NTEF(EA+a2 3" 24| 3" azs| 2,

where ||A|| denotes the spectral norm of the matrix A, i.e., the maximal
eigenvalue of A when A is symmetric and positive semidefinite. We have
to minimize (8) under the constraint (3). The solution will be denoted by
A=00 )T

We call this method modified kriging. The predictor

Z(s0) = Z:;l /)\\izz'

will be called the modified kriging predictor. For this procedure we need
the knowledge of the semivariogram +, the functions f; (y and f; are also
used in the universal kriging), the distributions of £(¢) and &;, moreover
the upper bound R. We consider the distributions of () and &; to be
the characteristics of the measuring procedure therefore they are known
previously. However, we have to find R.

In Gabrosek—Cressie (2002) for a similar measurement error setting the
objective function was AT EL'(£)\ with the same constraint as (3).

Proposition 2. By Lagrange multipliers one can get that the minimum of
ATTA

under constraint f = FT\ is attained at

(9) AX=T"'F(F'T'F)"'}.

Example 1. Kriging a field with two regression parameters. In this case
the model is

20(t) = Bo + Brfr(t) +6(t).
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Now S; = var(fi(&)), @ = 1,...,n, are one-dimensional, therefore the
objective function is

Q) = AT <EF(§) + 021, + R3diag(S, ... ,Sn)>)\.

We have to minimize this function under the constraints

ST on=1 Y AEAE) = flso).

The solution is obtained by inserting I' = EI'(§)+021,,+ R? diag(S1, . . ., Sn),

1 Efi(&1)
A .

1 Efi(6)

and f = (1, fi(so)) " into (9).

3.2. Asymptotic properties of modified kriging

Our aim is to prove that the error of modified kriging tends to zero if some
regularity conditions are satisfied. We consider a fixed random field zo(t)
of the form (2) which has to be predicted and another fixed random field
z(t) of the form (1) which is observed at some locations. The locations of
observations are not fixed. During the m-th step we have observations at
n = n(m) points (n(m) — oo, as m — oo):

=" =" =6

(To avoid difficult notation we omit m, but we emphasize that the sites
of observations depend on m.) The sites are random and their centres are
& =E¢&,i=1,2,...,n.

We have on our mind the so called infill asymptotics, that is the sites fg,
1=1,2,...,n, become dense in the fixed domain D, as m — oo. Moreover,
we think that the type of distribution of &; is fixed but the variance tends
to zero, as m — oo. We also consider that the functions f;(t) and the
semivariogram - satisfy some analytical conditions (y(h) is continuous at
h =0, say).
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However, to obtain flexible conditions we shall express them in terms of
expectations of certain functions of the random error terms. Then one can
check them for particular semivariograms, mean value functions f; (e.g. for
polynomials), and error terms (e.g. for normally distributed ones). We shall
give conditions for kriging at a fixed point sg.

Assume that there is a sequence r = r(m) of positive integers tending to
infinity such that among the locations of observations £; there are r points

51* = €§T), 52* = éT)y e fr* = 57(“?:71)*

with the following properties:

1
(10) Q < — J= 17- T

r

. '

(11) limy;, 00 ijl aj =0,
where
12 = ; —Efi(&9)ll, i=1,...,7
(12) a5 = s [filso) = BRG] T =Looo..r

Conditions (10) and (11) mean that a subsequence of the locations &;
converges to sg in some sense.

Assume that among the locations &; there are k + 1 sites tg, t1, ..., tk,
such that the matrix

v k
(13) b = (Efi(tj))” | is invertible,
,J]=
(14) o7 < K,

where K is a finite constant not depending on m. This condition generally
means that the locations tg,t1,...,f; do not converge to sg. Let

v

5 = (51*7" . 7£T*7t07t1a' . '7tk)T

be the vector of our specific locations. Let S; be the covariance ma-
trix S; (defined in Proposition 1) calculated at the i-th coordinate of &.
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Assume that

(15) ISil <L, i=1,....r+k+1,

where L is a finite constant not depending on m.
Let T'(¢) be the matrix I" in (4) calculated at £ and assume that

(16) ’(Ef(f))“ <M, ij=1,... . r4+k+1,

7’7]

where M is a finite constant not depending on m. Moreover,

— 0, as m — oo.

(17) M, = %22;1 Z::l ‘Er(g)i,j

Theorem 3. Let R be an arbitrary upper bound of ||F;||. Let X minimize
(8) under the constraint (3). Assume that (10)—(17) are satisfied. Then for
the modified kriging predictor Z(sg)

(18) lim E (20(s0) — 2(s0))* = 0.

m—00

Proof. We apply some ideas of the proof of Theorem 2.1 in Yakowitz—
Szidarovszky (1985). Consider the linear predictor

k

1) 2=Y e se0 + [X 0] T wste,

where the coefficients vy, . . ., v, are unknown. We need unbiased predictors,
therefore (3) is to be satisfied:

(20) [Z;Zl aj] dv = f — d*D,

where f = f(SO) - (f0(30)7f1<30)7'"7fk<30))T7 b= (% — Q1. '7% - aT)Tv
v=(vg,...,vp) and

o = (Efig))

i=0,j=1
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Assume now that 3% a; # 0. As ® is invertible, therefore (20) has a
solution v, so there is an unbiased linear predictor of the form (19). We
shall use that choice of v.

We have to prove that v is bounded. Therefore consider
fo b= [ijl a]} £+ Ab,
where the (i, j)-th element of the matrix A is

aiJ:fi(SQ)—Efi(fj*), iZO,...,k,jzl,...,T‘.

Now we use the max-norm for vectors and the corresponding row-norm for
matrices (both denoted by || . ||oc)-

[ 4blloo < 1 AlloclIblloo = amax {377 laigl } blloc

<i<k

1

,
< [ a} max
- Zj:l J 0<i<k{ r

- — oy

} S Z;:l aja

because of (12) and (10). Therefore (20) and (14) imply

7lle0 < 197 oo (1 lloc + 1) < K (111 +1)-

If [| 35]] < R, then for the mean-square error of the modified kriging predictor
(so) we have

E (20(s0) - 2<30))2 <ATER@A+ R+ | S0 M| @2

(21) < AT+ o232+ | 30 35| R
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Here

v 1 1 r r T
A= ;—al,...,;—ar, 2 g j:laj""’yk E j:laj

is the coefficient vector of the unbiased predictor Z.
Now it is enough to prove that (21) converges to 0, as r = r(m) — oo.
We have

o 1 r 2
IAIZ <+ (R + DI [Y2_ ]

Therefore 02| A||2 — 0. Because of (15), ‘ Sk S\?S’ZHRQ — 0.

Breaking EI'(€) into appropriate blocks, using conditions (16), (17) and
the form of A, we obtain that ATEI'(€)A — 0. Therefore each summand of
(21) converges to 0.

During the proof we assumed that 2521 aj # 0. Now suppose that
> j=1@j = 0. Then 2 = 37", 12(¢j+) is an unbiased predictor. For this
predictor the value of the objective function () converges to 0, because
r=r(m)— 0o, as m — oo. |

Corollary 4. From the above calculation we can get an explicit formula for

the Lo-error. Breaking ET'(§) into four blocks (of sizes v x r, r x (k + 1),
(k+1)x7rand (k+1) x (k+1) ) gives

B (z0(s0) ~ 2(50)) < My + Mk + 12w [Y2_ ]
F2M(k+ Dl [ Y o] +0?IXI + [ MPLE.

3.3. Fields with Gaussian semivariogram

Example 2. We describe the modified kriging when z¢(¢) is a random
field with the Gaussian semivariogram ~y(h), the polinomial trend func-
tion (i.e., fi(t) is a power function for each i), and the location &; is
normally distributed for each i. We calculate the ingredients for the
objective function @ in (8) and for the constraint (3). Moreover, we
check if the conditions of Ls-consistency in Theorem 3.4 can be fulfilled.
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For simplicity, we give the details for a random field over the plain, that is
te D CR%L
Let & be normally distributed around the centre 5? , namely

51 - ~ N2 0 ] d I )
&i2 0,2

where [ is the identity matrix of size 2 x 2. Therefore the 2n random
variables §; 1,82, 1 = 1,...,n, are independent normal.

A point of the plain we shall denote by ¢ = (2,4)". We predict the field
at the location so = (s0.1,50,2) - We consider the polinomial trend function

Bo + B + Poy + B3x? + Bay?.

The moments of the normal distribution are easily calculated. However, for
convenience, we give the following list which is necessary to describe the

constraints f;(so) = > .y MEfj(&), 7 =0,1,...,k, in (3).

fot) =1, Efo(&) =1, fo(so) =1;
ht) =z, Efi&) =&, fi(s0) = so,1;
fot) =y, Efa&)=£,, f2(s0) = s0,2;

f3(t) = 2%, Efs(&)=d*+ ()% fs(s0) = s 15

fit) = 9% Efa(&) = d*+ (§9)%  fa(s0) = so-

From here we also see that the quantities a;; = maxo<i<y || fi(s0) — Efi(§54)]l,
j =1,...,r, can satisfy conditions (10) and (11) if and only if there is a
subsequence of the locations &; tending to sy and the dispersion d converges
to 0, as m — oo.

It is seen that one can choose the locations &;, ¢ = 1,...,n, such that
among them there are k + 1 sites to,t1,...,t, such that the matrix ® =
(E fi(tj)) k is invertible and its inverse is bounded, i.e., condition (14) is

1,j=0

satisfied.
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Now we calculate S;, i.e., the covariance matrix of (f1(&),..., fx(&)) . Us-
ing the moments of the normal distribution, we get for ¢ = 1,...,n, that
d? 0 24769, 0
0 d? 0 2470,
S; =
2d? 21 0 2d* + 4d*( 21)2 0
0 24%, 0 2d* + 4d?(¢,)?
Now, it is easy to see that if the points &i4,...,&«, to,t1,...,t are

chosen from a bounded region, then S matrices calculated at these points
are bounded, i.e., condition (15) is satisfied.
Now, we turn to the matrix I'. Let v be the Gaussian semivariogram

Y(h) = w(1 = exp (— [h]]*/a?))
for h € R?, where ||h||? = h} + h3. The (4, 5)-th element of T'(¢) is
(22) Lij(§) =v(s0 — &) +v(s0 — &) —v(& — &) =
wf exp = 16 — &% /a%] —exp [~ 150 — &il[2/a%] — exp [~ ||so — & [*/a?] +1},
1,7 =1,...,n. Here

so—& ~Na(so— &, d°I), &—&~No (5?—&?, 2d°I),

if i # j; while {; — & = 0, if i = j. The squared norm of these variables can
be described by x? distribution:

if X ~Ny(m,I), then |[XI[*~x3(|lm]?),
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where x3(||m||?) denotes the chi-square distribution with degree of freedom
2 and with noncentrality parameter ||m||2. We know the moment generating
function of the chi-square distribution x?(p):

(23) Eexp(ox?(p) = (1 — 20) 2 exp (132) |

Actually, we have to calculate the expectation of I'; j(§). Applying (23), we
can obtain the expectation of each summand in (22). We have

d? s —&; 2
Boxp [~ oo - &/a?] = Eexp | -5 1025

a? 5 [_ (s01 —£€91)?

[_ (s02 — £95)°

Ty a2t 2% + a2 22 +a2 |’
2d% ||& — &7
2 20 7 J
Bexp [ - i — &11/a”] =B ewp | -2 155l ]

Y

4d? + a?

_a o (81—
2 +a P | T A ¥ a2

[_ (€2 — €9,)°

if i # j, and it is equal to 1, if ¢ = j. Therefore we can calculate all
ingredients of the objective function @ in (8).

.

Finally, we can see that condition (16) for EI'(§) is automatically sat-
isfied. Moreover, condition (17) is also satisfied if there is a subsequence
of the locations &; tending to sg and the dispersion d converges to 0, as
m — oo.

Therefore in this example we obtained realistic conditions which imply

(18).
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4. NAIVE KRIGING

Naive kriging means that we apply the universal kriging procedure as if £?,
1 =1,2,...,n, were the exact locations of the observations. Therefore we
ignore information about the distribution of &;.

As universal kriging produces the best linear unbaised predictor, we
approximate z(sg) with a linear funcion:

n
ZQ(S()) ~ Zi:l )\izi.

With exact sites the unbiasedness is
(24) Filso) =Y Nfi(&), i=0,1,... k.

To obtain the predictor we have to solve the minimum problem
. n 2
m}}nE(zo(so) - Zi:l )\izi>

under constraints (24). With exact sites the value of this objective function
is

(25) Qn(N) = AT (T(E°) + 1) A,

where €0 = (€9,...,€9)T. We have to minimize (25) under constraints (24).

Denote the solution of this minimization problem by . Then the naive
kriging gives the prediction zy(so) = > iy Xizi.
One can easily calculate the Lo-error of this predictor:

H(X) = E(zo(SO) - 2;1 Xiz")z

=XTENON+02 3" N2 pT (300 328)) 65+ M(),

where M(B) = (Z?:l Ni Z?:l B; [fj(f?) - Efj(gi)] )2-
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Example 3. Let f;(t), j = 0,1,...,k, be constant or linear functions.
Then Ef;(&) = fi(€)) for every i and j. Therefore constraints for the
modified kriging and those for the naive kriging (i.e., (3) and (24) ) coincide.
Moreover, the form of the Lo-errors are also the same, because in this special
case

(260 HO)=XED©OA+02> " N+ 8] (D" N8 s;

(We recall that, by (5), the Lo-error of the modified kriging is H (X), where
function H is given in (26), but A is the solution of the minimum problem
(8) under the constraint (3).)

Therefore for the Lo-error of the modified kriging and that of the naive
kriging we obtain:

(27) sup E(zo(so) — ijl X2z1>2 < sup E(zo(so) — Z::1 Xizi)2.

I165lI<R I65lI<R

Example 4. Let k& = 0, and fy(t) = 1. Now we are in the situation of
ordinary kriging

zo(t) = Bo +6(t).

Inequality (27) for the Lo-error of the modified kriging and that of the naive
kriging now is as follows:

(28) E(zo(so) — Z:;l /)\\izi>2 < E(zo(so) — Z:;l Xizi)Q.

Here the left hand side is the value of the objective function Q(A) =
AT (EF(f )+ o*I) X at X, while the right hand side is its value at A. More-
over, \ is the minimum of Q(\) under constraint e’ A = 1. On the other
hand, A is the minimum of Qn(\) = AT (T (D(&%) + 02I) A under constraint
e’ A = 1. Therefore, by (9),



KRIGING AND MEASUREMENT ERRORS 157

(ET(€) + 021) e 5 _ (D(E%) +021) e
eT (ED(€) +o2I) 7' e’ CeT (T(E0) + 02D e

=

The function Q(\) is strictly convex, so it has a unique minimum on the
convex set e X = 1. Therefore in (28) there is a strict inequality unless
A=A

5. SIMULATION RESULTS

Consider the domain D = [~th, +th] x [—th,+th] C R? and a Gaussian
random field zp(z,y) on D with the linear mean value function:

20(z,y) = Bo + Bix + Pay + 0(z, ),

where (x,y) € D. The parameters [y, 31, #2 are unknown. (For simulation
we chose By = 1, 1 = 1, B2 = —1.) The field 6(x, y) is a zero mean Gaussian
random field with the Gaussian semivariogram described in Example 2. We
assume that the semivariogram is completely known. We used the following
values of the parameters: w = m/2, a®> = 2. The error term &(z,y) was a
Gaussian white noise with variance o2 = 0.5%. By simulation we generated
the field zp on the h-lattice points of D and generated the field z at certain
random points described below.

We applied three kriging methods: universal kriging, naive kriging and
modified kriging (described in Section 3). The universal kriging was ap-
plied for data without error. For the universal kriging we used observations
of zo(z,y) at locations (x,y) = ((—t+ 2k)h, (=t +20)h), k,l = 0,1,...,t.
With the help of these observations we predicted the field zo(z,y) at the re-
maining h-lattice points (z,y) = (ih, jh) € D. Naive kriging and modified
kriging were applied for data with error. For naive and modified kriging
we used the observations of the field z(x,y) at random points having inde-
pendent normal distributions around the previous locations with variance
matrix d?I. With the help of these observations we predicted the field
zo(x,y) at the same points as it was done by the universal kriging. In the
modified kriging we chose R = 2.

We chose t = 6, therefore we had n = 49 observations for kriging and
we made predictions at 120 points. We remark that at these 120 points the
true values of the field zy were used to measure the precision of the kriging
procedures.
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The dispersion d of the location error and the step h were fixed on
different values to check the behaviour of different kriging methods. For
each fixed set of parameters we made 500 replications.

h=0.5, d=0.5
H H Universal kriging | Naive kriging | Modified kriging H
aMSE || 3.6-107* 3.058 2.217
aVSE | 9.2-1077 16.092 7.163
h=1, d=1
H H Universal kriging | Naive kriging | Modified kriging H
aMSE || 3.4-1073 3.364 1.756
aVSE || 3.5-107° 21.343 5.180

Now we describe the abbreviations in the tables below. After making kriging
at any fixed point sg, we calculated the squared error of kriging: SE =
(20(s0) — Zo(s0))?. Here Zy(sg) is the predicted value of the field z9. Then
we calculated the mean and the variance of the squared errors at the 120
locations. These values are the mean squared error (M SFE) and variance of
the squared error (V.SE). Then we calculated the average of these quantities
over 500 replications. aM SFE is the average of the mean squared errors,
aV SE is the average of the variances of the squared errors. aV S E measures
if the prediction fits uniformly well to the surface of our field.

The results show that by naive kriging and modified kriging we can not
expect the precision of universal kriging. (But universal kriging was used
for data without any observation error!) Modified kriging is better than
naive kriging and it is more stable. The simulations were performed with
MATLAB.
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