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Abstract

The problem considered is under which conditions in weakly nonlin-
ear regression model with constraints I a weakly nonlinear hypothesis
can be tested by linear methods. The aim of the paper is to find a
region around the approximate value of the regression parameter with
the following property. If we are certain that the actual value of the
regression parameter is in this region, then the linear method of testing
can be used without any significant deterioration of the inference.

Keywords: regression model with constraints, nonlinear hypothesis,
linearization.

2000 Mathematics Subject Classification: 62F03, 62J05.

*Supported by the Council of Czech Government J14/98:153 1000 11.


https://www.discuss.wmie.uz.zgora.pl/ps

116 L. KuBACGEK AND E. TESARIKOVA
INTRODUCTION

If the nonlinearity of the hypothesis on model parameters is not significant
and the nonlinearity of the model is weak, then the hypothesis can be tested
by linear methods. In the following text the statement will be elaborated
stated more precisely.

It is necessary to find some measures of nonlinearity of the test problem
and on the basis of it to state some conditions for the linearization. This
condition is given in the form of the inclusion & C L7 ; which must occur
with a sufficiently high probability. Here £ is the (1 — «)-confidence region
of the model parameters (for sufficiently small ) and Lp; is a special set
in parameter space. The aim of the paper is to determine the set L1
(linearization region).

1. NOTATION

Let Y ~ N,[f(B),0%V] be the regression model under consideration. Here
Y is the n-dimensional normally distributed observation vector, f(3) is the
mean value of the vector Y, B is an unknown k-dimensional parameter, 0>V
is the covariance matrix of the vector Y, o2 is aknown/unknown parameter
and V is a given n xXn positive definite matrix. The constraints I are given by
the equality g(3) = 0, where g(-) is a ¢g-dimensional vector function of the
parameter 3. (The notation ”constraints I” is used in order to dinstinguish
the ”constraints II” where exept the parameter 3 also another parameter,
e.g., v occurs.) The null hypothesis Hy is given in the form t(3) = 0, where
t(-) is a t-dimensional vector function and the alternative is H, : t(3) # 0.

The functions f(-), g(-) and t(-) can be given in the form

£8) =1 (80) + B+ Lx(8). &(8) == (8") +GaB+ L~(38),

608) = ¢ (89) + 68 + ;r(3),

where 68 = 8 — 89, B8 is an approximate value of the parameter 3,
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K(08) = [k1(08), ..., kn(38)]',

/ani(u)

ki) = (08) o

03, i=1,...,n,
u=B)

Y(68) = [11(88), ..., m(8)],

/8291'(“)

7i(96) = (96) Juou’

6B7 7::17"'7q7
u=pO)

7(5/3) = [7—1(6/6)7"'77_11(516)]/7

/82ti(u)

n(68) = (68) S 0%

8B, i=1,...,t.
u=p0©)

Let the rank of the n x k matrix F be r(F) = k < n, the rank of the
g X k matrix G be 7(G) = ¢ < k and the rank of the ¢ x k matrix T be
r(T) =t < k. Let further

) r($)2q+t.

In what follows text it is assumed that the approximate value ﬁ(o) is chosen
in such a way that g(8(?)) = 0 and t(3) = 0.
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2. DETERMINATION OF THE REGION Lp |

The linearized form of the model and the hypothesis is

(2) Y — fy ~ N, (FéB,0%V), GéB=0, Té8=0.

The quadratized form of the model and the hypothesis is

Y —fy ~ N, (Féﬁ +1k(58), O—QV) ,

(3) GiB+ 3v(6B8) =0, TiB+ 37(58)=0.

Lemma 2.1. If the model (??) is valid, the test of the hypothesis is
=\ A -1 = x?(0) if Ho is true,
T(Y)= (55) T {T [Var (wﬂ T’} T8 ~
X2(0) if Hy is not true.

Here x2(0) is a random variable with a central chi-square distribution and
with degrees of freedom equal to t. Analogously, x?(4) is a random variable
with a noncentral chi-square distribution, with the parameter of noncentral-
ity equal to § and with degrees of freedom equal to t,

8= [1-c;'a (ac'e!) " a|B,
58 =Cy'FV! [Y —f (ﬂ(o)] . Cy=FVIF,

2 -1
Var <5ﬁ> = 0?[Cy! - C5'G (GG @) GGy = 0 (M CoMe)
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(the notation T means the Moore-Penrose generalized inverse and Mg =
I-Pg,Pe = G'(GG')” G, where ~ means a generalized inverse; in more
detail cf. [?]) and the parameter of noncentrality ¢ is

=\7’ = -1 =
- [E (55)] T {T [var <55)] T’} TE <55) .
Proof. Cf. [?], Chapter 4. It is to be remarked that even if the matrix
Var(B) is singular, the matrix T’ [Var(,@)]T is regular, what is implied by

the assumption (77). |

Lemma 2.2. If the model (?7) is true, then under the null hypothesis
Hy: T8 + %7(5,8) =0, the following is valid

—\/ — =
: <55> T {T [Cgl -Gy (agyle) Gcﬂ T’} ToB ~ 2(A).

Here

A:;EK@) ’] T/{T [CglfcglG’(GcalG’)_lGC(jl]T}_ITE Wﬂ}
and
E(5) = 57 (8) 3 TC; 6 (GcalG’)_1 ~(58)
+ TMCOIG,ColFV K (08) = 1 (88).
Here

C C
MOIG/:I PDIG/7

-1
Peo "1 =Co'E (elerglelorgtel Iy eleiale
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Proof.

TE(3B) = TMgz,l Co "BV (Fi + 1r(38))

1
- C —1p/xr—1
=™, (5ﬂ+CO PV 2@55))

1
C C — —
=T (1 — Pcz_lG,) 08+ TM 2, C PV 15,-;(5,6)

1
- _ C C —1gvyr—11
=T33 TPcz,lG,cS,B—i—TMCz,lG,CO FV 2&(5@

Under the null hypothesis Td3 = —%7(5,8) and regarding the constraints
we have

~TP(2,,08 =-TC;'G(GC;'G) "G
1
=TC;'G'(GC;'G) ™' 57(30)-
Thus

TE(B) = —57(08) + TC;' G (GCs &)™ 1(58)

1 1
C 1 1
+ TMCE,IG/C0 F'V 2&(6,8) = 21(55).
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Definition 2.3. Let

K (8,)

!/
1 \/ ([£] (K rryds) ) [T(MECoMer )+ T [¢], (K (g vy ds)

= sup

03 6S/K/(G1’T/)/(MG’COMG’)+K(G/,T/)/5S
1 €S
;&emwwﬁza K{2(8y)

be a measure of nonlinearity for the test in a regression model with con-
straints 1. Here K vy is a k x (k — ¢ — t) matrix with the property

G
Ke?“( T ) = MK 1y)
and

K (8y)

\/(I (G',T") /(SS ) [ (MG/COMgl)+T/]_1 [(K(G’,T/)/(ss)
5S/K(G/7T/)/(MG’COMG’)+K(G’,T’)’5S

= sup

:0s € Rk_(q+t)}.
Theorem 2.4. Let 04, be a solution to the equation

P{X% (Omaz) = Xf (0;1 —a)} =a+¢
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and

Lrr=

{(5ﬂ : 5,@ = K(G’,T/)/(Ssv 6S/K/(G’,T/)’(MG'COMG’)—i_K(G/,T/)/(SS < I(Qge\/sg?lgco } .
Then

6B € Lr1 = Py {T(Y) > x7(0;1—a)} <a+e.

Here x7(0; 1 —a) is the (1 —a)-quantile of the central chi-square distribution
with ¢ degrees of freedom.

Proof. With respect to Definition 2.3 we have

(1( @1 '5S>) [T(Mg CoMer)*T'] , (K(G/T,),és)

< [39/K g 7y (M CoMer)* Koy 8] (K6 (8,)”

If
(65K {1 vy (M CoM) K(G,7T,),6s] (K16 (Bo)* < 40%0maa
then
(I (G, 1) /(58 ) [ (MGCOMG’ +T I( (G, 1" /(55) 5ma$
and

a < P{X}(A) = (01 a) < P{x}(0mas) = ;01— ) =a+e.
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Lemma 2.5. The (1 — «)-confidence region in the model (?7) is
E= {5 : B=PB+ke. kg € Ker(G), ki;(MgCMe) ke < o?xi_,(0;1 — a)} :

Proof. Cf. [?] Chapter 2 Example 2.3.6. |
Corollary 2.6. If

2 (5max

o << 2 . (test) ’
Xk_q(oa 1 - OK)K(),] (Bo)

then L1 from Theorem 2.3 is a linearization region for sufficiently small o
and &, respectively.

Proof. It is a direct consequence of Theorem 2.4 and Lemma 2.5. [

Remark 2.7. It is to be remarked that £ is the (1 — «)-confidence ellipsoid
in the case of a weakly nonlinearity of the model only. It needs some special
investigation whether £ can be used as the confidence region with a suffi-
ciently high probability (in more detail cf. [?] and [?]), however this problem
is out of the scope of the paper. Nevertheless, the inequality from Corollary
2.6 provides good information on the nonlinearity of the model with respect
to the test considered. If in a given case we are not sure whether the confi-
dence region with a sufficiently high probability is included into L7, then
the exact formula for &, i.e.

-1

{B:1Y —£B)'V ' PY oY — £8)] < 0”xF_,(0;1 - a},

where

F(B) = 0f(B)/08", M(Ka(B)) = Ker[G(B)],

G(B) = 0g(B)/08,
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—1 -1

Powa = FO) {C10) - 610G ) [6B)C; (9)E(B)] =

_ - —1 50
<G(A)C; (8)} F BV = PY, PO

can be used. (For more detail cf. [?], pp. 53-54 and [?] Remark 2.1.)

In some case (cf. following a numerical example) the region L7 can be
extremely large. Then it is necessary to check whether the nonlinear problem
can be linearized with respect to other statistical inference, mainly with
respect to the bias of the estimator of 3, and to use a smaller linearization
region.

Remark 2.8. The influence of nonlinearity on the power function was
investigated in the null hypothesis only. In an alternative hypothesis the
behaviour of the power function is characterized by the following expression
for the noncentrality parameter ¢§

5= 1z [1,68)] {T[cs" - o' aoy @) ey )[R 68
+%d’ i [erareinlel(elorglelinlelony T’}*ll(aﬁ)
+%d’ i[erarterstel(elorslelinlelers T’}_l d,

where 0 # d = Té3 + 37(603).

Thus a value d,in = —%[(5,6) of the vector d gives 0 = 0.
Therefore the value of the power function in the corresponding



WEAKLY NONLINEAR REGRESSION MODEL WITH CONSTRAINTS ... 125

alternative hypothesis is «, i.e., it is smaller than a + & = P{x?(A) >
x?(0;1 — )}. In the opposite direction of the vector d the value of the
power function is larger than it is in the linear case. This case is perferable
for testing.

3. NUMERICAL EXAMPLE

Let a part of the circle arc

y=Fo+ /B —a? 1208 — B, Pi—fs<a <P+

be measured at points x1,...,zs5. Let it be known that a tangent of the arc
at the point x = 0 is ¢;. It gives the constraint

(9(B) =) +c])B} — 165 = 0.

The null hypothesis Hy states

Hy: (H(8) = )2 — \/B3 — B + 228 — B2 =0

(i.e., the intersection of the arc and the axis of coordinates x is at the point
x = ¢2) and the alternative is

Hai52—\/5§—63+26251—5%7&0~

The numbers ¢; and ¢y are given.

Thus we obtain

i — B B3
{F(B)}z = ° 717 )
7 (\/ﬁg—ﬂfg-FQIiﬁl—ﬁ% \/ﬁ§—$?+2$i51—ﬁ%)

i=1,...,5,



126 L. KUBACGEK AND E. TESARIKOVA
p _ f(@i,8)
(2 — /
0803
—32 0 — (@i — B1)Ps
(63 — af 4+ 2x:i61 — B1)¥2 7 (63 — af + 261 — B7)%/2
_ 0, 0, 0
—(zi = 1) 0 (@i = B1)?
(83 — @ + 260 — B1)¥?7 7 (83 — o} + 2By — B})%?
i=1,...,5,
G=[261 (1+3).0, -2,
2(1+¢2), 0, 0
_ 9%(B)
Gl - 8[38,3/ - 07 07 0 9
07 07 _26%
T:( s L - »
\//8?2’—0%+2C251_5% \/ﬁ§_03+2c2/81_/8%
_8%(B)
11 = pop
33 0 (c2 — B1)PB3
(B3 — c3 +2c2B1 — B7)¥2" 7 (B3 — 3 + 2c2B1 — 1)/
- 0, 0, 0
(c2 — 1) 0 (c2 = B)?

(83 — c3 + 2c2B1 — B7)3/*

(83 — c3 + 2c261 — B7)%/2
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Since in our case the matrix Kg/ 7+ is a column k,

K — (C%/B& ciB3(ca — B1) + P1Bs(1 + ¢F)

,ﬂl(l + C%)) )
\/53 02_51

the quantity K}tSSt) (Bp) can be expressed as

Al [T(Mg CMg )+ T~
K(MoCMa )tk

K (By) =

where

C = FF, (MgCMg)"=Cc'!'-Cc G (GCc G taCc,
A= -¥KTk+TC'G(GC'G)'KGk+

k'F1k
T((MeCMg/) F
k'Fsk

Let o = 0.05 and € = 0.05, respectively. Let

z1 | B1+ (c2 — £1)0.32
xg | P14+ (c2 — (£1)0.44
z3 | P14+ (c2 — $1)0.56
( )
( )

x4 | B1+ (ca — 51)0.68
x5 | B1+ (c2 — £1)0.80
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(If the parameters (31, 32, 33 are chosen, then ¢; = (31/1/32 — 33 and ¢y =

Bi+1/B5 —53.)

Four points in the parameter space are chosen, i.e.,

By 1 10 100 1000
Bi=| B |=|1[:8.=1] 10 |:83=1] 100 |;8,=1| 1000
Bs 2 20 200 2000

In this case

253.71,  419.18, —482.68
Co(By) = | 419.18, 71094, —812.92

%

—482.68, —812.92, 931.40

253.83,  419.39, —482.93
~ Cy(By) = 419.39,  711.30, —813.33

—482.93, —813.33, 931.87

0.8564, —2.522, 1.7128

1 o~

5 Var(0B)) = | -2.5223, 7.6269, —5.044 | =
1.7128, —5.044, 3.4256

0.8564, —2.522, 1.7128

1 =
= ﬁ\/ar(é,&l) = | —2.5223, 7.6269, —5.044
1.7128, —5.044, 3.4256
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Further
K§7(8)
B4 B B3 B4
0.012 3278 | 0.001 23262 | 0.000 123 253 | 0.000 012 324
Let us denote
o 2v/0maz
Ocrit = (test)

(cf. Corollary 2.6). Since dar = 0.639767, x3(0;0.95) = 3.84, we have

KI,O (IBO)X%(O; 0.95)

Ocrit
161 /82 163 164
33.793 | 337.972 | 3 379.965 | 33 803.214

129

These values are extremely large and that means that the models are

extremely weak nonlinear with respect to testing the given hypothesis.

In order to demonstrate numerically the behaviour of the test let us shift
the values 8;,¢ = 1,2,3,4, into 8; + 03;,7 = 1,2,3,4. The shift /3, must
respect the Bates and Watts [?] curvatures of the models (cf. also Remark

2.7), i.e.,

K" (8,) = sup {

Vi v-imy (1]

Is'K,CoKgds

1 in
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W/
1v-ipY 'l
\/ FKG 10s € Rk_q} 1 Kym) (Bo)

(par)
K By) = su
1,0 (Bo) p{ 5s’K’GCoKG53

(for more detail cf. [?]). The last two measures of nonlinearity enable us
to determine the maximum of ¢ until which the linearization of the model
with respect to the test of agreement between the linear model and the data
(K}fgt)) and with the respect to the bias of the estimator of 3 (K}f’gr)),
respectively, is possible, i.e.,

int) _ crit (par) _

2¢e
O'( = (mt) 5 ) max
KI,O (ﬁO)kaq(O; 1—a)

K& (B)x2_,(0:1 — a)

max

where 5&73 ) is a solution to the equation

P {X%H—q—k (‘55%)) > Xigi (051 — 04)} =a+te

In this way we obtain

B4 Bs B3 B4
K{57(8) | 0. 565 683 | 0.819 145 | 0.005 196 | 0.000 540
o lint) 0.472 4.874 51.385 | 494.629
KB | 8190 0.819 | 0.0819 | 0.008 192
o {par) 0.002 0.020 02037 | 20374
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The values a,%’;’;) are used to demonstrate numerically the possibility of

considering the models to be linear, when

1
08; = Mar (g, 456, Co(Bi + 38:)Mar(s o] | 1 |50y
1
where
S; = U%%:) (Bz) \/@
1
(1,1, 1)[Mer (5,168 Co(Bs + 68:)Mars 55T | 1
1

(the point B, 4+ 63, is at the boundary of the 0.95 confidence ellipse for the

parameter (3; with the center 3;).
Now the values Y?7,i =1,2,3,4 and j = 1,...,100 are simulated for the

parameter 3, + 63, and

Py {T(Y) > x3(0;0.95)}

is estimated by the value % ;”:1 (j, where

T (YD) >x3(0;095) = =1

T (YD) <x3(0;095) = ¢ =0.
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Then by using [?] we obtain the following values

1
m T:1Cj

/61 /82 53 :64
0.07 | 0.02 | 0.06 | 0.01

It is quite obvious that the nonlinearity is negligible in this case and the dif-
ferences between % Z;-”ZI ¢; and o = 0.05 are probably due to the relatively
small number of simulations.
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