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Abstract

Generalized F tests were introduced by Michalski and ZmyS$lony
(1996) for variance components and later (1999) for linear functions
of parameters in mixed linear models. We now use generalized polar
coordinates to obtain, for the second case, tests that are more powerful
for selected families of alternatives.
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1. INTRODUCTION

Generalized F' tests were introduced by Michalski and Zmys$lony (1996),
and (1999) first for variance components and later for linear combinations
of parameters in mixed linear models.

We now use polar coordinates to derive generalized F tests with
enhanced power for chosen alternatives. This treatment extends the one
we presented for F' tests, see Dias (1994) and Nunes and Mexia (2003).
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Our results apply to mixed models satisfying assumptions discussed in the
next section. In that section we will also consider the use of polar coordi-
nates in selecting alternatives. In the final section, we discuss the use of
polar coordinates in connection with generalized F' statistics.

2. MODELS AND HYPOTHESIS

Superscripts will indicate vector dimensions, writing Z" ~ N(v*, W) when
Z™ is normal with mean vector v* and variance-covariance matrix W.
Moreover, V ~ 02ng5 indicates the product by o? of a chi-square with g
degrees of freedom and non-centrality parameters §. When § = 0 we write
simply V ~ U2X§-

We will assume that there are mutually orthogonal matrices @; =
A}—Aj, j =1,...,J, and that, with Y” the observations vector, we have
the independent vectors such that

ALY ~ N(ni’l,'yllgl)

A Y™~ N(ogj,yjlgj); j=2J

J
2) =205
=2

witha; <0,j=2,..,r,and a; >0, j=r+1,...,r+s=J.
Thus we have, the independent statistics

(3) Vi = |AYP ~ X, s,
with
1
4 5 — |91 2
(@) V=
and

(5) Vi =AY 2 ~ s G = 2, + 5.
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Now, the hypothesis

(6) Hy:n{t =09
holds if and only if §; = 0, and since
E(Vl) =M (.91 + 51)

(7)
E(VJ> =9j; J=2,., T+Ss

if and only if

Vi v
8 El—-=) a-L] =0
® (gl zg)

We can thus, following Michalski and Zmys$lony (1996) and (1999), consider
for Hy a generalized F' test statistic

r ‘/,

V J
TR |aa‘|;
=2 9

(9) % = 7"+S Y
Vi
> a4t
j=r+1 9j

the numerator [denominator] of this statistics being the positive [negative]
part of a quadratic unbiased estimator.

As in our previous paper, Nunes and Mexia (2002), polar coordinates
(r,©9171) for n{', will be used to specify selected alternatives for Hj.
Namely we intend to enhance the test power for alternatives such that
09171 ¢ C with C a conveniently chosen domain. For instance C may corres-
pond to certain conditions on the ordering of the components of n{.

3. GENERALIZED F' STATISTICS AND POLAR COORDINATES

In defining the selected alternatives to Hy we will use generalized polar
coordinates, see Kendall (1961, p. 15-18). If (u,01,...,04,—1) are these
coordinates we will have, for the components 71, ..., ng, of 7'



284 C. NuUNES J.T. MEXIA

m = ucl...cgl_l

(10) T = UC1...Cq1 —iSg1 —i+1; 1= 2, g1 — 1

Tlgy = US1

with w = |[n{'||, ¢; = cosf; and s; = senb;, i = 1,...,g1 — 1. For the central
angles we have the bounds

(11)

which define the domain D.

Selected alternatives will be those for which ®91~1 € C C D, where C
may be chosen from conditions on the ordering of the 71, ...,7q,.

For the components Z1, ..., Zy, of Z9* we have, generalized polar coor-
dinates (V11/2,®1, ey ©g,—1), with

Z = ‘/11/261 (991—1) =UC,..., Cglfl

(12) ZZ = V11/2€i (@gl_l) = UCl...CglfnglfiJrl; 1= 2, s g1 — 1

Zg, = V11/2€gl (@gl_l) =US

where C; = cos®; and S; = sen©;, i =1,...,g1.
In carrying out selective tests our statistics will be the pair (3, ©9171).

To obtain distribution results we start by pointing ;chat, see Kendall
(1961, p. 16), the Jacobian of transformations (10) is %v%flh(egl_l) with
h(9911) = c€172...cg1,2 > 0.
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Since the density of Z9' = A; Y™ is

1 1
— gy 29 —nft |12 — a7 (129012 =2n] 2+[In7" 1)

e e M
13 n(z9) = = ,
1) (=) (2m)91/241/2 (2m)91/291/

when we carry out the transformation for generalized polar coordinates we
easily obtain for (V1,09:71) the joint density

(14) £° (v, 67131

g1—1+1

—7 —1/2 too —zr, "3 /T i
_ ez g1-1\ V1 € MYy m £(0)
— JGEIE=DY :

(2m)91/2491/2 = "

91

-3 10 my (vl Sl p(egtt)2i/2-1
)

e e
o (m)9/? ; 2711“(912+i 27 i!’yl'

e 21 V1 ) go1—1
- n9/? ;%g (%|g1+1> mi( )

91tiygi/2—1 .
S €0 Y) R(67 1), i = 0, and
ily,
g(xz|g1 + i) is the density of a central chi-square with ¢g; + i degrees of
freedom. Now, when Hp holds d; = 0 as well as m;(#9 1) =0, = 1,...,
and so

where m; (091~ 1) =

B 1 1 v INES) B
0 g1—1 _ - 71 2 g1—1
(15) 10 (v, 0 |0)—ﬂgl/2719<%|gl) Loh(697)

thus, when Hy holds, V; and ©91~! are independent.
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. . . 1
Nextly, since the |a;|V}, j = 2,...,r + s, have densities oA (\%Iw 195),
j=2,...,7+ s, the joint density of @911 Vi, ..., V.4, will be

(16) £O (v, 0976y

r4s 1 )
= (o 0) s (o)

i il

,ﬁ —+o0

e 1 s
iy Zmz@gl 1)79 (I91 )H (MMIQZ)-

‘ Z|'Yz

When Hy holds we have, with a1 =1,

(17) fO(,UTJrS’eglfl‘O)

%) s v; 1
= 2702 H\ 79 a9 h(om )
m aj; 7] aj|7yj

r+s
_ ) g1—1
B {7"91/2 H ‘ajh/] (‘ajh/] 9 )] m0<9 1 )

We thus established

Proposition 1. When Hy holds S is independent from ©9'~1 which has
density mo(691~1).

Proof. The thesis follows from (17) observing that only & depends on the
laj|Vj, j=1,...,r+s. [ |
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Thus, to test Hy having selected the alternatives for which @91~ € C we
can reject Hy whenever @91~ € C and & > k. The test level will be the
product of p(©91~1 € C|Hy) by p(3 > k|Hp) since, when Hy holds, both
statistics are independent.

When C is given by conditions on the ordering of the ny,...,74, it is
usually simple to use these in order to compute p(©91~1 € C|Hy), for
instance if we require 71 = min{n, ..., ng, }, we have

_ 1

(18) p(©9" € ClHy) = —.

As for the second factor we point out that, when Hy holds, <& is
the quotient of two linear combinations >%_; bjxgj and Z;f 110 xg]
with  b; = |a7| ,j7=1,...,7+s. Now, Fonseca et al. (2002), gave explicit
expressions for the dlstrlbution of such quotients when all degrees of free-
dom in the numerator or in the denominator are even. They also showed
how to use Monte-Carlo methods in the general case.

For a q level test we will have

(19) q=p(©7" € C|Ho)p(S > k|Ho)

so that, when p(©91~! € C|Hy) is small, we are led to choose k small. Thus
a considerable increase of power for selected alternatives is to be expected.
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