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Abstract

In this paper we study the estimation problem of individual mea-
surements (weights) of objects in a model of chemical balance weighing
design with diagonal variance - covariance matrix of errors under the
restriction k1 + ko < p, where ki and ko represent the number of
objects placed on the right and left pans, respectively. We want all
variances of estimated measurments to be equal and attaining their
lower bound. We give a necessary and sufficient condition under which
this lower bound is attained by the variance of each of the estimated
measurements. To construct the design matrix X of the considered op-
timum chemical balance weighing design we use the incidence matrices
of balanced bipartite weighing designs.

Keywords: balanced bipartite weighing design, chemical balance
weighing design.
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1. INTRODUCTION

The results of n weighing operations aimed at determining the individual
weights of p objects with a balance corrected for bias will fit into the linear
model
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(1.1) y =Xw +e,

where y is an n x 1 random column vector of the observed weights, the
design matrix X belongs to the class of n x p matrices of elements equal to
—1,0 or 1 and in which the maximum number of elements equal to —1 and
1 is in each column equal to m, i.e., X € ®xpm(—1,0,1), wis an p x 1
column vector representing unknown weights of objects and e is an n x 1
random column vector of errors such that F(e) = 0, and E(ee’) = %G,
where 0,, is an n x 1 column vector of zeros, ¢ is an n X n positive definite
diagonal matrix of known elements, E(-) stands for the expectation of (-)
and ()’ is used for the transpose of (-).
The normal equations for estimating w are of the form

(1.2) X'G 'Xw = X'G 1y,

where w is the vector of unknow measurements estimated by the least
squares method.

A chemical balance weighing design is said to be singular or nonsingu-
lar, depending on whether the matrix X’G~'X is singular or nonsingular,
respectively. It is obvious that because of the assumption connected with
the matrix G, the matrix X’G~'X is nonsingular if and only if the matrix
X’X is such, i.e., the matrix X is of full column rank (= p).

Now, if X’G~'X is nonsingular, the least squares estimator of w is
given by

(1.3) w=(X'G'X)"'X'Gly

and the variance - covariance matrix of w is of the form

(1.4) Var(w) = ¢%(X'G71X) L.

Some problems connected with chemical balance weighing designs have been
studied in Raghavarao (1971) and Banerjee (1975). In the case G = I,
Hotelling (1944) has shown that for a chemical balance weighing design
the minimum attainable variance for each of the estimated weights is o2 /n.
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He has shown that each of the variance of the estimated weights attains the
lower bound if and only if X’X = nI,. The design satisfying this condition
is said to be an optimum chemical balance weighing design. This condition
implies that elements of the matrix X of the optimum chemical balance
weighing design are equal only to —1 or 1. In this case, several methods of
construction of optimum chemical balance weighing designs are available in
the literature.

In the situation when not all objects are included in each weighing
operation, Ceranka and Graczyk (2001) have shown that for a chemical
balance weighing design the minimum attainable variance for each of the
estimated weights is o?/m, where m is the maximum number of elements
equal to —1 and 1 in each column of the design matrix X. They have also
proved that each of the variance of the estimated weights attains the lower
bound if and only if X'X = mlI,. This design is also said to be an opti-
mum chemical balance weighing design. Several methods of construction
of the design matrix X with elements —1, 0 and 1 are given in Swamy
(1982), Ceranka, Katulska and Mizera (1998), Ceranka and Katulska (1999),
Ceranka and Graczyk (2001).

Katulska (1989) has shown that the minimum attainable variance for
each of the estimated weights for a chemical balance weighing design with a
positive definite diagonal variance - covariance matrix of errors is o2 /tr(G~1).
In the same paper she has shown that each of the variance of the estimated
weights attains the minimum if and only if X’G™!X = tr(G™1)I,. This
design is said to be an optimum chemical balance weighing design. This
condition implies that the elements of the matrix X of the optimum chemi-
cal balance weighing design are equal to —1 and 1, only.

In the present paper, we investigate the necessary and sufficient condi-
tion under which the minimum variance is attained for estimated weights in
a chemical balance weighing design with a positive definite diagonal variance
- covariance matrix of errors if the design matrix X has the elements —1, 0
or 1. We give some methods of construction of an optimum chemical balance
weighing design under the restriction on the number of objects placed on
either of the pans. The methods utilize the incidence matrices of balanced
bipartite weighing designs.

2. VARIANCE LIMIT OF ESTIMATED WEIGHTS

Let X € ®,,5p.m(—1,0,1) be the matrix of rank p and let ¢ denote any p x 1
column vector. Then, from Section le.1(ii)(b) in Rao (1973), we have.
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Lemma 2.1. For a positive definite n X n diagonal matriz G, an n X p
matriz X of rank p and a p X 1 column vector c, the inequality

/)2
. X'G1IX) e > (c'c)
(2.1) c¢(X'G X)) c> —C/( G 1X)e

holds, with the equality attained if and only if ¢ is an eigenvector of X'G~1X.

We assume that matrix G is given in the form

[ LI, 0,0, .. 0,0, ]
1
(2.2) G= Orsls aglz o OO ;
| 0,0, 0,0/, .. =4I,

where 22:1 np = n, ap > 0 and I, is the ny X ny identity matrix, h =
1,2,...,t. In other words, we determine the optimality in the
class ®,,xpm(—1,0,1) under the given restrictions for a a,as,...,a; and
ni,na,...,ns. This structure of the variance-covariance matrix of errors may
be useful in the following situation. Suppose that there are ¢ kinds of chem-
ical balances of different precision, a1, ao, ..., a;, one with a usual precision,
the other with higher and one with the highest precision. Let ni,ns,...,n;
be the numbers of times in which the respective balances are used.

Suppose further that the matrix X € ®,,4,,,(—1,0,1) is partitioned
correspondingly to the matrix G, i.e.,

X1
X

Xy

Let us denote by mj; the number of elements —1 and 1 in the jth column
of Xp = (2;), u=1,2,..;np, j =1,2,...,p, h=1,2,..., 1.
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Theorem 2.1. For any nonsingular chemical balance weighing design with
the design matriz X € ®,xpm(—1,0,1) given in the form (2.3) and with the
variance-covariance matriz 0>G, where the matriz G is given in the form
(2.2), the variance of w; for any j, j = 1,2,...,p, cannot be less than o?/q,
where ¢ = 22:1 apmp, and my, = max{mp1, Mp2, ..., Mpp }.

Proof. Let c;, j = 1,2,...,p, be the vector equal to the jth column of L,.
Then it follows that

~ A~

0
’LUJ = CjW

and
Var(i;) = 0°cj(X'G™'X) 'e;.

As the matrix X is of full column rank, from Lemma 2.1 we have

(cje;)” o?
Var(i;) > o? /- = — =
c;(X'G X)ej Yo an Zzil(xﬁj)z
(2.4)
o? o? o?
Dh=1 Oh TG D poy Gnmn 4
because x}u‘j = —1,1 or 0 only, and the number of elements equal to —1 and

1 in each column of X}, is equal to my;, where u = 1,2,...,np, j = 1,2, ..., p,
h=1,2,...,t. Hence, the Theorem is proved. [

From tr(G~1) = Z';L:l apny, it follows that if my, = ny, for each h, then

This Theorem was originally proved by Katulska (1989) for the case mj =
np, h=1,2,...,t.

Definition 2.1. Any nonsingular chemical balance weighing design is said
to be an optimum chemical balance weighing design if it estimates each of
the weights with minimum variance.

In other words, any nonsingular chemical balance weighing design with
the variance-covariance matrix of errors 02G, where the matrix G is given



220 B. CERANKA AND M. GRACZYK

in the form (2.2), is said to be optimal for the estimated individual mea-
surements (weights) of objects if the variances of their estimators attain the
lower bound given by Theorem 2.1, i.e., if

2 t
Var(w;) = %, i=12....p, where q= Z@hmh-
h=1

Now, we consider the necessary and sufficient condition under which the
minimum variance for the estimated weights is attained.

Theorem 2.2. For any positive definite diagonal matrix G given in the
form (2.2) and any n x p matric X € ®pyxpm(—1,0,1) given in the form
(2.3), under a nonsingular chemical balance weighing design, each of the
variance of the estimated weights attains the minimum if and only if

(2.5) X'G7'X = ¢1,.

Proof. To prove the necessity part, we observe that the equality in (2.4)
holds for any j = 1, 2..., p if and only if

X'G™'Xe; = pjcj, p; >0
and

t
c;-X’G_lch = Zahmh, j=1,2,...,p.
h=1

These conditions imply that X'G™1X = diag{p1, 2, ..., tp} and py = pg =
o = fp = Sn_y apmy, = ¢. Then we have the condition (2.5). The proof of
the sufficiency part is obvious. [

3. BALANCED BIPARTITE WEIGHING DESIGNS

A balanced bipartite weighing design (see Huang (1976) and Swamy (1982))
with parameters v, k1, ko, A1 is an arrangement of v elements into b blocks
B; = {B} : B?} each with k = ki + ko distinct elements, the number of
elements in Bg being k;,7 = 1,2,2=1,2,..., b, such that each element occurs
in r blocks , each pair of distinct elements is linked in exactly A; blocks and
l-linked in exactly Ag blocks. If B is a block with subsets B! and B? such
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that B = {B! : B?}, where B! = {a%,a%,...,a}cl}, B? = {a%,a%,...,azg},
then two elementrs in B are said to be linked or l-linked in B, if and only if
they belong to different subsets or the same subset of B, respectively.

Let N be the incidence matrix of such a design. The parameters are
not independent and they are related by the following indentities

vr = bk,
p = dvle—1)
T 2kiky
(3.1) Ny = Mk (k= 1) + ka(ko — 1)]’
2k ko
_ Mk —1)
T 2kiky

NN’ = (r — Ap — X)L, + (A1 + A2) 1,15,

In the next part of the paper balanced bipartite weighing design with pa-
rameters v, k1, ko, A1 will be written as v, b, r, k1, ko, A1, As.

4. CONSTRUCTION OF THE DESIGN MATRIX
Let N, be the incidence matrix of a balanced bipartite weighing design with
the parameters v, by, 74, k1n, kans Ans Aop, B = 1,2, ..., t. From Nj} we obtain

another matrix N by replacing ky;, unities of each row which correspond
to the elements belonging to the first subblock B!, by —1, i.e.,

(4.1) X =
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Thus, each row of N} will contain kyj, elements equal to —1, ko, elements
equal to 1 and v — k1p — kop elements equal to 0. Clearly, such a design
implies that in each weighing, exactly k;, = k1, + ko, h = 1,2, ...,t objects
are weighed, ki of them on the right pan and k9;, on the left. Also, each
object is weighed m = 22:1 rp times in the n = b = 22:1 by, weighing
operations.

Lemma 4.1. The chemical balance weighing design with the matriz X given
in the form (4.1) is nonsingular if and only if

(4.2) kin # kon

for at least one h,h =1, ...,t.

Proof. Because the matrix G is an n x n positive definite diagonal matrix,
the matrix X’G~!X is nonsingular if and only if the matrix X’X is nonsin-
gular, i.e., the matrix X is of full column rank. Thus for the design matrix
X € ®,,xpm(—1,0,1) given in the form (4.1) we have

[t
X'X = Z(Th —don+ A1) | Iy
Lh=1
(4.3)
[t
+ 1D (on— Alh)] 1,1,
Lh=1
and
det(X'X)
(4.4) t v_lt
= [Z(Th — Xon + A1) Z [rn + (v = 1)(Aan — A1n)] -
h=1 h=1
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The determinant (4.4) equals 0 if and only if

(4.5) Z Th = Z()\Qh — A1n)

or

t
(4.6) L=0)> (Aon— i) =D _ 7
h=1

Using (3.1) it can be shown that (4.5) implies

Z An(kip +kan) 1 zt: Mn(k1p, — kop)?

klthh N 5 klhk2h

)

h=1

which is not satisfied, because v > ki + kop, h = 1,2,...,t. Using the
relations (3.1) once again we can see that (4.6) implies

(kip — kop)?> =0 for each h=1,2,..1t

The last expression does not hold if and only if kyj, # kop for at least one
h,h =1,2,...,t. Thus, the Lemma is proved. [

Theorem 4.1. The nonsingular chemical balance weighing design with the
matriz X € ®xpm(—1,0,1) given by (4.1) and with the variance - covari-
ance matriz of errors 0>G, where G is of the form (2.2), is optimal if and
only if

t

(47) Z ah )\Qh — )\lh =0.
h=1
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Proof. For the design matrix X given by (4.1) and the variance - covariance
matrix of errors 02G, where G is of the form (2.2), we have

t

XG X = Z ap(rn — Aop + A1p)
h—1

I, +

t
> an(hon — )\lh)] 1,1},

h=1

From Theorem 2.2 it follows that a chemical balance weighing design is
optimal if and only if the condition (2.5) holds. Hence the Theorem. |

If the chemical balance weighing design given by the matrix X of the form
(4.1) and with the variance-covariance matrix of errors o?G, where the
matrix G is given by (2.2), is optimal, then

o2
Var(w;) = —, j=1,2,..,p.
q
where g = 22:1 apTh,.
We assume, that Aop, — Ay, = 0 for each h,h = 1,2,...,t. Then from
Theorem 4.1 we have

Corollary 4.1. If Aop, — M\p, =0, h =1,2,...,t, then the chemical balance
weighing design given by the matric X € ®pxpm(—1,0,1) of the form (4.1)
and with the variance - covariance matriz of errors o>G, where G is of the
form (2.2), is optimal for any ap,ap > 0,h =1,2,...,t.

Corollary 4.2. The existence of balanced bipartite weighing designs with the
parameters v, by, v, kin, kon, AMn, Ao for which the condition Aop, — Ay, = 0
holds, h = 1,2,...,t, implies the existence of an optimum chemical balance
weighing design with the matrix X € ®4,xpm(—1,0,1) of the form (4.1) and
with the variance - covariance matriz of errors 0>G, where G is given by
(2.2).

Ceranka and Katulska (1999) gave series of balanced bipartite weighing
designs which satisfy the condition Aoy, — A1, = 0, h = 1,2, ...,t. These
designs lead to the optimum chemical balance weighing with the matrix
X € ®,4pm(—1,0,1) of the form (4.1) with the variance - covariance matrix
of errors 02G, where G is given by (2.2).

There is a large number of combinations between parameters of balanced
bipartite weighing designs for which the condition (4.7) holds. Thus for
given p = v and n = 22:1 by, we have many possibilities of construction
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of the design matrix X € ®,,5,,m(—1,0,1) of an optimum chemical balance
weighing design with the the variance - covariance matrix of errors o2G,
where G is of the form (2.2).

It is obvious also that we have many interesting possibilities of choosing
the matrix G. The constructions of an optimum chemical balance weighing
design with the variance - covariance matrix of errors ¢2G for each form
of the matrix G must be investigated seperately. In the next section, we
will present construction of the design matrix X € ®,x,m(—1,0,1) of an
optimum chemical balance weighing design for the simplest form of G # I,.

5. CONSTRUCTION OF THE DESIGN MATRIX USING
TWO BALANCED BIPARTITE WEIGHING DESIGNS

We assume, that the matrix G is given in the form

(5.1) G = [ 0wl ] a>0
0”20;7,1 In2

Suppose further that the matrix X € ®,,4p,m(—1,0,1) based on two bal-
anced bipartite weighing designs is partitioned in accordance with the ma-
trix G, i.e.,

(5.2) X =

Then, from Theorem 4.1, the matrix X given by (5.2) is the matrix of the
optimum chemical balance weighing design with the variance - covariance
matrix of errors 02G, where the matrix G is given by (5.1), if and only if

(53) CL()\Ql — /\11) + ()\22 — )\12) =0.

We can notice that if parameters of two balanced bipartite weighing designs
satisfy the condition (5.3) for a given a, then the chemical balance weighing
design with the matrix X given in the form (5.2) and with the variance
- covariance matrix of errors o2G, where the matrix G is given by (5.1),
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is optimal. We have formulated Theorems following from Huang (1976).
Parameters of these balanced bipartite weighing designs satisfy the condi-
tion (5.3).

Theorem 5.1. For a given a = 2 the existence of the balanced bipartite
weighing designs with the parameters

(i) v=4s+1,by = 8(48 + 1),7“1 =58, ki1 =1,ko1 =4, 11 =2, =3
and v=4s+1, by =2s(4s+1), ro =168, k12 =3, koo =5, A2 =
15, Ago = 13, s=2,3,..,

(ii) v=10s+1,b; = 8(10$—|— 1),7‘1 =6s,k11 =1,ko1 =5, 11 =1, 91 =
2and v=10s+1,by = 58(1OS+ 1),7"2 =408, k12 = 3,koo =5, A2 =
15,0 =13, s=1,2,...,

(111) v=2s+1, by = 8(25+1), ry=17s, k11 =2,ko1 =5, A1 =10, Ao =
1land v=2s+41, by = 8(28+ 1), ro = 8s, k1o =3, koo =5, Ao =
15, Ay = 13, s—=4,5,....

(iV) v = 28,b1 = 8(28 - 1),7’1 = 3(28 - 1),k11 = 2, k21 = 4,)\11 = 8, )\21 =
7and v = 25, b2 = 28(25 — 1), T9 = 7(28 — 1),k12 = 2,k22 = 5, )\12 =
20, Ay = 22,5 = 15,6, ...,

(V) v=4s+1,b; = 28(48+1),7’1 =6s,k11=1,ky1 =2, A1 =2, 91 =1
and v = 4s+1, by = S(4S—|—1),T2 =88,k1o = 2,koo = 6,12 = 6, Ay =
8,5=2,3,..,

(vi) v=4s+1,by =s(ds+1),r1 =48, k11 =2,ka1 =2, \11 = 2,91 =1
and v =4s+1,by = S(4$+1),T2 = 88,k1o = 2,koo = 6, 120 = 6, Ay =
8,s=2,3,...,

(vil) v=4s+1,b; =s(ds+1),71 =5s,k11 =2,ko1 =3,A\11 =3, 01 =2
and v = 4s+ 1,0 = 8(48 + 1),7“2 = 8s,k1a = 2,kos = 6,12 =
6, 0 =8, s=2,3,..,

(Viii) v=4s+1,b1 = 28(4S+1),T1 =12s,k11 =2,ko1 =4, M1 =8, A1 =7
and v=4s+ 1, by = S(4S—|—1), ro = 88, k1o = 2, kog = 6, Ao =
6, )\22 = 8, s = 2,3, veey
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implies the existence of an optimum chemical balance weighing design with
the matric X € ®pypm(—1,0,1) given by (5.2) and with the variance -
covariance matriz of errors 0°G, where the matriz G is of the form (5.1).

Proof. It is easy to prove that parameters of balanced bipartite weighing
designs satisfy the condition (5.3) for a given a = 2. ]

Theorem 5.2. For a given a = s(s — 3)/2 the existence of the balanced
bipartite weighing designs with the parameters v,by = v(v—1)/2, r1 = 3(v—
1)/2, kii=1, ko1 =2, M1=2, X1 =1andv,by =by, 73 = (U—l)(8+1)/2,
k1o = 1, koo = 8, M2 = 8, Moo = s(s —1)/2, v is odd, s > 4 implies the
existence of an optimum chemical balance design with the design matric
X € ®@,xpm(—1,0,1) given by (5.2) and with the variance - covariance
matriz of errors 0>G, where the matriz G is of the form (5.1).

Theorem 5.3. For a given a = [—(u? — 5u + 2)]/(s?> — 5s + 2) and

(i) v is odd, u is a positive integer, u > 5 s = 2,3,4 except the case u =5
and s = 4,

(ii) v is odd, uw = 2,3,4 s is a positive integer,s > 5 except the case u =4
and s =5,

(iii) v is even, u>6 s=24,

(iv) v is even, u=2,4 s> 6 is even

the existence of the balanced bipartite weighing designs with the parameters
v,by = ’U(U — 1)/2, ry = (’U — 1)(8+2)/2, kit = 2, kor = s, A1 = 2s,
o1 = (82 —5+2)/2 and v, by = by, ro = (v—1)(u+2)/2, k1o = 2, kog = u,
A2 = 2u, Aoy = (u? —u+2)/2 implies the existence of the optimum chemical
balance design with the design matriz X € ®,pm(—1,0,1) given by (5.2)
and with the variance - covariance matric of errors o>G, where the matriz
G is of the form (5.1).

Theorem 5.4. For a given a = [—(u? — Tu + 6)]/(s*> — Ts + 6) and

(i) v is odd, u > T,u is a positive integer, s = 2,3,4,5 except the case
u="7and s = 3,4,
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(i) v is odd, u = 2,3,4,5, s is a positive integer, s > T except the case
u=3,4 ands=171,

(iii) v is a positive integer, u > 7 is odd s = 3,5,
(iv) v is a positive integer, u = 3,5, s > 7 is odd

the existence of the balanced bipartite weighing designs with the parameters
v,by = ’U(U — 1)/2, ry = (’U — 1)(8+3)/2, kit = 3, kot = s, A1 = 3s,
Aol = (82—8+6)/2 and v, bo = by, ro = (v—l)(u+3)/2, kio =3, koo = u,
A2 = 3u, Aag = (u> —u+6)/2 implies the existence of the optimum chemical
balance design with the design matriz X € ®,xpm(—1,0,1) given by (5.2)
and with the variance - covariance matriz of errors o>G, where the matrix

G is of the form (5.1).

Theorem 5.5. For a given a = [—(u? — 5u + 2)]/(s*> — 7s + 6) and
(i)
(i)

(iii) v is a positive integer, u > 6 is even, s = 3,5,
)

i
(iv

v is odd, u is a positive integer, u > 5, s = 2,3,4,5,

v is odd, u=2,3,4,5, s is a positive integer, s > 7,

v 18 a positive integer, u = 2,4 s > 7 is odd

the existence of the balanced bipartite weighing designs with the parameters
v,by = ’U(U — 1)/2, ry = (’U — 1)(8+3)/2, kir = 3, kot = s, A1 = 3s,
/\21 = (82 — S+6)/2 and ’U,bg = bl, ro = (’U — 1)(U+2)/2, klg = 2, kQQ =1u,
A2 = 2u, Aag = (u? —u+2)/2 implies the existence of the optimum chemical
balance design with the design matriz X € ®y,ypm(—1,0,1) given by (5.2)
and with the variance - covariance matric of errors 0>G, where the matriz
G is of the form (5.1).

We can notice that if the parameters wv,bq,r1, k11, k21, A11, A21 and
v, ba, 9, k12, k22, A12, Aog of two balanced bipartite weighing designs satisfy
the condition (5.3) for a given a, then the parameters v* = v, b} = ba, r{ =
Tg,kikl = klg, k;l = kQQ,Xh = )\12,)\;1 = )\22 and v* = U,b; = b1,7“§ =
ri,kly = k11, k39 = ko1, A]y = A11, M55 = 21 of two balanced bipartite
weighing designs satisfy the condition

a*( A3 — A1) + (M52 — Alp) =0
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for a* = 1/a and the chemical balance weighing design with the design ma-
trix X € ®,,4p.m(—1,0,1) given by (5.2) and with the variance - covariance
matrix of errors 602G, where G is given by (5.1), is optimal for estimating
individual weights of objects.

6. THE EXAMPLE

In the practical usage of the data theory, for example in astronomy, geodesy,
a situation often occurs in which in the measure of the same object we get
designs consisting of a several equal precise observations (np, h =1,2,...,t)
linked into the groups (¢) (see Linnik (1962)). These different precision of
measurements leads to the diagonal variance - covariance matrix of errors.
On the other hand, in this issue the elements of the design matrix are equal
to —1,1 or 0. That is why we use the matrices of chemical balance weighing
designs.

Let us consider the experiment in which using n = 42 measurement
operations we determine unknown measurements of p = 7 objects and each
of them is weighed at most m = 24 times (because of destroying of the light
objects or some other technical problems). For construction of the design
matrix X we use N7 the incidence matrix of the balanced bipartite weighing
design with the parameters v =17, by =21, r1 =9, k11 =1, ko1 =2, A1 =
2, A1 =1

[1; 0 0120 0 121; 012 0120 0 1; 0 0 0 0 13157
191, 0 0120 0 0 1; 012 012 01213 0 0 0 0 1o
0101, 0 0120 0 01; 012 01212121 0 O 0 O
N;=[0011; 0 012120 01, 0120 0 12121, 0 0 O
150 0121; 0 0 0120 01; 0120 012121 0 O
010 0121; 0120120 01; 0 0 0 0 121217 0
0 010 0121; 012 0120 01; 0 0 0 0 121214

and N the incidence matrix of the balanced bipartite weighing design with
parameters v =7, by =21, 19 =15, k1o =1, koo =4, Ao =4, Ao =6
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Nq =

where 1; and 1 denote the object belonging to the first and second sub-

block, respectively. Then we get the matrix X = [

combinations between parameters, where

e
\
R P OO0 R OO, OO, PR OOF,OOR

— O 0000+, R ORFrROHFH,ORFROOOHFH,OO R K

OO OO PR P RFRPF PP OFOFRFOOOFOORFMFEO

|
OO O R P P OORrROFR OO, EFEFOOKRFREOO

[0 19 0 12191917 0 19151511 15 O
1; 0 12 0 121912 0 0 1915 19217 12 15 0 19 15 1o
1017 0 13 0 191212 0 0 13 121915 11 15 O 15 1o
191217 0 192 0 1217 12 0 0 121219 0 17 15 0 19
19191911 0 12 0 191312 0 0 121212 0 13 12 O
0 10121217 0 19121213 15 0 0 19 12 19 0 1 19
12 0 19121917 0 191219171 19 0 0 131219 0 14

OO M FEF OO OF OO OOOFFEOO -

0 12121 0

X,
Xy

|
—_ = O 00000 OO OFOFMF=OOFOO

OH P P OO OO, O, OHFHFHOORFO

1y
0
19
19
1o
0
1y

B. CERANKA AND M. GRACZYK

] , determined by
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[1]

2]

|
|
_
|
| \
| |
|
|

Xy =

— O R = = O FR R RO ORF == OFFO

(I
OR HF P ORFR KPR MFEFRE PPOORFRFFEF ORF O -
|

— = = O R P, O FHRFEFODOFFEFEOF O = =

_ RO R HPROR R EFHROOHRRERRORFROHRRKRER

R O FR R OFRRFRPFRPROOHRKFHRRHRRRPRLRORRRRFRO
|
ORr PO R RPRPRRFROOHFH,FHRPFRFRPRRERPRRPFRPROHFHRRFRRREROHH

— —mR O R M~ P OORRFRMEFEFEFEFEPFORFRRFRKMERFEFEORO
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