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1. Introduction

We start by presenting the models we consider. These include the usual
balanced cross nested random models. Nextly we obtain UMVUE for the
variance components. These estimators are then used to derive F tests for
the nullity of single variance components. The separation between both
types of tests will be based on a general theorem that holds also for mixed
models.

Under certain conditions, exact distributions where obtained for the
generalized F test statistics under the null hypothesis (see [7]). These ex-
pressions are useful in validating the estimation of p-values for these tests
using Monte-Carlo methods. This estimation is convenient since the distri-
bution of these statistics depends, as we shall see, on nuisance parameters.

When yn is normal, with mean vector Xβn and covariance matrix 6Σ,

we put yn ∼ N
(

Xβl, 6Σ
)

. Let

(1) 6Σ =

k
∑

i=1

σ2
i Vi

with X, Vi, i = 1, ..., k − 1 known matrices, and Vk = In. With X+ the
Moore-Penrose generalized inverse of matrix X, the orthogonal projection
matrices on the range space R(X) of X and it’s orthogonal complement will
be P = XX+ and M = In − P, respectively. Moreover, if PVi = ViP,
i = 1, ..., k, and the vector sub-space V = sp{MV1, ...,MVk}, spanned
by the matrices MV1, ...,MVk, is a quadratic sub-space (containing the
square of it’s matrices), with dimension k, then, see [8] and [11], we have
the minimal sufficient complete statistics

(2) X′yn and yn′Eiy
n, i = 1, ..., k

with Ei = MVi. Moreover, see [7], if V is commutative, there exists an
unique basis {E1, ...,Ek}, such that EiEj = δijEi, i, j = 1, ..., k, with δij the
Kronecker delta. Thus the model will be called regular.

Now we consider a special case of regular models.

2. Models

Throughout the text, superscripts will indicate vector dimensions, 1v and
0v will have their v components equal to 1 and 0, respectively. Moreover,
Iv will be the v× v identity matrix, while R(A) and N(A) will be the range
space and the kernel of matrix A. Besides the usual matrix product we will
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also use the Kronecker matrix product (⊗). The properties of this product
are studied in detail in detail in [10]. The transpose and inverse of matrix A

will be denoted by A′ and A−1, respectively. With Γ the set of vectors hL

with integer components hl = 0, ..., ul, l = 1, ...L, we assume, for the vector
yn of observations, the model

(3) yn =
∑

hL∈Γ

X(hL)βc(hL)(hL) + en

where X(0L) = 1n , βc(0L)(0L) = µ, and, with hL 6= 0L, X(hL) =
⊗L

l=1 Xl(hl) ⊗ 1r. The vectors βc(hL)(hL), with hL 6= 0L, and en will
be normal, independent, with null mean vectors and covariance matrices
σ2(hL)Ic(hL) and σ2In, respectively. The crossing was integrated in the
model through the use of the Kronecker matrix product, while, to have nest-
ing, we require that R(Xl(hl)) ⊂ R(Xl(hl + 1)), hl = 0, ..., ul−1, l = 1, ..., L.
This means that R(Xl(hl)) is strictly included in R(Xl(hl + 1)). Lastly,
model orthogonality is achieved by assuming that Ml(hl) = Xl(hl)X

′
l(hl) =

b(hl)Ql(hl), with Ql(hl) an orthogonal projection matrix, hl = 0, ..., ul,
l = 1, ..., L. In order to have X(0L) = 1n we must have Xl(0) = 1nl ,
l = 1, ..., L, as well as n = r

∏L
l=1 nl. Then Ql(0) = 1

nl
Jnl

, l = 1, ..., L, when

Jv = 1v1v ′. As we shall see, this last assumption will enable us to derive
a Jordan algebra A automatically associated to the model. Such algebra
corresponds, as it is well known, to orthogonal partitions and so, in this
way, the orthogonality of the model is ensured.

On account of nesting we will also have the orthogonal projection ma-
trices Bl(0) = Ql(0) and Bl(tl) = Ql(tl)−Ql(tl−1), tl = 1, ..., ul, l = 1, ..., L.
The Kronecker matrix product enables us to the orthogonal projection
matrices:

(4)



















Q(hL) =
L
⊗

l=1

Ql(hl) ⊗
1

r
Jr, hL ∈ Γ

B(tL) =
L
⊗

l=1

Bl(tl) ⊗
1

r
Jr, tL ∈ Γ

.

If matrices Ql(hl), hl = 0, ..., ul, have ranks rl(0) = 1 and rl(hl), hl =
1, ..., ul , matrices Bl(tl), tl = 0, ..., ul, will have ranks gl(0) = 1 and gl(tl) =
rl(tl)−rl(tl−1), tl = 1, ..., ul, l = 1, ..., L. Moreover, matrices Q(hL) [B(tL)]
with uL ∈ Γ [tL ∈ Γ] will have rank

r(hL)= t

L
∏

l=1

rl(hl)

[

g(tL)=

L
∏

l=1

gl(tl)

]

.



178 M. Fonseca, J.T. Mexia and R. Zmyślony

In order to illustrate these concepts, we now present an example: a three
factor random model, in which the second factor nests the third. We then
get the model

(5) Yn =
∑

h2∈Γ

X(h2)βc(h2)(h2) + en,

where h2 = (i1, i2), i = 0, 1, j = 0, 1, 2. Taking a1(1) as the number of levels
of the first factor, a2(1) the number of levels of the second and a2(2) the
number of levels of the third (nested on the second), with a1(0) = a0(2) = 1.
We then get the matrices

(6)































































X(1, 0) = Ia1(1) ⊗ 1a2(1)a2(2)

X(0, 1) = 1a1(1) ⊗ Ia2(1) ⊗ 1a2(2)

X(0, 2) = 1a1(1) ⊗ Ia2(1)a2(2)

X(1, 1) = Ia1(1)a2(1) ⊗ 1a2(2)

X(1, 2) = Ia1(1)a2(1)a2(2)

,

having also β1(0, 0) = µ and βc(i,j)(i, j) ∼ N (0c(i,j), σ2(i, j)Ic(i,j)), i = 0, 1,
j = 0, 1, 2, (i, j) 6= (0, 0). Consequently

(7)































































Q(1, 0) = 1
a2(1)a2(2)Ia1(1) ⊗ Ja2(1)a2(2)

Q(0, 1) = 1
a1(1)a2(2)Ja1(1) ⊗ Ia2(1) ⊗ Ja2(2)

Q(0, 2) = 1
a1(1)Ja1(1) ⊗ Ia2(1)a2(2)

Q(1, 1) = 1
a2(2) Ia1(1)a2(1) ⊗ Ja2(2)

Q(1, 2) = Ia1(1)a2(1)a2(2)

.
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Consequently:

(8)































































B(1, 0) = 1
a2(1)a2(2)rKa1(1) ⊗ Ja2(1)a2(2)r

B(0, 1) = 1
a1(1)a2(2)rJa1(1) ⊗Ka2(1) ⊗ Ja2(2)r

B(0, 2) = 1
a1(1)rJa1(1) ⊗ Ia2(1)Ka2(2) ⊗ Jr

B(1, 1) = 1
a2(2)rKa1(1) ⊗Ka2(1) ⊗ Ja2(2)r

B(1, 2) = 1
r
Ka1(1) ⊗ Ia2(1) ⊗Ka2(2) ⊗ Jr

,

with r being the number of repetitions and Kv = Iv − 1
v
Jv, and

(9)































































rank(B(1, 0)) = a1(1) − 1

rank(B(0, 1)) = a2(1) − 1

rank(B(0, 2)) = a2(1)(a2(2) − 1)

rank(B(1, 1)) = (a1(1) − 1)(a2(1) − 1)

rank(B(1, 2)) = (a1(1) − 1)a2(1)(a2(2) − 1)

.

This is in fact the model used in [1].

Now, in order to relate matrices Q(hL), uL ∈ Γ, and B(tL), tL ∈ Γ,we
are going to consider certain sub-sets of Γ. Let uL ∧ vL [uL ∨ vL] have
components min{ul, vl} [max{ul, vl}], l = 1, ..., L, and put tL

− = (tL − 1L)∨
0L and hL

+ = (hL + 1L) ∧ uL, as well as

(10)















u(tL) = {hL : tL
− ≤ hL ≤ tL}

t(hL) = {tL : hL ≤ tL ≤ hL
+}

in order to get, first.
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Proposition 1. We have Q(hL) =
∑

tL≤hL B(tL), as well as

B(tL) =
∑

hL∈u(tL)

(−1)m(hL,tL)Q(hL)

with m(hL, tL) the number of components of hL that are smaller than the

corresponding components of tL.

Proof. The first part of the thesis follows from Ql(hl) =
∑

tl≤hl
Bl(tl),

hl = 0, ..., ul, l = 1, ..., L, and from the distributive properties of the
Kronecker product. Nextly, the first part of the thesis enables us to write

∑

hL∈u(tL)

(−1)m(hL,tL)Q(hL) =
∑

hL∈u(tL)

(−1)m(hL,tL)
∑

vL≤hL

B(vL).

If vL < tL, B(vL) will enter in the terms of the hL such that vL ≤ hL ≤ tL.

Since we can choose in
(m(vL,tL)

a

)

ways a of the components of hL that are
smaller than the corresponding components of tL, this being the number
of vectors hL such that m(hL, tL) = a. If m(vL, tL) > 0 the coefficient of

B(vL) in the previous expression of
∑

hL∈u(tL)(−1)m(hL,tL)Q(hL) will be

m(vL,tL)
∑

a=0

(

m(vL, tL)

a

)

(−1)a = 0

since a = m(hL, tL). If m(hL, tL) = 0 we must have vL = hL = tL and

B(vL) only enters, with coefficient one, in
∑

hL∈u(tL)(−1)m(hL,tL)

∑

vL≤hL B(vL). Thus we get

B(tL) =
∑

vL∈u(tL)

(−1)m(vL,tL)Q(vL).
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Corollary 1. With S(tL) = ‖B(tL)yn‖2 we have

S
(

tL
)

=
∑

hL∈u(tL)(−1)m(hL,tL)‖Q
(

hL
)

yn‖2

=
∑

hL∈u(tL)
(−1)m(hL,tL)

b(hL)
‖X′(hL)yn‖2

with b(hL) = r
∏L

l=1 bl(hl).

Proof. The first part of the thesis follows directly from Proposition 1.
As to the second part, since X(hL)X′(hL) = b(hL)Q(hL) and orthogonal
projection matrices are idempotent and symmetric,

‖Q(hL)yn‖2 = yn′Q′(hL)Q(hL)yn = yn′Q(hL)yn

= yn′
(

1
b(hL)

X(hL)X′(hL)
)

yn = 1
b(hL)

‖X′(hL)yn‖2,

the rest of the proof being straightforward.

Besides matrices B(tL), tL ∈ Γ, we take

(11) B = In −B(uL) = In −
∑

tL∈Γ

B(tL)

to obtain a basis for a Jordan algebra A. This basis, see [12], is the sole basis
of A constituted by mutually orthogonal orthogonal projection matrices.
This will be the principal basis of A. Moreover matrices Q(hL), hL ∈ Γ,
and In belong to A. R

(

B(tL)
)

, with tL ∈ Γ, and R(B) constitute an
orthogonal partition of Rn into mutually orthogonal sub-spaces.

The mean vector and covariance matrix of yn will be, with σ2(0L) = 0

(12)



















E
[

yn
]

= 1nµ

V
[

yn
]

=
∑

hL∈Γ

σ2(hL)M(hL) + σ2In =
∑

tL∈Γ

γ(tL)B(tL) + σ2B

with

(13) γ(tL) = σ2 +
∑

hL≥tL

b(hL)σ2(hL),
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since σ2(hL)M(hL) = b(hL)σ2(hL)
∑

tL≤hL B(tL), hL ∈ Γ. It is the fact

that V
[

yn
]

is a linear combination of the matrices in the basis of A, which
are mutually orthogonal, that gives the model it’s orthogonality.

Still using model (5), it is easy to check that

(14)



































































































γ(1, 0) = a2(1)a2(2)rσ
2(1, 0) + a2(2)rσ

2(1, 1) + rσ2(1, 2) + σ2

γ(0, 1) = a1(1)a2(2)rσ
2(0, 1) + a1(1)a2(1)rσ

2(0, 2) + a2(2)rσ
2(1, 1)

+rσ2(1, 2) + σ2

γ(0, 2) = a1(1)a2(1)rσ
2(0, 2) + a2(2)rσ

2(1, 1) + rσ2(1, 2) + σ2

γ(1, 1) = a2(2)rσ
2(1, 1) + rσ2(1, 2) + σ2

γ(1, 2) = rσ2(1, 2) + σ2

.

We now go over to the balanced case in which we will have L groups of
u1, ..., uL factors, i.e., the generalization of model (5). When ul > 1 there
is balanced nesting for the factors of the l-th group. This is, for each of the
al(1) levels of the first factor in the group there will be al(2) levels of the
second factor. Then, for each of the al(1) × al(2) levels of the second factor
there will be al(3) of the third factor, and so on.

(15) Xl(hl) = Icl(hl) ⊗ 1bl(hl), hl = 0, ..., ul, l = 1, ..., L

with cl(hl) =
∏hl

t=1 al(t) and bl = cl(ul)/cl(hl), as well as

(16) Ml(hl) = Icl(hl) ⊗
(

1

bl(hl)
Jbl(hl)

)

=
1

bl(hl)
Ql(hl),

hl = 0, ..., ul, l = 1, ..., L

where Ql(hl) = Icl(hl) ⊗
(

1
bl(hl)

Jbl(hl)

)

, hl = 0, ..., ul, l = 1, ..., L . Defining

Kv = Iv − 1
v
Jv we also get



Estimators and tests for variance components in ... 183

(17) Bl(tl) = Icl(tl−1) ⊗Kal(tl) ⊗
(

1

bl(tl)
Jbl(tl)

)

= A′
l(tl)Al(tl),

tl = 1, ..., ul, l = 1, ..., L

with

Al(tl) =
1

√

bl(tl)
Icl(tl−1) ⊗Kal(tl) ⊗ 1bl(tl)

′
, tl = 1, ..., ul, l = 1, ..., L.

Putting Al(0) = 1nl ′, l = 1, ..., L, and, if we have r replicates for each factor
combination we define the following matrices

A(tL) =
1√
r

L
⊗

l=1

Al(tl) ⊗ 1r ′, tL ∈ Γ.

The sums of squares and corresponding degrees of freedom for a given factor
or interaction will be

(18)















S(tL) = ‖A(tL)yn‖2, tL ∈ Γ

g(tL) =
L
∏

l=1

gl(tl) =
L
∏

l=1

(cl(tl) − cl(tl − 1)) , tL ∈ Γ

with cl(−1) = 0 for l = 1, ..., L.

Just for the record, we consider another special case. Let Pl be a nl×nl

orthogonal projection matrix whose first column vector is 1√
nl

1nl , l = 1, .., L.

With cl(0) = 1 and cl(hl) < cl(hl + 1) ≤ nl, hl = 1, ..., ul − 1, we can take
Xl(hl) to be constituted by the first cl(hl) columns of Pl, l = 1, ..., L. It is
easy to see that our assumptions hold in this case which is distinct from the
balanced one. Putting A(0) = X′

l(0), l = 1, ..., L

(19) Xl(tl) =

[

Xl(tl − 1) A′
l(tl)

]

tl = 1, ..., ul, l = 1, ..., L

and A(tL) =
⊗L

l=1 Al(tl) ⊗ 1r ′ expressions in (18) continue to hold.
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3. Estimators

We start by pointing out that for the models we are considering, the minimal
complete statistics will be: y• = 1

n
1n′yn, S(tL), with tL ∈ Γ, and S =

‖Byn‖2. The statistics S(tL), with tL ∈ Γ, are given by the first expression
in (18).

When 0L < tL ≤ uL, B(tL)yn will be normal with null mean vector and

covariance matrix γ(tL)B(tL), so that S(tL) will be the product by γ(tL) of
a central chi-square with g(tL) = rank

(

B(tL)
)

degrees of freedom, we put
S(tL) ∼ γ(tL)χ2

(g(tL))
. Likewise we have S ∼ σ2χ2

(g), with g = n − r(uL).

Moreover,

(20) F
(

tL
1 , tL

2

)

=
g(tL

2 )

g(tL
1 )

· S(tL
1 )

S(tL
2 )

will be the product by
γ(tL

1 )

γ(tL
2 )

of a random variable with central F

distribution with g(tL
1 ) and g(tL

2 ) degrees of freedom. Whenever g(tL
2 ) > 2,

E
[

F(tL
1 , tL

2 )
]

=
g(tL

2 )

g(tL
2 ) − 2

· γ(tL
1 )

γ(tL
2 )

and so we have the UMVUE

(21)
̂(γ(tL

1 )

γ(tL
2 )

)

=
g(tL

2 ) − 2

g(tL
2 )

· S(tL
1 )

S(tL
2 )

.

Later on we will use these estimators. If fq:r,s is the quantile, for probability
q, of the central F distribution with r and s degrees of freedom we have, for
γ(tL

1 )

γ(tL
2 )

, the (1 − q) × 100% confidence interval

[

F(tL
1 , tL

2 )

f1− q

2
:g1,g2

,
F(tL

1 , tL
2 )

f q

2
:g1,g2

]

with gi = g(tL
i ), i = 1, 2.

The 1 − q level upper bound will likewise be
F(tL

1 ,tL
2 )

f1−q:g1,g2

In the preceding section we defined the sets u(tL) and t(tL) and
established Proposition 1. We now have.
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Proposition 2. Whenever m(hL) = m(hL,uL) > 0,

σ2(hL) =
1

b(hL)

∑

tL∈t(hL)

(−1)m(hL,tL)γ(tL).

Proof. From the definition of γ(tL), we get

∑

tL∈t(hL)

(−1)m(hL,tL)γ
(

tL
)

=
∑

tL∈t(hL)

(−1)m(hL,tL)



σ2+
∑

vL≥tL

b(vL)σ2(vL)



 .

Now, in t(hL) we have
(m(hL)

z

)

(with z ranging from 0 to m(hL)) vec-
tors tL such that m(hL, tL) = z, since this is the number of choices of
z components of hL, from the m(hL) components that are smaller than
those of uL. So, these components of hL can be increased by 1, the re-
sulting vector still belonging to t(hL). Thus, the coefficient of σ2 will

be
∑m(hL)

z=0

(m(hL)
z

)

(−1)z = 0. Likewise, if vL > hL, σ2(vL) appears in
the terms associated with the tL ∈ t(hL) such that tL ≤ vL. We can

reason as before to show that there are
(m(hL,vL)

z

)

, z = 0, ...,m(hL,vL),
such vectors tL ∈ t(hL) with m(hL,vL) = z, and so, the coefficient of

b(hL)σ2(hL) will be
∑m(hL,vL)

z=0

(m(hL,vL)
z

)

(−1)z = 0. Lastly when vL = hL,
b(vL)σ2(vL) = b(hL)σ2(hL) only enters in the term associated with tL = hL

with coefficient 1, so that
∑

tL∈t(hL)(−1)m(hL ,tL)γ(tL) = b(hL)σ2(hL) and
the thesis is established.

Corollary 2. γ̂(tL) = S(tL)
g(tL)

, tL ∈ Γ and, if m(hL) > 0,

σ̂2(hL) =
1

b(hL)

∑

tL∈t(hL)

(−1)m(hL ,tL)γ̂(tL)

will be UMVUE.

Moreover, for σ2 and σ2(uL) we have the UMVUE

(22)



















σ̂2 =
S

g

σ̂2(uL) =
1

b(uL)
(γ̂(uL) − σ̂2)

,

since S ∼ σχ2
(g) and γ(uL) = σ2 + b(uL)σ2(uL). We point out that m(hL) =

0 if and only if hL = uL.
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Let t(hL)+ and t(hL)− be the vectors of t(hL) for which
m(hL, tL) is even or is odd. If m(hL) > 0, with

σ2(hL)+ =
1

b(hL)

∑

tL∈t(hL)+

γ(tL)

and

σ2(hL)− =
1

b(hL)

∑

tL∈t(hL)−

γ(tL)

we have

(23) σ2(hL) = σ2(hL)+ − σ2(hL)−.

We will also have the UMVUE estimators

(24)























σ̂2(hL)+ =
1

b(hL)

∑

tL∈t(hL)+

γ̂(tL)

σ̂2(hL)− =
1

b(hL)

∑

tL∈t(hL)−

γ̂(tL).

We will now show that the estimators we obtained are efficient in the Fisher
sense.

Using the formula for the determinants of matrices in a Jordan algebra
given in the appendix we get

(25) det
(

V
[

yn
])

=





∏

tL∈Γ

γ(tL)g(tL)



 (σ2)
g
,

so that, if ηv has components µ, γ(tL), 0L < tL ≤ uL, and σ2 we have the
log-likelihood

(26) l(ηv) = − n

2γ(0L)
(y• − µ)2 − 1

2

∑

0L≤tL≤uL

S(tL)

γ(tL)
− S

2σ2
− n

log
(2π)

− 1

2

∑

tL∈Γ

g(tL) log γ(tL) − g

2
log σ2.
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We omitted γ(0L) from the components of ηv since this parameter is clearly a
function of the γ(tL), 0L < tL ≤ uL. It is now straightforward to show that
µ̃ = y•, γ̃(tL), 0L < tL ≤ uL, and σ̃2 are maximum likelihood estimators
and that their Fisher information matrix

(27) Z(ηv) = E
[

grad(l(ηv)) (grad(l(ηv)))′
]

is the diagonal matrix with principal elements n
2γ(0L)

, n
2γ(0L)

, g(tL)
2γ(tL)

,

0L < tL ≤ uL, and g
2σ2 . Since these are the inverses of the variances of

these estimators we see that the Cramer-Rao lower bound for the variance
of unbiased estimators is attained for these estimators,

(28) V[η̂v]−1 = Z(ηv).

Let θv have components µ, σ2(tL), 0L < tL ≤ uL, and σ2. Then θv = Kηv

with K a regular matrix so that ηv = K−1θv and, using the new parameters,
we have for the gradient of the log-likelihood

(29) grad(l(θv)) = (K−1)
′
grad(l(ηv)) .

Thus the Fisher information matrix for the new parameters will be

(30) Z(θv) = (K−1)
′
Z(ηv)K−1

and, with θv = Kηv, we have the covariance matrix

(31) V
[

θ̂v
]

= KV[η̃v]K′ = KZ(ηv)K′ = Z(θv).

According to (28), to (31) and to the invariance principle of the maximum
likelihood estimators we established.

Proposition 3. η̂v and θ̂v are maximum likelihood estimators for which

the Cramer-Rao lower bounds for covariance matrices are attained.
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4. Hypothesis testing

4.1. F Tests for regular models

We now consider the regular models in Section 2. The test for H0 : σ2
i0

= 0
versus H1 : σ2

i0
6= 0 for i0 < k is, see [12], based on an UMVUE for σ2

i0
.

Namely, in that paper it was shown that if the sub-model obtained under
the null hypothesis was regular, the test statistic

(32) F =
yn′A+yn

yn′A−yn
,

where yn′Ayn = yn′A+yn − yn′A−yn is the UMVUE of σ2
i0

, has an F
distribution when H0 holds, A+ and A− being the positive and negative
parts of the symmetric matrix A.

Now we establish the inverse result

Theorem 1. If F has F distribution when H0 holds, the corresponding

sub-model will be regular.

Proof. From Lemma 6 in [7], it follows that for U = sp{MV1, ...,M} there
exists an unique base E1, ...,Ek such that EiEj = δijEj, where δij is the
Kronecker delta. Thus, from the assumption of F distribution the UMVUE
for σ2

i0
should have the structure

(33) yn′Ayn = c

(

yn′Eiy
n

rank(Ei)
−

yn′Ejy
n

rank(Ej)

)

, i 6= j.

Clearly c 6= 0. Note that Vl can be expressed as follows:

(34) Vl =
k
∑

m=1

λl,mEm.

From (33) and the unbiasedness assumption it follows that for l 6= i0 and
σ2

l ≥ 0, σ2
l cλl,i = σ2

l cλl,j . Thus, whenever σ2
l > 0 we have cσ2

l 6= 0 as well
as λl,i = λl,j for l 6= i0. This means that Vi0 = sp{E1, ...,Ei + Ej, ...,Ek} is
a quadratic commutative sub-space, and so the corresponding sub-model is
regular.
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In the next two sections we present first F tests, and then generalized F
tests for hypothesis on variance components.

4.2. F Tests

In this section we derive F tests for the hypothesis

(35)















H0(h
L) : σ2(hL) = 0, m(hL) ≤ 1

H0(h
L) : γ(hL) = σ2, hL ∈ Γ.

We start with H0(u
L). Since S(uL) ∼

(

rσ2(uL) + σ2
)

χ2
(g(uL))

independent

from S ∼ σ2χ2
(g). The test statistic

(36) F(uL) =
g

g(uL)
· S(uL)

S

will have central F distribution with g(uL) and g degrees of freedom when
H0(u

L) holds. Likewise, if m(hL) = 1, t(hL)+ = {hL} and t(hL)− = {uL}.
Since

S(hL) ∼
(

rb(hL)σ2(hL) + rσ2(uL) + σ2
)

χ2
(g(hL))

independent from S(uL),

(37) F(uL) =
g(uL)

g(hL)
· S(hL)

S(uL)

will have a central F distribution with g(hL) and g(uL) degrees of freedom,
when H0(h

L) holds.

When m(uL) > 1 there is more than one vector in t(hL)+ and
in t(hL)− so that we cannot pursue this straightforward derivation of
F tests. In the next section we will consider how to test H0(h

L)
when m(hL) > 1. We refer the possibilities, see [4], of using either
Bartlett-Scheffé F tests or the Satterthwaite approximation of the
distribution of F statistics. We will not consider these approaches,
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since the first one discards information, for instance see [4] pg. 43,
while the second may lead to difficulties (see [4] pg. 40, in the control
of test size).

No such problems arise wile testing H0(h
L), hL ∈ Γ. Since

S(hL) ∼ γ(hL)χ2
(g(hL))

independent of S ∼ σ2χ2
(g) we get the F

statistic

(38) F(hL) =
g

g(hL)
· S(hL)

S
, hL ∈ Γ

with g(hL) and g degrees of freedom, when H0(h
L) holds.

As a parting remark we point out that H0(h
L) holds if and

only if the H0(v
L), with hL ≤ vL ≤ uL, hold. From Theorem 1 it

follows that this statistic can have F distribution if and only if
m(hL) > 1 we will have to consider generalized F tests. We now
present such tests.

4.3. Generalized F tests

4.3.1. Test statistics

These statistics introduced by Michalski and Zmyślony, see [12] and [14],
can be written as

(39) F(hL) =
σ̂2(hL)+
σ̂2(hL)−

with σ̂2(hL)+ and σ̂2(hL)− defined in (24).

It is interesting to observe that σ2(hL) = σ2(hL)+−σ2(hL)− ≥ 0, thus,

with λ(hL) = σ2(hL)+
σ2(hL)−

, both H0(h
L) and the corresponding alternative may

be written as

(40)















H0(h
L) : λ(hL) = 1

H1(h
L) : λ(hL) > 1.
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We now consider a two-dimensional presentation of the behavior of the test
statistic (Figure 1). Let f be the critical value.

Figure 1. Acceptance and rejection regions.

In this presentation we have the points, with coordinates (x1, x2), (σ2(hL)−,
σ2(hL)+) and

(

σ̂2(hL)−, σ̂2(hL)+
)

. The semi-straight line x1 = fx2 sepa-
rates the rejection from the acceptance region, while (*) indicates a clear
alternative to H0(σ

2(hL)). Since σ̂2(hL)+ and σ̂2(hL)− are UMVUE of
σ2(hL)+ and σ2(hL)+ it is expected that, when this alternative holds,
(

σ̂2(hL)−, σ̂2(hL)+
)

will be close to (*), thus inside the rejection region. This
heuristic argument clearly points towards the use of the test
statistic F(hL).

After the figure, we now take a closer look at F(hL) in order to be
able to use it properly. To lighten the writing we put m = m(hL) taking
w = 2m−1, t(hL)+ = {tL

1 , ..., tL
w} and t(hL)− = {tL

w+1, ..., t
L
2w}. Let gw

1 and

gw
2 have components g1,j = g(tL

j ) and g2,j = g(tL
j+w), j = 1, ..., w, where

we can assume that gi,1 = min{gi,1, ..., gi,w} and gi,w = max{gi,1, ..., gi,w},
i = 1, 2. Then

(41) F(hL) = λ(hL)

w
∑

j=1

p1,j

g1,j

χ2
(g1,j)

w
∑

j=1

p2,j

g2,j
χ2

(g2,j)

,
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with

p1,j =
γ(tL

j )

σ2(hL)+
and p2,j =

γ(tL
j+w)

σ2(hL)−
, j = 1, ..., w,

and, as before, λ(hL) =
σ2(hL)+
σ2(hL)−

. Since

w
∑

j=1

p1,j =

w
∑

j=1

p2,j = 1, F(hL)

will be the product by λ(hL) of the quotient of two convex combinations of
independent central chi-squares divided by their degrees of freedom. Thus,
it is natural to consider F(hL) as a generalized F statistic. The p1,j and
p2,j , j = 1, ..., w will be the components of vectors pw

1 and pw
2 . These vectors

will be nuisance parameters. Since

(42)















































































p1,j =

γ(tL
j )

γ(tL
w)

w
∑

j′=1

γ(tL
j′)

γ(tL
w)

, j = 1, ..., w

p2,j =

γ(tL
j+w)

γ(tL
2w)

w
∑

j′=1

γ(tL
j′+w)

γ(tL
2w)

, j = 1, ..., w

we can use

̂(γ(tL
j )

γ(tL
w)

)

and

̂(

γ(tL
j+w)

γ(tL
2w)

)

to estimate p1,j and p2,j, j = 1, ..., w.

Now, when H0(h
L) holds, we have

(43) F(hL) =
Y1

Y2

with

Y1 =

w
∑

j=1

pi,j

χ2
(gi,j )

gi,j
, i = 1, 2.
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Since the Y1 and Y2 are independent with mean value 1, and the partial
derivatives of Y1

Y2
, at point (1, 1), are 1 and −1, we will have, when H0(h

L)
holds

(44) F(hL) ≈ 1 + (Y1 − 1) − (Y2 − 1)

so that, according to the independence of Y1 and Y2

(45)















E
[

F(hL)
]

≈ 1

V
[

F(hL)
]

≈ V[Y1] + V[Y2]

.

We also have

(46) V[Yi] = 2
w
∑

j=1

p2
i,j

gi,j

, i = 1, 2.

If we look at the Figure 2

Figure 2. Critical value.

we are led to think that, when H0(h
L) holds, the probability of rejection

increases with
∑2

i=1 V[Yi]. Putting gi =
∑w

j=1 gi,j and ui,j = pi,j − 1
gi

gi,j ,
j = 1, ..., w, i = 1, 2, we get

(47) V[Yi] =
2

gi
+ 2

w
∑

j=1

u2
i,j

gi,j
, i = 1, 2

so that, according to (46) and (47), 2
gi

< V[Yi] < 2
gi,1

, i = 1, 2.
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It is interesting to observe that when V[Yi] attains it´s lower [upper] bound,
Yi is a central chi-square with gi [gi,1] degrees of freedom divided by this
number. Thus, when both lower or both upper bounds are attained, F(hL)
has, when H0(h

L) holds, the central F distribution with g1 and g2 or g1,1

and g2,1 degrees of freedom.

As we shall see, besides exact expressions for the distribution of F(hL)
that hold under certain conditions, Monte-Carlo methods may be used to
“table” such a distribution. Thus it may be worthwhile to check if both
F statistics represent the least and the most favorable possibilities for the
control of the first type error.

In the balanced case we have some restrictions on the pi,j, j = 1, ..., w,
i = 1, 2. When H0(h

L) holds σ2(hL)+ = σ2(hL)−, and we have
γ(hL) = γ(tL

1 ) = max{γ(tL
1 ), ..., γ(tL

w)} ≥ max{γ(tL
w+1), ..., γ(tL

2w)}, so
that

(48)















p1,1 = max{p1,1, ..., p1,w} ≥ 1

w
>

g(hL)

g1

p1,1 ≥ max{p2,1, ..., p2,w}
.

When w = 2 we can take p1,1 = p1, p1,2 = 1− p1, p2,1 = p2 and p2,2 = 1− p2

to get

(49) max{p2, 1 − p2} ≤ p1.

Getting back to the general case in order to control the first type error, we
can

• place ourselves under the least favorable situation in which, as we saw,
we have an F test with g1,1 and g2,1 degrees of freedom;

• use more completely the set of complete sufficient statistics. We then
obtain, besides the test statistic, estimates to the nuisance parameters.
In this case we will be carrying out an adaptative procedure similar
to the one carried out in [1] and [15]. Likewise we may think we are
using ancillary statistics, see [9].

4.3.2. Exact distributions

In the preceding section we mentioned the possibility of estimating the
p-value. This is feasible when we have an exact expression for the distribu-
tion of F(hL) when H0(h

L) holds, since we can replace the argument in the
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distribution by the value of the test statistic and the nuisance parameters
by their estimators.

Let F (z|cr
1, c

s
2,g

r
1,g

s
2) be the distribution of

(50) Z =

r
∑

j=1
c1,j

χ2
(g1,j)

g1,j

s
∑

j=1
c2,j

χ2
(g1,j)

g2,j

,

when all chi-squares are independent. Then, when H0(h
L) holds, F(hL)

will have distribution F (z|pw
1 ,pw

2 ,gw
1 ,gw

2 ).
When gr

1 = 2mr [gs
2 = 2ms] we say that the first [second] evenness

condition holds. In [2] it is shown that

(51) F (z|cr
1, c

s
2, 2m

r,gs
2) =

1
r
∏

v=2
(2av)bv+1

1
∑

k1=0

k1b+1
∑

j1=0

∑

(

r
∑

i=1
t1,i=j1

)

· · ·
1
∑

kr=0

krb+r
∑

jr=0

∑

(

1
∑

i=1
tr,i=jr

)

(−1)

r
∑

i=1
(ki+ji−ti,1)

(2a1)j1

r
∏

i=2











b+
i !

bi!
i−1
∏

v=1
tv,i+1−v!

(

1

2ai
− d(ki−1)

)

ji−b+i −1











(

r
∑

i=1
ti,1

)

!z

r
∑

v=1
tv,1

r
∏

i=1
ti,1!

∑

(

r+s
∑

i=r+1
li=

r
∑

v=1
tv,1

)

r+s
∏

i=r+1

(

Γ
(

li + gi

2

)

li!Γ
(

gi

2

) · 1

(2ai)
gi
2

(

1

2ai

+ d(kr)z

)−(li+
gi
2 )
)

with ai =
c1,i

g1,i
, i = 1, ..., r, ai+r =

c2,i

g2,i
, i = 1, ..., s, bi = mi − 1, i = 1, ..., r,

gi+r = g2,i, i = 1, ..., s,

(52) b+
i = bi +

i−1
∑

u=1

tu,i+1−u, i = 1, ..., r
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and, given wu the largest index for non null components of ku = (k1, ..., ku)′,

(53) d(ku) =
1

awu

, u = 1, ..., r.

Moreover we also have

(54) F (z|cr
1, c

s
2,g

r
1, 2m

s) = 1 − F

(

1

z

∣

∣

∣

∣

cs
2, c

r
1, 2m

s,gr
1

)

.

When H0(h
L) holds, F(hL) has distribution F (z|pw

1 ,pw
2 ,gw

1 ,gw
2 ) and so we

can apply the results given above when either of the evenness conditions
hold. Moreover these exact formulas can be used to show that there is
an excellent agreement, see [1], between the results obtained through their
use and those obtained through Monte-Carlo methods. Also corroborating
this statement is the Glivenko-Cantelli Theorem (see [5], page 20), which
states that the empirical sample distribution tends to the distribution of the
population, providing thus a solid basis for the use of simulation techniques.

We now restrict ourselves to the balanced case. Our goal is to see when
one or both of the evenness conditions hold. Since

(55) g(hL) =

L
∏

l=1

gl(hl)

it suffices that one of the gl(hl), l = 1, ..., L, is even for g(hL) to be even.
Besides this, with 0 ≤ hl ≤ ul, we have as we saw

(56)



















gl(0) = 1, l = 1, ..., L

gl(hl) =

(

hl−1
∏

tl=1
al(tl)

)

(al(hl) − 1) , hl = 1, ..., ul, l = 1, ..., L

where al(hl) is the number of factors of the hl-th factor in the l-th group
of nested factors, and

∏0
t=1 al(t) = 1, l = 1, , ..., L. Thus if gl(hl), with

l ≥ 1, is odd, al(hl) must be even as well as gl(h∗) with hl ≤ h∗ ≤ ul.
Thus in the sequence gl(1), ..., gl(ul) there can be only one odd number.
This observation clearly points towards evenness conditions holding quite
often. We will consider the sets of indexes C(hL) = {j : hj < uj} and
D(hL) = {l : hl > 0}, putting u(hL) = #(C(hL)) and o(hL) = #(D(hL))−1.
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With ql(hl) the number of even numbers in the pair (gl(hl), gl(hl + 1)), we
get ql(0) ≤ 1 since gl(0) = 1 so that only gl(1) may be even. We also put

(57)



















k(hL) = max
l∈C(hL)

ql(hl)

t(hL) = min
l∈C(hL)

ql(hl)

.

Let us establish

Proposition 4. If k(hL) = 2 or if there exists l′ /∈ C(hL) such that gl′(ul′)
is even both evenness conditions are satisfied.

Proof. If k(hL) = 2 there will be l ∈ C(hL) such that gl(hl) and gl(hl + 1)
are even. Since either of these will be a factor in g(hL

∗ ) whatever hL
∗ ∈ t(hL),

the first part of the thesis is established. The second part follows from gl′(ul′)
being, if it exists, a factor from whatever g(hL

∗ ) with hL
∗ ∈ t(hL).

Nextly we get

Proposition 5. If k(hL) = t(hL) = 1 one of the two evenness conditions

holds.

Proof. If k(hL) = t(hL) = 1, whenever l ∈ C(hL), gl(hl)) or gl(hl + 1) is
even but not both since k(hL) = 1.

For g(hL
∗ ), with hL

∗ ∈ t(hL), to be odd we must have, for l ∈ C(hL),
h∗l = hl [hl + 1] when gl(hl) is odd [even]. Thus there is at most one vector
hL

0 ∈ t(hL) such that g(hL
0 ) is odd.

Then, if hL
0 ∈ t(hL)+ [t(hL)−] the first [second] evenness condition

holds.

Corollary 3. If o(hL) = L−1 at least one of the evenness conditions holds.

Proof. If o(hL) = L − 1 we have hl ≥ 1, l = 1, ..., L and so ql(hl) ≥ 1, for
all l ∈ C(hL), since, when gl(hl) is odd gl(hl +1) is even, thus t(hL) ≥ 1 and
the thesis follows from Propositions 3 and 4.

Corollary 4. If al,1 is odd, l = 1, ..., L, at least one of the evenness

conditions holds for all hL ∈ Γ.

Proof. We will have ql(0) = 1, l = 1, ..., L, as well as ql(hl) ≥ 1, hl =
1, ..., ul−1. Thus t(hL) ≥ 1 for all hL ∈ Γ. To complete the proof we have
only to apply Propositions 4 and 5.
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These results show that quite often we can get exact expressions for
F (z|cr

1, c
s
2,g

r
1,g

s
2). This is interesting in itself and enables us to check the ac-

curacy obtained applying Monte-Carlo methods to evaluate F (z|cr
1, c

s
2,g

r
1,g

s
2)

(see [2]).

Monte-Carlo methods can be used to table distributions
F (z|cr

1, c
s
2,g

r
1,g

s
2) in a straightforward way since there is no problem in gen-

erating independent central chi-squares.

4.3.3. Estimated p-values

The distribution of the generalized F statistics depends on nuisance param-
eters, for which we obtained estimates. If either one or both of the evenness
conditions hold the exact expression of the distribution F (z|cr

1, c
s
2,g

r
1,g

s
2)

can be used to obtain an estimated p-value. To do this we have only to
replace z by the generalized F statistics and the nuisance parameters by
their estimators.

If neither of the evenness conditions hold, we can use Monte-Carlo meth-
ods generating the required chi-squares and replacing, as before, the nuisance
parameters by their estimators.

Moreover, when m(hL) = 1 we can even obtain upper bounds for
p-values. Then, as seen above, the probability of first type error will
increase with p1 and for fixed p1, have a minimum for p2 at g3

g3+g4
. Since

p1 =

γ1

γ2

1 +
γ1

γ2

and p2 =

γ3

γ4

1 + γ3

γ4

, p1 and p2 increase with
γ1

γ2
and

γ3

γ4
.

Given the independence between

̂(γ1

γ2

)

and
̂(γ3

γ4

)

, if P

[

γ1

γ2
∈]0, a[

]

= q1 and P

[

γ3

γ4
∈]b, c[

]

= q2,

we will have

(58) P

[(

p1 ∈
]

0,
a

1 + a

[)

∧
(

p2 ∈
]

b

1 + b
,≤ c

1 + c

[)]

= q1q2.

When 0 < p1 ≤ a
1+a

and b
1+b

≤ p2 ≤ c
1+c

, the maximum for the probability
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of the first type error will be attained at

(

a

1 + a
,

b

1 + b

)

if
c

1 + c
<

g3

g3 + g4
, at

(

a

1 + a
,

c

1 + c

)

if
g3

g3 + g4
<

b

1 + b

or at any of the two former points if b
1+b

< g3

g3+g4
< c

1+c
, since, see Figure 3,

Figure 3. Maximum for first type error.

we are certainly in one of these three cases.
As a parting remark we point out that, in this section, we are following

an approach inspired in adaptative tests, see [9].

Appendix

A. Determinants and Jordan Algebras

Let ∇j, j = 1, ..., v, be the range spaces of the mutually orthogonal matrices
Qj, j = 1, ..., v, in the principal basis of the Jordan algebra A. If the
orthogonal direct sum of the ∇j, j = 1, ..., v, Ω, is a proper sub-space of Rn

we can complete this basis adding to it the orthogonal projection matrix Q

on the orthogonal complement Ω⊥ of Ω. We thus have a new Jordan algebra
A containing the identity matrix In as well as all the matrices in A. We will
say that a Jordan algebra containing the identity matrix is complete. We
now establish

Proposition 6. If {Q1, ...,Qv} is the principal basis of a complete Jordan

algebra we have

det





v
∑

j=1

cjQj



 =

v
∏

j=1

c
gj

j

with gj = rank(∇j), j = 1, ..., v.
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Proof. With g0 = 0 and

gj =

j
∑

l=1

gl, j = 1, ..., v, let
{

αn
gj−1+1, ..., α

n
gj

}

be an orthonormal basis for ∇j, j = 1, ..., v. Since these spaces are mutually
orthogonal and gv = n, {αn

1 , ..., αn
n} will be an orthonormal basis for Rn.

The vectors in this basis will be the row vectors of an orthogonal matrix
P such that PQjP

′ = Dj , with Dj the diagonal matrix whose non null
principal elements have indexes between gj−1 +1 and gj and are equal to 1.
Thus

det





v
∑

j=1

cjQj



 = det



P





v
∑

j=1

cjQj



P′





and the thesis follows from
∑v

j=1 cjDj being the matrix whose principal
elements with indexes between gj−1 + 1 and gj are equal to cj.
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