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Abstract

In extremal estimation theory the estimators are local or absolute
extremes of functions defined on the cartesian product of the param-
eter by the sample space. Assuming that these functions converge
uniformly, in a convenient stochastic way, to a limit function g, set es-
timators for the set V of absolute maxima (minima) of g are obtained
under the compactness assumption that V is contained in a known
compact U. A strongly consistent test is presented for this assump-

=k
tion. Moreover, when the true parameter value 3, is the sole point in
ES ~k
V, strongly consistent pointwise estimators, {ﬁﬁ :n € N} for 5, are
~k 2
derived and confidence ellipsoids for 3, centered at ﬁﬁ are obtained,

as well as, strongly consistent tests. Lastly an application to binary
data is presented.
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1. INTRODUCTION

The main estimation techniques, such as least squares and maximum likeli-
hood, are special features of extremal estimation theory (for instance, see [1]
and [12]). In this theory the estimator is an absolute extreme of a function

—,

gn(0 ,y") defined on the Cartesian product © x €2 of the parameter by the
sample spaces. When applying this theory we may, see [1], obtain a sequence
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. =k
{B% . n € N} of estimators that does not converge to the true value, 3, of
the parameter.

=k
To overcome this difficulty we show that, if g,,( , ™) converges stochas-
tically uniformly to a limit function g(ﬁn) whose set V of absolute max-
ima (minima) is contained in a known compact set U, we can derive, from

=k
gn(B ,Y"), sets A, that converge, in a convenient stochastic way, to V. We
will present a strongly consistent test for the assumption of compactness,
V C U. These results give us the background for dealing with the case in

-k = .
which V = {,}, since it is possible to show that, if G* € V,, then 3F is a

=k
strongly consistent estimator of 3. Special interesting is the estimator given
by a generalized gravity center of V,, which is not only strongly consistent,

=k
but also the center of a confidence ellipsoid for ;. From this ellipsoid we
can obtain, using a procedure due to [19], simultaneous confidence intervals

for the parameter ¥ Blg and, through duality, tests for hypothesis on B’S
We will present two applications of our results. The first one of these

will be to binary data while the second one will be to pseudo maximum

likelihood estimators, these estimators are widely applicable, see [5] and

guarantee that V = {BIS}, thus giving good applications of our results.

The use of sets to derive estimators has been used by several authors. In
particular, there is very interesting work using the epi and hypo graphs, for
instance see [9] and [8]. Our approach differs from that one since our sets are

limited by level curves: V,(a) = {Bk : gn(ﬁk,y_'”) > a}. While behind the
epi-graph approach we may find results on convex optimization obtained,
for instance, by [21] and [17], our approach is more inspired by the original
Wald (see [20]) treatment of the strong consistency of maximum-likelihood
estimators.

2. ESTIMATION OF SETS

Let U be a compact set in the k-dimensional Euclidean space (R¥), V [V,,]
the set, possibly empty, of the absolute maxima of the real valued function
9(8) [9(8,y) = gn(B)], with y the n-dimensional vector of observations| and
[ an k-dimensional parameter vector , belonging to the parameter space,
©. We shall use sup as shorthand for the supremum. For a set A, int(A),
front(A) and cl(A) will be the interior, the frontier and the closure sets,
respectively. The Euclidean norm of a vector v will be represented by [|v]|.
With N the set of positive integers, a, — a indicates the convergence of the
sequence {a,, : n € N} to a. We write a,, | a when the sequences decreases
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to a, in the same way, a,, T a when the sequences increases to a and a,, £a
when it converges stochastically to a. Unless, otherwise specified, all limits
will be taken as n — oo.
We will define; A(a) = {5 :9(8) > a} and Ap(a) ={F: gn(B) > a},
as well as, M = supgeg 9(f) < +o0o, My, = supgeo gn(B) < +o00, D
supgey 9(3), Dn = supggy gn(B), 6 = M — D and 6, = My, — Dy,
From the definitions, it follows that,

V=) Ala) and Vo= (] Lu(a).

a<M a<My,
With,

Sn = sup|gn(B) — 9(B)],

we can easily show that

(2.1) |M, — M| <SS, and |D,—D|<S,.

From (2.1) we obtain,

(2.2) |05, — 0] < 285,.

We also have, with, u,m € R

(2.3) A(u—(m—=1)S,) C Ap(u—mSy,) C A(u— (m+1)S,).

The proof of the first inclusion follows from

Au—(m—1)S2) = {8 9(8) > u—(m— 1)8,} C
{B:9n(B) + S0 2 u—(m—1)S,} ={B:gn(B) > u—mS,} =
Ap(u—mSy),

while the proof of the second one is similar.
We now introduce the assumptions:

A1: the function g(f3) is continuous,
A2: 0 << +o0.
Given a set C' C R¥ and € > 0, let us define

V(€)= {ﬁ inf[|3 — e < }

Let us establish
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Proposition 2.1. If Al and A2 hold, then M = max g(f) = maxgey 9(3),
V # 0 and an € > 0 exists, such that, Vo(V) C U.

Proof. By A2, we know that M = supgey g(3). Using Al, Weierstrass’s
Theorem and the compactness of U, we get, M = maxgcy g(/3). Moreover,
we have proved that V is nonempty. To prove the third part of the thesis,
let us assume that no € > 0 exists such that V.(V) C U. Then it would be
possible to find a sequence 3,, ¢ U, such that, §,, — 0 € V and, due to Al,
we would have, g(3,)) — g(8) = M, so that A2 would not hold. [ |

Proposition 2.2. If Al and A2 hold, for all e > 0 an n(e) > 0 exists, such
that, whenever, M —n(e) < b < M, then A(b) C Ve(V). Moreover, if Al
and A2 hold and Sy, < n(e)/3, then ANy (M, — Syn) C Ve(V).

Proof. First, according to Proposition 2.1 we know that V is nonempty.
Now, if with € > 0, there was no n > 0, such that, A(M —n) C V(V),
we could take n,, | 0 such that, whichever n, A(M —n,,) C V.(V) does not
hold. Moreover, there would be an m € N, such that, for n > m, n,, < J
and so A(M —n,) C U. We could now take (3, € A(M —n,,) — V(V),
obtaining a sequence that, for n > m, lies inside U thus having a convergent
subsequence {83, }. Now ,,) — ( and according to A1, g(Byn)) — 9(8)
but M —n, < g(Bym) < M so g(8) = M which is impossible, because
B clearly would not belong to V since its distance to V is at least € > 0.
Finally, we know by (2.3) that, A, (M, — S,) C A(M,, —2S,,). Since, M,,—
2S5, > M — 3S,, > M — n(e) we have, by Proposition 2.2, A, (M, — S,) C
AM = 1(6)) C Vi(V). .

We now add the assumption:

A3: S, 2o,

thus, from expressions (2.1) and (2.2), we know that
M, Z M, D,ED and 5, 5.

This assumption implies a stochastic uniform convergence of g, (3) to g(3).
Let us establish

Proposition 2.3. If A1, A2 and A3 hold, 3, € An(M,, — Sy) and 3, il g,
then P[B € V] = 1.

Proof. If P[3, € An(M, — Sp)] = 1 and S, < n(e)/3, we will have,
according to Proposition 2.2, P[3,, € V.(V)] = 1, which establishes the
thesis, since € is arbitrary and V =[5, Ve(V). ]
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Given a sequence of sets C,, in R* we will write, C,, o C R*, when,
Ve >0, P[(Cp CV(C))N(CCV(Cr))] =1,

this being the set convergence that we consider.
We now introduce a discrete version of A3. Let n,, | 0 be a sequence,
such that,

A4: P[S, <n,] — 1.
We now have

Proposition 2.4. If Al, A2 and A4 hold, then Ay (M, —n,,) % V.

Proof. Let S, <n, < n(e)/6 and consider 5, € A, (M, —n,). In this
case, g(By) > M, — 2n, > M — 3n,, hence, B, € A(M — 3n,) Since,
M —3n,, > M —n(e), we have, 3y € A(M —3n,,) € A(M —n(e)), hence, by
Proposition 2.2, A(M —n(e)) C Vi(V), meaning that,

Dn(My, —n,) € AM = 3,) € A(M —1(€)) € Ve(V).
Conversely, when S, < n,, we have the inclusions,
V= AM) C An(Myn —25n) € Bn (M —1(€)/3) € Ve(Dn(Mp = 1y,)).-
So the thesis follows, since, P[V C V.(An (M, —n,,))] — 1. |

This result is interesting since it gives us a set estimator, A, (M, — n,)
for V. i i
We note that, with if C,, = C, then cl(C,,) = C so that we may rewrite

the thesis of Proposition 2.4 as: cl(An (M, —n,,)) Xy

3. TEST FOR THE COMPACT HYPOTHESIS

When A4 holds and 7,, is known, we can use J,, as the test statistic to test
that V C U, with U a known compact set.
The test rule will be:

dn > 27,,, accept A2
o {

on <27, reject A2.
We now establish:

Proposition 3.1. If A4 holds then the test defined by (3.1) is strongly
conststent.
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Proof. From A4 we get, according to (2.2), P[|6, — d| < 27,] — 1. So,
when 6 > 0 [§ < 0] we have P[§, > 27,] — 1 [P[6, < 2n,] — 1] and so,
the probabilities of first and second type errors tend to zero when n — oo,
hence (see [18]) the test is strongly consistent |

4. POINT ESTIMATORS AND TAYLOR SERIES

We start by presenting general point estimators to be used when V = {f3, },
that is, when there is a sole maximum. According to Proposition 2.3, when
B is the limit of 3, € An(My, — Sp), we have

(4.1) Pl =5 =1.

It is easy to show that, if in Proposition 2.3 we use A4 instead of A3 we
can change 3, € A, (M, — S,) into 3, € A (M, —n,,). When Al and A4
hold and 7,, is known, we can use the test rule (3.1) for testing V C U. The
thesis of Proposition 3.1 and expression (4.1) will both continue to hold.
When V contains a unique point we are mainly interested in the case
for which that point is the true parameter 3. To check if this assumption
holds, we may obtain the limit function g(-) and see if, whatever 3, we have

V= {50}'

From now on, we restrict ourselves to this case, assuming that
A5: The function g(+) is thrice differentiable, the set of zeros of grad(g(f3))
has no accumulation point, V = {3,}, and

H = —Hessian(g(0,)) is positive definite.

Clearly A5 implies Al.
Then, with A, the minimum eigenvalue of H, we will have, A,, > 0 and
there will be an s > 0 such that 3 is the sole zero of grad(g(3)) in V5(8,)-
Let us consider the function

a(8) = M — 58— Bo) H(3 ~ o)

and the sets
Ng(a) ={B:q(B) > a}

which are ellipsoids centered at 3.
If A5 holds, we will have

(4.2) T(8) = |9(8) = a(B)I/118 = Boll> — 0 when 3 — By,
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since the residual of a second order Taylor expansion, for thrice differentiable
functions, is an infinitesimal of order higher than the second.

We can use generalized polar coordinates to define the function Z(r) =
—k—1
max -1 T(By+rl(0 )).

Proposition 4.1. If A5 holds then Z(r) — 0 as r — 0.

Proof. Let us suppose that A5 holds but that the thesis is not valid. Then,

a sequence 0 < 7, | 0 and an ¢ > 0 would exist, such that, Z,(r,) > ¢,
—k—1
for all n € N. So, for each r,, due to the continuity of T'(3), an 6
k—
exists, such that, T'(8, + ml(0 1)) > ¢, which is an impossibility since

Y S

1
B, = By +mnl(0,, )— By and by (4.2), T(3,,) — 0. ]
We can now state the following three Corollaries

Corollary 4.2. Let Z*(r) = maxo<s<, Z(s). If A5 holds then, Z*(r) — 0
asr — 0.

Proof. Similar to the proof of Proposition 4.1. |
Corollary 4.3. If A5 holds then, supgey, (s,) l9(B) — q(B)| < ZF(r)r? — 0

asr — 0.

Proof. The thesis follows directly from Corollary 4.2. |

In the next Corollary we will consider ellipsoids putting
- Sk =k o\ S
& (Broxs ", d) = {5 (B =) B (7 -7) < d},

where By is a positive definite matrix and d € Rar .

Corollary 4.4. If A5 holds, then ANy(a) = £(H/2, By, M — a) = £(H, By,

(M —a)/2) and, with by | 0, supgep,(rmr—ab,) 19(8) — a(B)/bp — 0, for all
a > 0.

Proof. The fist part of the thesis results from the definition of ¢(3). Let Ay,
be the smallest eigenvalue of H, so that the largest semiaxis of A, (M —aby,)

measures han = /(M — aby)/Am, hence Ay(M —aby,) C Vi, , (B,) and the

thesis follow from Corollary 4.3. [

We now need to state the two following Lemmas
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Lemma 4.5. If A2 and A5 hold then an T < M exits such that for all a
verifying T < a < M the set A(a) is compact and connected.

Proof.If a > M — 6§, Aa) C U, so that it is closed and bounded, thus a
compact. If there is no 7' < M such that, for a €]T, M], A(a) is connected
we could chose a,, 1 a such that A(a,) is not connected. Then, there
would be pairs O;(ay), of open sets such that O;(a,)(A(an) # 0, i =
1,2; (2, (Oi{an) (1 A{an)) = 0 and U2, (Oi(an) (1 5(an)) = A(an). There
also would be an m € N, such that, n > m implies a,, > M — ¢, and
the closures cl(O;(ay) () A(arn)), ¢ = 1,2 will be contained in U so that
they will be compact sets. If A5 would hold, the limit function and its
gradient would be continuous, thus g() would have maxima (3,, ; belonging
to cl(Oi(an) N Alay)), i = 1,2. Since, grad(g(8,,,)) =0, i = 1,2, according
to Proposition 2.2 and V = {f,}, B, would be an accumulation point of
the set zeros of grad(g(3)) which is impossible whenever A5 holds Hence,
if A2 and A5 hold we cannot have a, — M with the sets A(a,) being
disconnected, thus an T' < M, fulfilling the conditions stated in the thesis,
must exist. [

Lemma 4.6. If A is a connected and compact set, B is a compact set and
0 #ANB C int(B), then A C B.

Proof. Both A( B and front(B) are compact sets. Let us define in A( B
the distance to front(B), which, according to Weierstrass’s Theorem will
have a minimum, say, d. Since A(") B is a closed set and (A B) () front(B)

= (), we know that d > 0.

Now let us suppose that A — B # (), then we would have open (non-
empty) sets Vy/3(A(B) and V;/3(A — B), which is impossible, due to A
and B being connected and to

o Vis(ANB)NA#0, Vyy3(A—B)NAF#D

o (Vaps(ANB)NA) N(Vays(A—B)NA) =0

i (Vd/3(Aﬂ B)NA) U(Vd/s(A -B)NA) =4

to complete the proof we have only to point out that A( B = A is equivalent
to A— B =1. ]

Proposition 4.7. If A2, A4 and A5 hold then
P [Aq(Mn - nn) - A(M - 27771) C An(Mn - 37771) C
A(Mn - 477n) - AQ(MW - 57711) - AQ(M - Gnn)} — 1.
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Proof. 1f S, <n, we have A(M,, —2n,,) C Ap (M, —3n,,) C A(M, —4n,,),
as well as, Ay (M, —5n,) C Ng(M — 67,). Now, due to Corollary 4.3, an
m € N exists, such that n > m implies z, = supgea, (v—7,) 19(8) — 9(B)] <
Nps SO that A(M, —4n,)(Dg(M — Tn,) C Ny(M, — 5n,). Moreover, if
N, < (M —T)/5, with T as defined in Lemma 4.5, and again with S,, < n,,
we will have, for n large enough, M,, — 4n,, > T, and due to Lemma 4.5,
A(M,, —4n,,) is a connected set that intersects the compact set Ay (M —T7n,,)
and is contained in int(Ay(M — 7n,)), so by Lemma 4.6 we know that
DNg(M —Tn,) N A(My, —4n,,) = A(M,, — 4n,,). Thus we established that

AQ(MTL - nn)c A(M - 277n) - An(Mn - 3nn) C
A(Mn - 47]n)C AQ(MTL - 577n) - AQ(M - 67711)
the rest of the proof being obvious. [

As a direct extension of the usual definition of gravity center (for bodies with
uniform mass density), given A C R* we take its gravity center, GC(A), to
be the point in R¥ with Cartesian coordinates given by

k
mj:/xdea:i jZl,...,k.
A =1

Useful results on ellipsoids and gravity centers are presented in the
Appendix.
We now establish

Corollary 4.8. If A2, A4 and A5 hold then

P[GC(An(Mn - 377n)) € f(Hv 607 277n)] — L

Proof. It is a direct application of Proposition 7.4, given in the Appendix.
|

5. CONFIDENCE ELLIPSOIDS AND TESTS

We now show how to derive confidence ellipsoids for 3, from the gravity
center estimator. In order to to do it we replace A4 by

A’4: There exists a sequence {v, | 0 : n € N} such that liminf P[S,, <
zvp] > G(z), with G(2) a distribution with support in RT.
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We may now reason as for obtaining the Corollary 4.8 in order to show that
liminf P |3, € £(H, By, 2zv,)| > G(2)

with 3, the gravity center of Ay(M, — 3zv,). Moreover, with H, =
—Hess(g(f3,))), since the second partial derivatives of g(-) are continuous and
Bn is a strongly consistent estimator, for all e > 0, we have P[{(H, (3, 2zvy,) C
E(Hp, Bo, 2(z + €)un)] — 1, so that,

lim inf P [Bn c¢ (ﬁn,ﬁO,Q(z + e)vn)] > G(2).

NOW7 Bn € g(ﬁnaﬁ()’ 2(’2;'— E)UTL) if and Only if BO € g(ﬁnaﬁn? 2(Z+€)Un) and

so liminf P[B, € £(Hp, B, 2(z + €)v,)] > G(2).
Thus & (ﬁIn, Bn, 2(z 4 €)vy,) may be considered as a confidence ellipsoid
for By whose limit level is not inferior to G(z). We required G(z) to be a
distribution so that this bound may be freely chosen.
Moreover, (see [19]), there exists a pair of parallel planes orthogonal to
d* # 0% and tangent to &(Hy, 3,,2(z + €)vy), with 8 being between these
planes, if and only if,

dB—dp,| < \/2(2 + €)vnd Hyd.

Since a point lies inside an ellipsoid, if and only if, it lies between all pairs
of parallel planes tangent to that ellipsoid, we have, indicating by [, that
all vector in R¥ are considered,

N(|ds-d5,
d

thus obtaining simultaneous confidence intervals for all linear functions of
the parameter. The lower bound of the joint probability for these intervals
will be G(z).

If v, /n,, — 0 we clearly see that

P > < \/2(2 + )vpd Hyd| > G(2),

P |8y € & (Hus B ) | =1,

so that we have a sequence of confidence ellipsoids with limit level 1. We
point out that the largest semiaxis of these ellipsoids vanishes to zero. Let
C be a subset of the parameter space. Then, if we want to test Hy : 3, € C
we can use the test rule
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we can now establish

Proposition 5.1. If C is closed the test defined above is strongly consistent.

Proof. When Hy holds, 8 € &(Hy, 3,,,1,,) will imply &(Hy, 3,,,m,) N C
# 0, so that P[{(Hp,B,,n,) (C # 0] — 1. If 8, ¢ C, since C is closed
there will be € > 0, such that, Ve(5,)(C = (. Since the largest semiaxis

A

of the ellipsoids £ (Hy, B,,n,) tends to zero with probability 1 and P[3, €

£(Hy, B,,m,)] — 1, we will have P[8, € E(Hyp, Boymy) C Vi(By)] — 1, and
so, when 8, ¢ C, P[¢(H,, B,,n,) N C = 0] — 1. =

For instance, we can use this technique to test Hy : J3; = ¢ with J an s x k
matrix.

6. AN APPLICATION TO BINARY DATA

Let Y, 1, ..., Y5 m be independent binomial random variables, with parame-
ters, n and p; o = p(Z7, By), the ¥ being known, i = 1,...,m, while 3, is to
be estimated.

The In — likelihood will be

Ln(B) =3 In ( " )

Yn,i

+§:yn,i n (p (7,8)) + i(” gl (1-p(.5))
=1

=1

so that we must maximize

0 (9) =32 o (2.)) + 3 52 (12 (32.9))
=1

i=1

We now have the limit function

o(0) = 3o (3 50) o (2.5))
<3 (1=p (700 (10 ().
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Since, yn.;/n has mean value p(z, 3,) and variance p(z%, 3, ) (1—-p(Z%, By)) /7,
i = 1,..m, A4 will hold with n, = n™", 0 < r < 1/2. Assumption Al
clearly holds, and for A2 to be fulfilled, the statistician has only to choose
a compact U large enough to contain V. Moreover, if p(Z%, 8,) = p(z¥, B,),
i =1,...,m, implies 8; = [y, it suffices to require that there is a neighbor-
hood of 3, contained in U to ensure that A; and As hold, since then, the
absolute maximum of g(3) is attained at . In this example, since n,, is
known, we can test A2.

If we want to obtain confidence ellipsoids and or test Hy : J3; = ¢ we
must require p(Z%, 3) to be thrice differentiable and check if A5 holds. We
can then use v, = n~Y2, it being interesting to observe that v, bounds
the family of the {n,} = {n™" : r €]0,1/2[}. There is a wide range of
situations involving independent binomial variables to which our results may
be applied, for instance, in connection with probit analysis, see [4], when
complex resistance to insecticides has been established, and, see [3] and [10],
for the analysis of binary data.

7. AN APPLICATION TO PSEUDO MAXIMUM LIKELIHOOD

This estimation technique was introduced by [5] using results give by [11],
[16], [7] and [2]. It is assumed that the m-dimensional observations follow
the model

- ~k )
g = (@, ) + &, with &t eR™FH R’ and i€ N.

The parameter space © will be contained in R¥ with ﬁ:)n being the true
parameter vector. The error vectors €;" have null mean value and the con-
ditional distribution of [€}*|...|€7"] given X,, = [,..., @] is equal to the
product of the conditional distributions é* given %, i = 1,2, ..., n. Finally,
it is assumed that if Z7 = 7 then the conditional distributions of & and &}
are equal, i # j € {1,2,...,n}. Thus, when X,, is a model matrix, contain-
ing the values of controlled variables, the errors are independent and if the
controlled vectors are equal the errors are identically distributed.

To avoid duplication we will call generalized densities to the usual den-
sities and to the probability functions. In deriving pseudo maximum- like-
lihood estimators, linear exponential generalized densities are used. A gen-
eralized density is linear exponential if can be written as:

L(@", ji™) = exp(A(i™) + B(@") + C(@™) a™")
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where A(fi™) and B(@™) are scalars, C'(fi"™) is a vector and " is the mean
vector of the distribution. We point out that Binomial, Poisson, Negative bi-
nomial, Gamma, Normal generalized, Normal multivariate and Multinomial
are examples of distributions whose densities are linear exponential. When
using one of these generalized densities to derive an estimator the logarithm
of the likelihood that we would have, if the observations had that general-
ized density, is maximized. Since we are not maximizing a true likelihood
the technique is called pseudo likelihood.

Actually, (see [5]), instead of the pseudo In-likelihood it is suffices to

0u(8) = + 3 [Af(1.8)) + C(f (i, B) v

n“
=1

to obtain the pseudo maximum likelihood estimators.
Taking C°(S|z) = C(f(xi, 8)) f (1. 6), 90(B) = 5 TiLy[A(f (1. 9)) +
CO(B|z;)] and 2(B) =L 570, C(f(xi,8)) es, we get the decomposition

(7.1) gn(B) = gn(B) + €5 (B).

It is important to point out that (see [5]), 5, is the sole vector in the set
VY of absolute maxima of g () and the sole zero of gz’ad(g?Z (8)). Moreover
gn(8) may also have an unique absolute maximum f[,. For instance, see
[6], this happens when using the generalized Poisson density to discuss a

question that we met, if we take m = 1 and z; = i with i = 1,2, ..., we get,
(see [6])
1 n
gn(8) = 2;[— exp(if) + ifyi]
1=

so that, if 5 > 0, we will have

n

BB) = S8~ 1) exp(if) — o0

=1

and g, () will not converge almost surely to a limit function as is stated in
Theorem 1 of [5], although all conditions stated there are fulfilled. Thus to
use the very fine technique of pseudo-maximum likelihood we will have to
introduce additional assumptions. These will be

A6: The controlled vectors 7, belong to a compact set D and the parameter
space © will also be a compact set to. Moreover, the variances o?(x) and
A(z) of e and e?, given 1, (we restrict ourselves to the case m = 1 to make our
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point), will be continuous functions of x, as well as, the second derivatives
of A(f(zi, 8)) and C(f(x;, 8)).
Of course, the first and second order derivatives will be functions of
(8, x) defined in the compact set @ x D. According to Weierstrass’s Theorem,
there will be finite maxima for the second and fourth moments of C(f (X, )).
We now establish

Proposition 7.1. If A6 holds and § € © then 9(8) 2 0 and
grad(e(3)) “3 0.

Proof. The first part of the thesis may be established by proving that the
components of grad(e2(3)) 3 0. The j-th component of the gradient will
be

(3

1 - 9C(f (i, 8))
n; 05,

Since, V[%ﬁx?’ﬁ))ei} is limited and E[%ﬁxi’ﬁ))ei] =0, i=1,.n; j=
J J
1,..., k, according to the Law of Large Numbers for independent variables,

(see [22, page 118])

1 i 0C(f (i, ) , as. j=1,..k
L , -
=1

a3, _

With M,(8) and MPY(3) the hessian matrices of, respectively, g,(3) and
g%(B), and f3,, a zero of the grad(g,(3)), if p(M) is the spectral radius of
the matrix M, we will have, according to (7.1)

grad (gn (Bn)> = grad(gn(By)) + My, (Bn) (Bn - 50)

(7.2)
? = grad () (8y)) + M, (,@n) (Bn — ﬁ()) =0

with ﬁ?’w such that Hﬂn - 50” < Hﬂn - ﬂOH

We now follow a procedure similar to the one used in [13] to establish
strong consistency for additive extremal estimators. In order to do it we
introduce

A7: An upper bound exists for p(M,;1(3)) when 3 € ©.
Thus, according to Proposition 7.1 and to (7.2), we get

Corollary 7.2. If A6 and A7 hold then (3, > Bo-
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We point out that, according to (7.2), when A6 and A7 hold, the sole limit,
then, thus sole accumulation point of any sequence of roots for grad(g,(3))
is, with probability 1, the true parameter value. The zeros of grad(g,(f3))
include the local extremes of grad(g,(/3)). The accumulation points of ex-
tremes of objective functions are studied under a very general set-up in [9].
Behind the clear-cut result we now obtain is the decomposition (7.1) and
the fact that V2 = {3,}. In practical applications A7 may be difficult to
verify. Thus we return to our paper main approach, replacing A7, by

A8: The vectors z; belong to a finite set {u, ..., @R }, with u; being chosen
n; times and |n;/n—r)| <d/n,i=1,...,N.

Functions |A(f(u;, 8))| and |C(f(ui, 3))| will have , for § € ©, maxi-
mums a; and ¢;, respectively. Thus, if A6 and A8 hold

N
(7.3) Zug 2?6 Z f(ug, B)) + C% (Bluj)] Zag +¢j
€ j=1

since we now have

N
n
> LA (. 9) + CO(Bluy)] -
j=1

With, ¢, = {i : z; = w} and s; = Zieqsl e;, the vector /n3" with com-
ponents y/ns;, | = 1,..., N, will have normal asymptotic distribution with
null mean vector and covariance matrix D. The principal elements of D will
be rio?u(By), | = 1,...,N. Thus, see [14], if A8 holds, with §(1—g,N) the
quantile for probability 1 — ¢ of the central chi-square distribution with N
degrees of freedom, we will have

(7.4) ﬂ\ \fSN’<\/§(1 o N)TV' DTN | —1—¢q

in the last expression ﬂ () indicates that all ¢ vV € RN are considered.
We now establish

Proposition 7.3. If A6 and A8 hold we may taken,, = n~° with s €]0,1/2].

Proof. Considering (7.3) and that g,(8) — ¢%(3) = 2(8) = SN, nC

n i=1n

(f(us, B)) 54, the thesis follows directly from (7.4), since the C'(f(u;, 3)) will
be bounded in ©. m
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It is easily seen that A8 may be simplified by only requiring that

oo N d
ﬂ ﬂ(’?j—rl‘gn)] —1—¢q, asm — oo.

Appendix

A. Ellipsoids and gravity centers
With Bp«x a positive definite matrix and d € Rg , we have the ellipsoid
£(B,a*, d) = {z* : (# — @) B(z* — @) < d}.

We can define a subspace of the range space of the Agxx matrix by
AD = {AZ* . #* € D} with D C R*. If A is a regular matrix, we have
AE(B, ", d) = (A "'BAY, Ad¥, d).

P is the orthogonal diagonalizer of B, (about orthogonal diagonaliz-
ers, see [15]), if P is orthogonal and PBP' = A, with A the diagonal ma-
trix whose principal elements are the eigenvalues {pi,...,px} of B. The
row vectors of P will be the eigenvectors of B. In this case we will have
PE(B,a@k,d) = &(P'-'BP~, Pak,d) = (A, Pa*, d).

It’s easy to show that £(A, Pa,d) = {# : (x — Pa) A(z — Pa) < d} =
{a% 570 (2 — bi)?p; < d}, with Pa=b=[b],i=1,...,n.

When using generalized polar coordinates we put: x; = b; + rli(ék_l),
where

;

k—1
l1 (51%1) = H cos 0
j=1

k—2
Iy (ék_1> = H cos 0 sin 01
j=1

k—i
l; (9%71) = H cosfjsinfy_; 11 i=3,...,k—1
j=1

\lk <§k_1> = sin 6,

~k—1
with 7 € RJ the radius and 6 the vector of center angles, verifying
0; € [-m/2,7/2],i=1,...k —2 and 0;_1 € [0, 27].

—k—1 . -
For each 6 center angles and each ellipsoid we have a semi-axis.
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—k—1
The difference between the lengths of semi-axis associated with 0 for

ellipsoids £(A, b, d;), i = 1,2, will be \/|dy — d1|/ S5, pil2(0).

We now study the location of gravity centers assuming uniform mass
densities. The gravity center GC(D) of a set D is completely specified by
GC(PD) with P an orthogonal matrix, since these matrices are associated
to rotations. Let P be an orthogonal diagonalizer of B, then, if £(B,a,d;) C
D C &(B,a,ds) with D° = PD and b = Pa, £(A,b,d1) € DY C &(A, b, ds).
Let us decompose D into truncated cylinders with axis going through b and

—k—1
infinitesimal rotation radius. For each 6 we will have such a cylinder,

—k—1
along its axis the positive direction will be indicated by I[(§ ), so that,
~k—1
there will be a right and a left part for each cylinder, with lengths ¢1(6 )

—k— —k— —K— —k—1
and ca(f ) with masses proportional to ¢;(6° )/(ci(0 " )+c2(0 )) and
s B
gravity centers b—(—1)'c;(0 )I(6 )/2,i = 1,2, respectively. The gravity

center of the truncated cylinder being

(i) 0 e ()1 (0 e ()

=1 =1

o (e () e (7)) 2

Now, the extremes of the truncated cylinder will lie in the shell bounded by

the pair of ellipsoids, so that, for all gk_l, di < ci(ék_l) <dy,i=1,2, and
—k—1 _k—1 _k—1

’61(9 ) — 02(9 )’ < (d2 — dl), hence, GC(9 )k 61 §(A,b, (dg — dl)k/Ql).

Since, GC(DY) is a weighted average of the GC(6 ) and all GC(6 )

belong to &(A, b, (de — dy)/2) we have, GC(D") belonging to &(A, b, (da —

dy)/2). Inverting the rotation associated to P we establish:

Proposition 7.4. If {(B,a,d;) C D C ¢(B,b,d2), then GC(D)
Gf(B,b,(dz—dl)/Q).
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