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Abstract

The optimal experiment for estimating the parameters of a
nonlinear regression model usually depends on the value of these
parameters, hence the problem of designing experiments that are
robust with respect to parameter uncertainty. Sequential design
permits to adapt the experiment to the value of the parameters, and
can thus be considered as a robust design procedure. By designing the
experiments sequentially, one introduces a feedback of information,
and thus dynamics, into the design procedure. Several sequential
schemes, corresponding to different control policies, are considered.
The optimal one corresponds to closed-loop control, and is solution
of a stochastic dynamic-programming problem, which is extremely
difficult to solve. A suboptimal strategy is proposed, which relies on
a normal approximation of the future posterior of 8, independent of
future observations. The design criterion obtained involves several
mathematical expectations, which are approximated by Laplace
method.  Finally, stochastic approximation algorithms are also
suggested to determine (sub)optimal sequential experiments without
having to compute expectations.

Keywords and phrases: active control, adaptive control, certainty
equivalence, closed-loop control, dynamic programming, open-loop
feedback, optimal design, sequential design.
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1. INTRODUCTION

The optimal experimental conditions for estimating the parameters of
a nonlinear regression model generally depend upon the value of the
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parameters to be estimated. Since this value is unknown, designing an
experiment optimally for a badly chosen nominal value of the parameters
may lead to poor results. A natural approach to face this robustness problem
then consists in designing the experiments sequentially, that is alternating
estimation and design phases. Each design phase can be considered as a
control action applied on the system, so that sequential design corresponds
to adaptive control, see [10]. For instance, usual non-Bayesian miopic se-
quential design can be considered as Forced Certainty Equivalence control,
see [11]. In this case, at each design phase the unknown value @ of the

model parameters is replaced by its current estimate 9k, and the experi-
ment is designed optimally for this estimate. However, this policy has two
drawbacks: (i) it does not take into account uncertainty on the value of
0, (ii) it is passive, that is, each design phase is considered as the last one
to be performed. In Section 2, we express optimal sequential design as a
stochastic-control problem. The optimal strategy corresponds to closed-loop
control, see [1], and is extremely difficult to solve, even in very simple situ-
ations, see [14, 10, 4]. A suboptimal active strategy is presented in Section
3. It relies on a normal approximation of the future posterior distribution
of 0, this approximation being independent of future observations. The
corresponding design criterion involves several mathematical expectations.
Laplace method is used in Section 4 to approximate these expectations. In
Section 5, we suggest to use a stochastic approximation algorithm to opti-
mize the design criterion without having to compute posterior expectations.
Some comparative results between different strategies are given in Section
6. Finally, Section 7 concludes.

2. OPTIMAL SEQUENTIAL DESIGN AND STOCHASTIC CONTROL

We consider a nonlinear regression model, with observations yj, given by

Y = 77(97§k) + €k,

where 8 € O is the true value of the model parameters, with © Cc R” a
compact set, &¥ denotes the experimental conditions for the kth observa-
tion and is assumed to belong to a compact set, {€x} is an i.i.d. sequence of
normal variables (0, 02), with o known, and 7(8, ) is the model response
for the value @ of the model parameters and experimental conditions &.
The response is assumed to be nonlinear in @ and twice continuously
differentiable with respect to 6.
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We consider experimental design for parameter estimation and wish to choose
experimental conditions &Y = {¢',..., &N}, with N > p fixed, that maxi-
mize a function ®(-) (usually concave) of the Fisher information matrix

1 (0,¢%) o (8, ¢
M(G,S{V) 2277 €Y ﬁgng)'

For instance, ®(M) = log det[M], or ®(M) = —trace[M '] are classical
choices. We adopt a Bayesian approach (for design, not for estimation), and
wish to maximize E{®[M(0,&N)]|Z°} with respect to &, with Z° the prior
information (prior distribution 7(+) of @ and distribution 7¢(-) of {ex}). Note
that €¥ may depend on ZF—! = {79, ’f_l,y’f_l}, which corresponds to the
information available at step k, with y]f = {y1,...,yk}. The expectation
E{-} is with respect to all random variables involved, that is, @ and {e}.
The optimal strategy at step j, when Z7~! is available, is then solution of
the following stochastic dynamic-programming problem:

mex| By {max| By, {. - max] By, {max] Eg{®[M(6,&1)]

£]+1 §N—1

(1)
TN

Once the solution is found, we apply ¢;, increment j by 1 and repeat. How-
ever, the problem (1) can be solved analytically in very special situations
only, and its numerical solution is feasible only for N very small (N = 2
n [14, 10, 4]). Suboptimal solutions must therefore be considered. They
usually rely on an approximation of future posterior densities 7(8|Z%).

FORCED CERTAINTY EQUIVALENCE (FCE) control: it corresponds to
sequential local design, and amounts to substituting the Dirac function

5(0 — 6771 for 7(0|ZV~1) in (1), with 677! some estimator of 6, e.g.

Jj—1 51
(2) 0  =arg max 7 <0|I ) .

We then maximize @[M(éjil, [S{_l,féy])] with respect to Sév, with S{_l
fixed, apply §;, and repeat.
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OpEN-LoOOP FEEDBACK (OLF) control: it corresponds to average-optimal
design, and amounts to substituting the current posterior density 7 (6|Z’ -1

for 7(@)ZV~1) in (1). We then maximize Ep{®[M(8, [¢] ", ¢N])]} with
respect to 5;-\[ , Where 5{71 is fixed and Efg{} denotes the expectation for
7(0|Z77 1), apply &/, and repeat. When 7(-) is normal N(@O, 3) and () is
normal N(0,0?), 7(8|Z7~1) can be approximated by N(éj_l, Ej_l(éj_l)),

(3) >:(0) = [251 +M (O,E’f)} -

Note that FCE is independent of 02 and Xj. OLF with the approximation
above depends on Xy/0?. In FCE and OLF, all support points in Ejv at step
J play the same role. Therefore, the sequential character of the experiment
is not taken into account. These strategies use feedback but are passively
adaptive: decisions are taken as if no other observation would take place in
the future. On the other hand, active control aims at taking into account
the influence of present action on future uncertainty. A sequential design
strategy based on active control is presented in the next section.

3. ACTIVE SEQUENTIAL DESING

First notice that the terminal cost ®[M(8, £YV)] can usually be decomposed
into a sum of terms. For instance, when ®(-) = —trace[(-)~!], we can write

—trace [M_l(O,E{V)} =

(&4 1)M (0, €1)r(&p+1)
02 + 17 (p41)M™H(8, £])r(Ep+1)

= —trace [M_I(O,ﬁf)] +

v (En)M2(0,€) e (éw)
o2+l ()M (O, €Y Dr(én)

where r(§;) = an(aeéﬁj). The dynamic-programming formulation of the
design problem then becomes:
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max [Eyl {II%EQ%X{EW{. . T0ax [Eyp{ Eg{—trace {1\/1_1(0,511’)} |Ip}+

(6 )M 2(0,EDr(G1) | i
) l B { ko {02 T (6N, () T

) max|E {E { r’(En )M (0,6 )r(én-1) Nl}
ﬁNall YN-1 0 02_|_I.T(gNil)Mfl(O,givfz)r(gNJrl)| +

max r’(En)M2(6,£) Hr(én) N1H NQH
& lE0{02+I’T(§N)M1(9a§]1V1)r(§N) z o

)zt izt 1)

Approximating at step j the future posterior densities 7(0|Z%), k > j, by
0(0 — éjil) (resp. m(@|Z7~1)), one gets again the passive FCE (resp. OLF)
strategies. To make the strategy active, we shall approximate m(8|Z%) by
the density of the normal distribution ./\/'(éjil, Zk(érl)) with 3 (0) given
by (3). This density depends on &7, &7+ .. ¢F which makes it active, but
not on ¢7,...,y*, which makes the computations much easier than in (4).
Since

By, { B {f(0, 7 OIZ*} 17"} = Eo {F(6, 7" IT" 1},

we simply need to maximize

i B i, T M—2 97 D
7 bl )

3 3,N—2 I‘T(fN_l)M_2(9, 1
(5) +---+ Ey {02+rT(§N_1)M

&Y r(én-1) }
10,6 )r(én )

+E3N—1{ T (60)M 20,61 () }
o2 +rT(En)M 10,67 Nr(En) |
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where 5{_1 is fixed and Ejgk{} denotes the expectation for A (éj_l,

Ek(éj_l)). Note that the dependence in Xy and o2 is only through Xq/02.

The matrix M(0, &%) in (5) may be singular if repetitions at the same sup-
port points are present in the p first observations. For that reason, we shall
consider the criterion ®(M) = —trace[(Z~! + M)™!]. When ¥ = X, it
correspond to the usual Bayesian A-optimality criterion, see [2, 7]. We use
below 37! = AI with X small, which corresponds to a non informative prior.
The criterion (5) then becomes

—trace [X]+ Ef;o{ r(&) 2% (&) }

o2 +rl(&)Zr(&)

| Te[seMe.a)] re)

+ Ep -1
o o2 +7(&)[BTHM6.61)] (&)
.yl P (G) [BHM0.€D)] x(6)
o "
02 + 17 (641) [S7 M8, €))] x(Epin)
e[ TEn[2 M) ey
s i

o2 2T () [ B+ M(0,€) )| r(en)

Note that at step 7 we only have to maximize the sum of the last N — j
terms. This idea has been successfully applied to usual control problems,
such as regulation, trajectory following, target attainment, for which better
performances than FCE or OLF were obtained, see [5, 8]. In [3] the method
is applied to one-dimensional sequential design problems (dim 8 = 1), and its
superiority over the passive FCFE and OLF policies is evidenced. However,
the design criterion to be optimized requires the computation of several
mathematical expectations, which makes the problem cumbersome when
dim @ > 1. For that reason, Laplace method is used in the next section to
approximate the corresponding integrals.
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4. LAPLACE APPROXIMATION

OLF and the active strategy above require the computation of integrals,
which can be approximated in different ways. Consider first the evaluation
of Eg{®[M(0,[¢] ", fj-v])HIJ_l}, which is the design criterion at step j for

OLF. Define
9(0) = [M (0, ¢l &)])].

and

(7) P(6) = ~log [x (y]'10) =(0)],

where 7(yl'|0) and 7() are respectively the likelihood of yJ~! and the
prior density of 8. The criterion to be maximized with respect to ﬁ'év is

J 9(8) exp [-P(0)] dO
[ exp [-P(0)]d0

A first approximation is obtained by replacmg g(0) and P(0) by their

(8) Eg {9(0)/7 "} =

second-order development in 6 around 6o’ given by (2), and then by com-
puting the corresponding two integrals in (8). This gives

| 1 9%(0 82P(6 -
9)  Eg{g@)7 g (87 )+Strace [a;j;elé“(mgﬁé“) ]

Since 7(0) and 7(y j71|0) are assumed to be normal, we get P(6) =
~0

T . ,
lo-0) zo*(o —0") + Y 0.6 + C, with C an
addltlve constant, which gives

*PO) 1]21871 0.&)  n(6,¢)
0000™ o' =y AN T S

142 an? (6, £9) i
721 0000”19 (0(076) —u).
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Note that the second term on the right-hand side is equal to M(6, E{_l), SO
that neglecting the errors (1(8,&;) — y;), one obtains for 6>P(0)/0000" the
approximate Hessian used in the Gauss-Newton algorithm for the computa-

tion of éj_l, which also coincides with the inverse of the covariance matrix
Zj_l(éj_l) for the classical normal approximation of the posterior density
of 0, see (3). This makes (9) correspond to an L-optimal design criterion.
A more precise approximation can be obtained when ¢(6@) is positive
(which can always be obtained provided that g(@) > M > —oo, by adding

a suitable constant to g(0)). In this case, we define

(10) Q(0) = P(0) —log[g(0)],

with P(0) still given by (7), and we use Laplace approximation for comput-
ing the two integrals in (8): we replace P(0) and Q(8) by their second-order
development in @ around their minimum. One gets, see [13, 12],

W(Y{_l \éjil)ﬂ(éjil)detfé (‘(mléjl)

o )@ e (0 )

(11) oy (0)[T " } g (67"

where 8" is given by (2) and

(12) o = arg min Q(6).
0co

~ _1
When the posterior distribution of 6 is approximated by N (0] ,

~j—1
Ej,l(Oj )), the Laplace approximation above gives

-1 /2%QO)
det 2 (aoaoT |(9“)

det% 2]‘_1 (éj_1>

I

(13) Eo{g(0) 7}~ g (0" ) exp [P ()]

with o ‘ ‘
P(6) = %(0 —o7) 3 (0 (e-0"),

and Q(60) and &’ still given by (10) and (12). Approximation (9) and (11)
will be compared in Section 6, Example 1.
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In the case of the active strategy, a normal approximation is used for the

posterior distribution, and we shall only consider the approximation (13).
A~ "k .

We have to evaluate expectations of the form Eg {gx(0)} with g(8) a

function of @, see (6). Laplace approximation then gives

-1 (8%Q0)
det ™2 (aeaeT |é’1)

det? 3, (éj‘l)

5 0 (0)) ~ 00 (67 )esp [ (677)]

)

with
P(6) = %(9 - éj‘l)Tz,;l (@) (o-8"").

and Q(0) and o given by (10) and (12).

5. STOCHASTIC APPROXIMATION

Stochastic approximation techniques (see, e.g., [6]) can be used to optimize
criteria based on mathematical expectations without requiring the compu-
tation (or approximation) of the expectations. Their application to average
optimal design is considered, e.g., in [9]. We show in this section how such
techniques can be used for OLF and active sequential design. Consider first
the maximization of Eg{®[M(#, [E{_l,ﬁé\[])ﬂﬂfl} with respect to £’§V for
OLF, and define

9(0.617¢)) =@ [p (o e 67])].

The criterion to be maximized with respect to E;V is

(&) =Ea{g(0.67" €))7}

(0.6 €Y )m(viTIe) 7 (0) do
7 (y17'10) = (0)d6 '

Since [ w(y{_1|0)7r(0)d9 in (14) is a normalisation constant independent of
£§V, the criterion becomes fG(O,ﬁjl_l,ﬁjy)w(B)dB, with G(B,ﬁ’]l_l,gév) -

9(0,&7 " eNyn(yi710).

(14)
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The simplest version of the algorithm is then as follows

oG (0, €17, €))

e T

where ) is generated according to the distribution () and

oG O(k)fjfl’sl,\f 9 g(k)’gjfl’gN
( 355 J) :W(y{—l (k:)) g( ag;,if ]>'

The sequence {ax} should satisfy

o0 o0
ag >0, Z ap = 00, Z(ak)2 < 0.
k=1 k=1

A typical choice is ap = A/k, with A a positive constant. Convergence
can be accelerated by taking a, = A/k% with 8 € (0,1), and averaging the
iterates

) (€),- 12 ©).

When the posterior distribution of 6 is approximated by N (éj_l,
Ej_l(éj_l)), one can use directly G(H(k),é‘{_l,ﬁ;y) = g(H(k),E{_l,ﬁﬁ-V)
in (15) and generate 8%) according to N(éj_l, Ej_l(é]_l)).

For the active strategy, the criterion to be maximized is a sum of math-
ematical expectations, see (6):

N-1

(€)= X ([o(o.eie)womas).

i=j—1

with #(@|Z%) the density of the normal distribution N(éj_azi(éj_l))'
It can be rewritten as

N-1

an) f€) = X ([ o6&l m(wdu),

i=j—1
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with 7, (+) the density of the normal distribution N (0,I), 8;(u) = Z;u +
éjil, and Z; satisfying Z,Z;T = Ei(érl). Note that in the stochastic
approximation algorithm for the maximization of f (fév ), one can generate
at each iteration a unique vector u®) according to A'(0,1) instead of N — j
vectors u; (). This algorithm makes the determination of the optimal active
strategy as simple as that of the OLF strategy.

6. EXAMPLES

Example 1. Consider the model of exponential decay n(6,&) = exp(—6¢),
with § € R and Eg{M(0,&)} = Eo{(1/0*) 2N, ¢i? exp(—20¢%)} the cri-
terion to be maximized. The prior distribution for € is normal N (0.5,0.01).
We first compare the approximations given in Section 4 for the OLF design
criterion. We take N = 4 and consider the last step j = 4 : €% is chosen so

. 23 . .
as to maximize Ey{M(#,&])}. The variance of the measurement errors is
equal to o2 = 5.1073.

Figure 1.  Criterion EZ{M (0,€1)} as function of £€*. Numericalintegration:
full line, normal approximation: dashed line, approximation (9):
large dots, approximation (11): small dots.
In Figure 1, the curve in full line corresponds to the exact design criterion
obtained by numerical integration, a normal approximation of the posterior
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distribution of @ is used for the curve in dashed-line (the mathematical
expectation can then be calculated analytically). The small dots correspond
to the approximation (11), whereas the large dots correspond to (9). One
can notice the very good agreement between (11) and the exact criterion
(the curves are almost indistinguishable).

The criterion in full line in Figure 1 is now optimized with the stochastic
approximation algorithm of Section 5. Figure 2 gives the evolution of (&%)
given by (15) and (£%), given by (16), with respectively a; = 60/k and
ap = 60/k%7. We see that although 9¥) is generated according to the prior
distribution, the optimization of the posterior expectation is reasonably fast.

Figure 2.  Evolution of (¢4); (full line) and (£%), (dotted line) as func-
tions of k, for the optimization of the OLF criterion in
Example 1 (full line in Figure 1).

Consider finally the active strategy of Section 3. We take o2 = 0.015,
N = 2 and consider step 1. The active strategy can then be computed
without numerical integration, see [3], and &% ~ (2.20,2.13). Figure 3 (15)
and (%?)k given by (16), with respectively ax = 8/k and a; = 8/k"7, when
the criterion (17) is optimized. Again, convergence to the optimal values is
reasonably fast. ]
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To enhance the active character of the strategy of Section 3, we introduce
constraints between successive design points, and consider the case where the
experimental variable £ corresponds to time. The sequential construction of
the design then implies €51 > ¢F for any k. Since all design points play
the same role in passive strategies, they can be permuted without changing
the value of the criterion. The time constraint has thus no other effect than
restricting the design space to [£/7!, 00) at step j. On the other hand, the
active strategy is affected by the time constraint since the successive £¥’s
play different roles in the criterion.

Figure 3. Evolution of (£7); (full line) and (éf)k (dotted line) as functions
of k, for the optimization of (17) in Example 1.

Example 2. Consider the nonlinear regression model 1(8, &) = 01 exp(—62¢),
with a normal prior N(éo, ¥) for 0, 0’ — (1,0.5)T, Xy = diag(0.04,0.01),
02 =5.1073 and N = 4. The design criterion is ®(M) = —trace[M '] for
FCE and OLF, —trace[(AI + M)~ for the active strategy, with A = 0.1.
We compare the three strategies FCE (1), OLF (2) and Active (3) in
terms of the final mean-squared error of estimation, and perform M in-
dependent repetitions (M = 600) of the sequential experiment. For each
experiment, say the i-th one, a value 8" is generated according to the prior
distribution 7 (-) and N independent disturbances {ek}};:lw’ N are generated
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with the distribution A/(0,0?). Let (éN)fn denote the LS estimator of the

parameters at the end of the i-th experiment for strategy m, m = 1,2, 3.
We compute the differences of performances between strategies m and n in
the i-th experiment (i = 1,..., M) as

i At pNi i Vi
Aoy =10"= (07,017 = 116" = ()%

We thus obtain M independent realisations of Af _,  and compute the

m—n and variance Vy,_, of Al _ . For large M, A,,_,
tends to be normally distributed, and one can use the t-test to test if
E{A! .} > 0. We then say that strategy m performs significantly better
(resp. worse) than n at level « if py,—p < —tamr—1.4 (resp. pPm-n > tr—1,0)s
where tjr_1, has probability « of being exceeded by a random variable with
Student’s t-distribution with M — 1 degrees of freedom, and

empirical mean A

Am—n

(18) Pm—n = VM T

For M large and o = 0.05, tp7—1,o >~ 1.645.

Table 1 gives the values of the empirical mean-squared error for the three
strategies considered, with and without time constraints. Table 2 gives the
values of p;—n. One can conclude from these results that OLF performs
significantly better than FCE and the active strategy significantly better

than OLF, especially when time constraints are present. ]
MSE MSE
without constraints | with constraints
FCE 2.47 1072 2.57 102
OLF 2.44 1072 2.49 1072
Active 2.42 1072 2.47 1072

Table 1. Empirical mean-squared error with and without time
constraints, M = 600.
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without constraints | with constraints
P1-2 2.57 3.39
P1-3 2.75 3.71
P2-3 2.42 4.38

Table 2. Values of p,,,—p, (18) for the three strategies: (1) FCE, (2) OLF,
(3) Active, M = 600.

01
62—01

(exp(—01&)—exp(—02&)), with a normal prior N(éo, ¥y) for 6, 0’ = (1,0.5)T,
3o = diag(0.04,0.01) , N = 4 and ¢ = 0.005. The design criterion is
®(M) = —trace[M ] for FCE and OLF, —trace[(AI +M)~!] for the active
strategy, with A\ = 1. Again we impose time constraints, that is §k+1 > §k
for any k.

Example 3. Consider the nonlinear regression model 7(0,&) =

The influence of these constraints on the active strategy is clearly seen
at step 1: one obtains &€} = (3.28,4.31,0.71,0.71) without time constraints
and &] = (0.67,0.67,0.67,3.40) with time constraints. In the second case,
since €8 > ¢! for k > 2, ¢! must be chosen cautiously so that we get a
value smaller than 0.71. For FCE and OLF, the values are the same with
and without constraints: we get respectively 5411 = (0.67,0.67,0.67,3.55) and
£ = (0.64,0.64,0.64, 3.44). n

The designs that are constructed depend on the prior information Z°: FCE
depends on éo and OLF and Active depend both on 90 and Xg/0?. Inves-
tigating the robustness of the performance of a given design with respect
to a mispecification of the prior would require lengthy simulations, and is
beyond the scope of this paper. However, the influence of the prior on the
design is clearly seen from examples, as illustated hereafter.

Example 1. (continued): We consider the case N = 2 and ¢ = 0.015. The

optimal strategy (up to a linearization of the response) can be computed,
~0

see [3]. Figure 4 gives the evolution of ¢! as a function of @ for different

~0
strategies with the constraint €2 > ¢! when X = 0.01: the dependence in 8
is similar for all strategies and reflects the fact that &' should be chosen close

to 1/90.
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~0
Figure 4. ¢! as a function of @ for different strategies with the constraint
2> ¢ (N =2,%)=0.01) FCE: dotted line, OLF : stars, Active
: crosses, optimal strategy : full line.

Figure 5 gives the evolution of ¢! as a function of X for different strategies

<0
with the constraint £2 > ¢! when 8 = 0.4. ¢! increases with 3¢ for OLF
and Active, and Active remains closer to the optimal strategy than OLF. m

7. CONCLUSIONS

Various methods have been considered for sequential experiment design in
nonlinear regression. Passive strategies ignore the future, whereas active
strategies take into account the fact that future observations will take place.
The active strategy proposed relies on a normal approximation of the pos-
terior distribution of @ which is independent of future observations. Ex-
pectations with respect to this approximated posterior are required, and
Laplace approximation has been suggested to reduce the amout of compu-
tations. Numerical simulations have shown that the active strategy performs
significantly better than classical passive strategies. Stochastic approxima-
tion algorithms seem particularly attractive for the determination of optimal
experiments in this context. Indeed, they permit the optimization of crite-
ria given by mathematical expectations without requiring the computation,
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or the approximation, of the expectations. Numerical examples have shown
that such methods are quite effective for the determination of active strate-
gies, which makes it possible to consider active sequential experiment design
for more complicated regression models met in pratical situations.

Figure 5. ¢! as a function of X for different strategies with the con-
straint €2 > €1 (N = 2, 8° = 0.4) FCE : dotted line, OLF :
stars, Active : crosses, optimal strategy : full line.
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