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Abstract

In this paper, we consider a class of semilinear stochastic evolution
equations on Hilbert space driven by a stochastic vector measure. The
nonlinear terms are assumed to be merely continuous and bounded on
bounded sets. We prove the existence of measure valued solutions gen-
eralizing some earlier results of the author. As a corollary, an existence
result of a measure solution for a forward Kolmogorov equation with
unbounded operator valued coefficients is obtained. The main result is
further extended to cover Borel measurable drift and diffusion which
are assumed to be bounded on bounded sets. Also we consider control
problems for these systems and present several results on the existence
of optimal feedback controls.
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1. Motivation

Let us consider the deterministic evolution equation

(1.1)
ẋ = Ax + F (x), t ≥ 0

x(0) = x0
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in a Hilbert space H where A is the infinitesimal generator of a C0-semigroup,
S(t), t ≥ 0, on H and F : H −→ H is a continuous map. It is well known
that if H is finite dimensional, the mere continuity of F is good enough to
prove the existence of local solutions with possibly finite blow up time. If H
is an infinite dimensional Hilbert space continuity no longer guarantees the
existence of even local solutions unless the semigroup S(t), t > 0, is compact.
Because of this, the very notion of solutions required a major generalization
to cover continuous as well as discontinuous vector fields [1–5, 11]. Using
the general concept of measure solutions one can completely avoid standard
assumptions such as the local Lipschitz property and linear growth for both
the drift and the diffusion operators as often used in [8]. We are interested
in the stochastic system governed by an evolution equation of the form

(1.2)
dx(t) = Ax(t)dt + F (x(t))dt + G(x(t−))M(dt), t ≥ 0

x(0) = x0,

where A and F are as descrbed above, and G : H −→ L(E,H) is a contin-
uous map and M is an E-valued stochastic vector measure defined on the
sigma algebra B0 of Borel subsets of R0 ≡ [0,∞).

For simplicity of presentation we have considered both F and G inde-
pendent of time. However the results presented here can be easily extended
to the time varying case without any difficulty.

The rest of the paper is organized as follows. In Section 2, we recall
some important facts from analysis sufficient to serve our needs. In Section
3, we present a result on the question of the existence of measure valued
solutions and their regularity properties for the system (1.2). In Section
4, we discuss further extensions covering Borel measurable vector fields: F
and G. In the final section, we consider control problems and present several
existence results.

2. Introduction

Recently the author dealt with the question of the existence of measure
valued solutions for semilinear stochastic differential equations with contin-
uous but unbounded nonlinearities driven by a cylindrical Brownian motion
[3]. Here we admit Borel measurable, possibly unbounded, vector fields and
replace the Brownian motion by a more general stochastic vector measure.
Properties of the stochastic vector measure are stated later on.



Measure valued solutions for stochastic evolution ... 131

Radon Nikodyme Property & Lifting

To study the question of existence, we need the characterization of the dual
of the Banach space L1(I,X) where I ≡ [0, T ] is a finite interval of the real
line and X is a Banach space. It is well known that if both X and its dual
X∗ satisfy Radon-Nikodym property (RNP) then the dual of L1(I,X) is
given by L∞(I,X∗). In case they do not satisfy the RNP, it follows from the
theory of “lifting” that the dual of L1(I,X) is given by Lw∞(I,X∗) which
consists of w∗-measurable (weak star measurable) functions with values in
X∗. For h ∈ Lw∞(I,X∗), define ‖ h ‖Lw∞(I,X∗)= αh where αh is the smallest
number for which the following inequality,

ess− sup{| < h(t), x > |, t ∈ I} ≤ αh ‖ x ‖X ,

holds for all x ∈ X.

Let Z denote any normal topological space and BC(Z) the space of
bounded continuous functions on Z with the topology of sup norm, and let
Σrba(Z) denote the space of regular bounded finitely additive set functions
on Φc with a total variation norm where Φc denotes the algebra generated by
the closed subsets of Z. With respect to these topologies, these are Banach
spaces and the dual of BC(Z) is Σrba(Z) [see Dunford and Schwartz 10,
Theorem 2, p. 262]. Let Πrba(Z) ⊂ Σrba(Z) denote the class of regular
finitely additive probability measures furnished with the relative topology.
Since the pair {BC(Z),Σrba(Z)} does not satisfy RNP, it follows from the
characterization result discussed above that the dual of L1(I, BC(Z)) is
given by Lw∞(I,Σrba(Z)) which is furnished with the weak star topology.
Similarly, let B(Z) denote the space of bounded Borel measurable functions
on Z with the topology of sup norm. The dual of this space is given by
the space of bounded finitely additive measures on Φc with a total variation
norm. This is denoted by Σba(Z). We let Πba(Z) ⊂ Σba(Z) denote the class
of finitely additive probability measures and let Lw∞(I,Σba(Z)) denote the
dual of the vector space L1(I, B(Z)).

Special Vector Spaces Used in the paper

Now we are prepared to introduce the vector spaces used in the paper. Let
H, E be two separable Hilbert spaces and

(Ω,F ,Ft ↑, t ≥ 0, P )
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a complete filtered probability space, M(J), J ∈ B0, an E valued Ft adapted
vector measure in the sense that for any J ∈ B0 with J ⊂ [0, t], M(J) or
more precisely e∗(M(J)) is Ft measurable for every e∗ ∈ E∗ = E. For the
purpose of this paper, we consider Ft ≡ FM

t ∨ σ(x0), where FM
t , σ(x0)

are the smallest sigma algebras with respect to which the measures M and
the initial state x0 respectively are measurable. Let I × Ω be furnished
with the predictable σ-field with reference to the filtration Ft, t ∈ I. Let
Mw
∞,2(I × Ω, Σrba(H)) ⊂ Lw

∞,2(I × Ω, Σrba(H)) denote the vector space of
Σrba(H) valued random processes {λt, t ∈ I}, which are Ft-adapted and
w∗-measurable in the sense that, for each φ ∈ BC(H), t −→ λt(φ) is a
bounded Ft measurable random variable possessing finite second moments.
We furnish this space with the w∗ topology as before. Clearly, this is the
dual of the Banach space

M1,2(I × Ω, BC(H)) ⊂ L1,2(I × Ω, BC(H))),

where the later space is furnished with the natural topology induced by the
norm given by

‖ ϕ ‖≡
∫

I

(
E(

sup{|ϕ(t, ω, ξ)|, ξ ∈ H})2
)1/2

dt.

Here we have chosen X = BC(H)) and X∗ = Σrba(H)). For X = B(H) and
X∗ = Σba(H), one can verify that Mw

∞,2(I × Ω,Σba(H)) is the dual of the
Banach space M1,2(I × Ω, B(H)). We will use both these spaces.

Some Basic properties of M

(M1): {M(J), M(K), J ∩ K = ∅, J,K ∈ B0} are pairwise independent E-
valued random variables (vector measures) satisfying E{(M(J), ξ)} =
0, J ∈ B0, ξ ∈ E, where E(z) ≡ ∫

Ω zP (dω).
(M2): There exists a countably additive bounded positive measure π on B0,

denoted by π ∈ Mc(R0), having bounded total variation on bounded
sets, such that for every ξ, ζ ∈ E,

E{(M(J), ξ)(M(K), ζ)} = (ξ, ζ)E π(J ∩K).

Clearly, it follows from this last property that for any ξ ∈ E

E{(M(J), ξ)2} = |ξ|2Eπ(J),
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and that the process N, defined by

N(t) ≡
∫ t

0
M(ds), t ≥ 0,

is a square integrable E-valued Ft-martingale. A simple example is given
by the stochastic Wiener integral,

M(J) ≡
∫

J
f(t)dW (t), J ∈ B0

where W is the cylindrical Brownian motion on R0 with values in the Hilbert
space E and f is any locally square integrable scalar valued function. In
this case π(J) =

∫
J |f(t)|2dt. If f is an Ft-adapted square integrable random

process, the measure π is given by π(J) = E
∫
J |f(t)|2dt. If f ≡ 1, π is the

Lebesgue measure. In the latter case the system reduces to one driven by
cylindrical Brownian motion [3].

3. Existence of measure valued solutions

In recent years, the notion of a generalized solution, which consists of regular
finitely additive measure valued functions, has been extensively used in the
study of semi linear and quasi linear systems with vector fields which are
merely continuous and bounded on bounded sets; see [1–3, 11] and the
references therein. The existence of solutions for deterministic systems, such
as (1.1), was proved in [1–2, 11] with varying generalities. Our objective here
is to prove the existence of measure solutions for the stochastic system (1.2)
generalizing a previous result of the author [3]. Since the measure solutions
may not be fully supported on the original state space H, it is useful to
extend the state space to a compact Hausdorff space containing H as a dense
subspace. Since every metric space is a Tychonoff space, H is a Tychonoff
space. Hence βH ≡ H+, the Stone-Cech compactification of H, is a compact
Hausdorff space and consequently bounded continuous functions on H can
be extended to continuous functions on H+. In view of this we shall often use
H+ in place of H and the spaces M1,2(I×Ω, BC(H+)) with dual Mw

∞,2(I×
Ω, Σrba(H+)) ⊃ Mw

∞,2(I×Ω, Πrba(H+)). Here Mw
∞,2(I×Ω, Πrba(H+)) is the

set of all finitely additive probability measure valued processes, a subset of
the vector space Mw

∞,2(I ×Ω, Σrba(H+)). Note that, since H+ is a compact
Hausdorff space, Σrba(H+) = Σrca(H+). In view of the fact that the measure
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solutions of stochastic evolution equations restricted to H are only finitely
additive, we prefer to use the notation Σrba(H+) to emphasize this fact
though they are countably additive on H+.

Without further notice, throughout this paper we use Dφ and D2φ to
denote the first and second Frechet derivatives of the function φ whenever
they exist. We denote by Ψ the class of test functions as defined below:

Ψ ≡ {
φ ∈ BC(H) : Dφ, D2φ exist, continuous and bounded on H

}
.

Define the operators A B and C with domains given by

D(A) ≡ {φ ∈ Ψ : Aφ ∈ BC(H+)}
D(B) ≡ {φ ∈ Ψ : Dφ ∈ D(A∗) & Bφ ∈ BC(H+)},

where

(3.1)

(Aφ)(ξ) = (1/2)Tr(G∗(D2φ)G)(ξ)

≡ (1/2)Tr(D2φ GG∗)(ξ), φ ∈ D(A)

Bφ = (A∗Dφ(ξ), ξ) + (F (ξ), Dφ(ξ)) for φ ∈ D(B)

Cφ(ξ) ≡ G∗(ξ)Dφ(ξ).

We consider the system

(3.2) dx(t) = Ax(t)dt + F (x(t))dt + G(x(t−))M(dt), x(0) = x0,

and use the notion of measure (generalized) solutions introduced in [3].

Definition 3.1. A measure valued random process

µ ∈ Mw
∞,2(I × Ω, Πrba(H+)) ⊂ Mw

∞,2(I × Ω, Σrba(H+))

is said to be a measure (or generalized) solution of equation (3.2) if for every
φ ∈ D(A) ∩ D(B) and t ∈ I, the following equality holds

(3.3)
µt(φ) = φ(x0) +

∫ t

0
µs(Aφ) π(ds) +

∫ t

0
µs(Bφ) ds

+
∫ t

0
< µs−(Cφ),M(ds) >E P − a.s.
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where
µt(ψ) ≡

∫

H+

ψ(ξ)µt(dξ), t ∈ I.

Remark 3.2. Note that equation (3.3) can be written in the differential
form as follows:

dµt(φ) = µt(Aφ)π(dt) + µt(Bφ)dt+ < µt−(Cφ),M(dt) >

with µ0(φ) = φ(x0). This is in fact the weak form of the stochastic evolution
equation

(3.4) dµt = A∗µtπ(dt) + B∗µtdt+ < C∗µt−,M(dt) >E , µ0 = δx0 ,

on the state space Σrba(H) where {A∗,B∗, C∗} are the duals of the operators
{A,B, C}.

To proceed further we shall need the following

Assumptions.
(A1): there exists a sequence {Fn, Gn} with Fn(x) ∈ D(A), Gn(x) ∈

L(E, D(A)), for each x ∈ H, and

Fn(x) −→ F (x) in H uniformly on compact subsets of H

Gn(x) −→ G(x), strongly in L(E, H), uniformly on compact
subsets of H.

(A2): there exists a pair of sequences of real numbers {αn, βn > 0}, possibly
αn, βn →∞ as n →∞, such that

‖ Fn(x)− Fn(y) ‖≤ αn ‖ x− y ‖; ‖ Fn(x) ‖≤ αn(1+ ‖ x ‖),
‖ Gn(x)−Gn(y) ‖L2(E,H)≤ βn ‖ x− y ‖; ‖ Gn(x) ‖L2(E,H)≤ βn(1+ ‖ x ‖)

for all x, y ∈ H; where L2(E, H) denotes the Hilbert space of Hilbert-
Schmidt operators from E to H.

We note that under the very relaxed assumptions used here, nonlinear-
ities having polynomial growth are also admissible.

The following result generalizes our previous result [3, Theorem 3.2].
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Theorem 3.3. Suppose A is the infinitesimal generator of a C0-semigroup
in H and the maps F : H −→ H, G : H −→ L(E, H) are continuous, and
bounded on bounded subsets of H, satisfying the approximation properties
(A1) and (A2); and M is a non atomic vector measure satisfying (M1) and
(M2). Then, for every x0 for which P{ω ∈ Ω : |x0|H < ∞} = 1, the
evolution equation (3.2) has at least one measure valued solution

λ0 ∈ Mw
∞,2(I × Ω, Σrba(H+))

in the sense of Definition 3.1. Further, λ0 ∈ Mw
∞,2(I × Ω, Πrba(H+)).

Proof. Since D(A) is dense in H and x0 ∈ H, a.s (almost surely), there
exists a sequence {x0,n} ∈ D(A) such that x0,n

s−→ x0 a.s. Consider the
Cauchy problem:

(3.5)
dx(t) = Anx(t)dt + Fn(x(t))dt + Gn(x(t−))M(dt),

x(0) = x0,n,

where An = nAR(n,A), n ∈ ρ(A), is the Yosida approximation of A. Since
for each n ∈ N and x ∈ H, Fn(x) ∈ D(A), Gn(x) : E 7→ D(A), it follows
from assumption (A2) that equation (3.5) has a unique strong solution xn =
{xn(t), t ∈ I} which is Ft-adapted, and for each n ∈ N, t ∈ I, xn(t) ∈ D(A)
and

sup{E ‖ xn(t) ‖2
H , t ∈ I} < ∞.

Since standard assumptions hold, this result follows from classical existence
and regularity results given in [8]. Now let φ ∈ D(A) ∩ D(B) with Dφ and
D2φ having compact supports in H. Since xn is a strong solution it follows
from Ito’s formula that, for each t ∈ I

(3.6)

φ(xn(t)) = φ(x0,n) +
∫ t

0
(Anφ)(xn(s))π(ds) +

∫ t

0
(Bnφ)(xn(s)) ds

+
∫ t

0
< (Cnφ)(xn(s−)),M(ds) >E ,

where the operators {An,Bn, Cn} are as given by (3.1) with {An, Fn, Gn}
replacing the operators {A, F, G}. Letting δe(dξ) denote the Dirac measure
concentrated at the point e ∈ H, and defining λn

t (dξ) ≡ δxn(t)(dξ), t ∈ I,
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λn
0 (dξ) ≡ δx0,n(dξ), and using the notation of Definition 3.1 we can rewrite

(3.6) as

(3.7)

λn
t (φ) = λn

0 (φ) +
∫ t

0
λn

s (Anφ) π(ds) +
∫ t

0
λn

s (Bnφ) ds

+
∫ t

0
< λn

s−(Cnφ),M(ds) >E P − a.s.

Notice that, for each integer n, the functional `n, given by

`n(ψ) ≡ E
∫

I×H+

ψ(t, ξ)λn
t (dξ)dt ≡

∫

I×Ω×H+

ψ(t, ω, ξ) λn
t,ω(dξ) dtdP,

is a well defined bounded linear functional on M1,2(I × Ω, BC(H+)) and
that

|`n(ψ)| ≤ ‖ ψ ‖M1,2(I×Ω,BC(H+)), for all n ∈ N.

Thus the family of linear functionals {`n} is contained in a bounded subset of
the dual of M1,2(IΩ, BC(H+)). Equivalently, the family {λn} is contained in
Mw
∞,2(I×Ω, Πrba(H+)) which is a bounded subset of Mw

∞,2(I×Ω, Σrba(H+)).
Hence, by Alaoglu’s theorem, there exists a generalized subsequence (subnet)
of the sequence (net) {λn}, relabeled as {λn}, and a λ0 ∈ Mw

∞,2(I × Ω,

Σrba(H+)), so that λn w∗−→ λ0. We show that λ0 is a measure (generalized)
solution of equation (3.2) in the sense of Definition 3.1. Define

ψ1,n(ξ) ≡ (1/2)Tr
(
G∗

n(D2φ)Gn)(ξ)
)

= (1/2)Tr
(
((D2φ)GnG∗

n)(ξ)
)

ψ1(ξ) ≡ (1/2)Tr
(
(G∗(D2φ)G)(ξ)

)
= (1/2)Tr

(
((D2φ)GG∗)(ξ)

)
.

It is clear that if Gn(x) −→ G(x) strongly in L(E, H) uniformly on com-
pact subsets of H, so does G∗

n(x) −→ G∗(x) strongly in L(H,E) uniformly
on compact subsets of H. Since D2φ has a compact support, and, for each
φ ∈ D(A), we have ψ1,n, ψ1 ∈ BC(H), it follows from assumption (A1) that
ψ1,n −→ ψ1 uniformly on H, that is, ψ1,n

s−→ ψ1 in BC(H+). Combining
this with the fact that the measure π has a bounded variation on bounded
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sets, it follows from the weak* convergence of λn to λo that, for any z ∈
L2(Ω,F , P ) = L2(Ω), and t ∈ I, we have

(3.8)
∫

Ω×[0,t]
z λn

s (ψ1,n)π(ds)dP −→
∫

Ω×[0,t]
z λ0

s(ψ1)π(ds)dP.

Define

ψ2,n(ξ) ≡ (A∗n(Dφ)(ξ), ξ) and ψ2(ξ) ≡ (A∗(Dφ)(ξ), ξ).

Since An −→ A on D(A) in the strong operator topology and, for φ ∈
D(A) ∩ D(B), Dφ(x) ∈ D(A∗), and further, by our choice of φ, Dφ is
continuous having a compact support, we can deduce that ψ2,n −→ ψ2

uniformly on H; that is, ψ2,n
s−→ ψ2 in BC(H+). Hence, again we have

(3.9)
∫

Ω×[0,t]
z λn

s (ψ2,n)dsdP −→
∫

Ω×[0,t]
z λo

s(ψ2)dsdP.

Similarly, define

ψ3,n(ξ) ≡ (Fn(ξ), Dφ(ξ)) and ψ3(ξ) ≡ (F (ξ), Dφ(ξ))

ψ4,n(ξ) ≡ G∗
n(ξ)Dφ(ξ) and ψ4(ξ) ≡ G∗(ξ)Dφ(ξ).

Again, since φ ∈ D(A) ∩D(B) and Dφ has a compact support and by our
assumption Fn −→ F uniformly on compact subsets of H, it follows that
ψ3,n

s−→ ψ3 in the topology of BC(H+). Thus, we have

(3.10)
∫

Ω×[0,t]
z λn

s (ψ3,n)dsdP −→
∫

Ω×[0,t]
z λo

s(ψ3)dsdP

for every z ∈ L2(Ω). Combining (3.8)–(3.10) we conclude that, for every
z ∈ L2(Ω) and φ ∈ D(A) ∩ D(B) with Dφ, D2φ having compact supports,

(3.11)
∫

Ω×[0,t]
z λn

s (Anφ) π(ds)dP −→
∫

Ω×[0,t]
z λ0

s(Aφ) π(ds)dP
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(3.12)
∫

Ω×[0,t]
z λn

s (Bnφ) dsdP −→
∫

Ω×[0,t]
z λ0

s(Bφ) dsdP.

Since x0,n
s−→ x0 a.s and φ ∈ BC(H+), we have φ(x0,n) −→ φ(x0) a.s.

Then, by Lebesgue dominated convergence theorem, for every z ∈ L2(Ω) we
have

(3.13)
∫

Ω
z φ(x0,n)dP −→

∫

Ω
z φ(x0)dP ≡

∫

Ω
z λ0(φ)dP

where λ0(φ) ≡ ∫
H φ(ξ)δx0(dξ). Recall that the vector measure M induces

a square integrable E-valued Ft martingale denoted by {N(t) ≡ ∫ t
0 M(ds),

t ≥ 0} with the quadratic variation given by the measure
∫ t
0 π(ds) = π([0, t]).

Considering the stochastic integral in (3.7), since Dφ is continuous having
a compact support and Gn is continuous and bounded on bounded sets, we
have Cnφ ∈ BC(H+, E). Thus, π being a bounded positive measure having
a bounded total variation, it follows from this that

E
∫

I
‖ (Cnφ)(xn(s−)) ‖2

E π(ds) < ∞

for each n ∈ N. Hence the last (stochastic) integral in (3.7) is a well defined
square integrable Ft martingale. Our objective is to show that for any
z ∈ L2(Ω) we have

(3.14)

E
{

z

∫ t

0
< λn

s−(Cnφ),M(ds) >E

}
n→∞−→

E
{

z

∫ t

0
< λo

s−(Cφ),M(ds) >E

}
, t ∈ I.

This can be proved using well-known properties of iterated conditional ex-
pectations following similar arguments as in [3]. Consider the expression on
the left of (3.14). For z ∈ L2(Ω), it follows from the properties of conditional
expectation and the martingale theory that
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(3.15)

E
(

z

∫ t

0
< λn

s−(Cnφ), dN(s) >E

)

= E
(

zt

∫ t

0
< λn

s−(Cnφ), dN(s) >E

)

where zt ≡ E{z|Ft} is a square integrable Ft martingale. Hence there exists
an Ft-adapted processes η(t), t ≥ 0, with values in E and an F0 measurable
random variable z0 ∈ L2(Ω) such that

E
∫

I
‖ η(t) ‖2

E π(dt) < ∞,

and that

(3.16) zt = z0 +
∫ t

0
< η(s), dN(s) >E .

Thus

(3.17)

E
(

zt

∫ t

0
< λn

s−(Cnφ), dN(s) >E

)

= E
(∫ t

0
< η(s), λn

s−(Cnφ) >E π(ds)
)

.

Since Dφ has a compact support, Cnφ −→ Cφ in the topology of BC(H+, E)
and hence

< η(t), (Cnφ)(t, ξ) >E
s−→< η(t), (Cφ)(t, ξ) >E in BC(H+) π × P − a.e.

In fact, due to square integrability of η with respect to the measure π × P
on the predictable sigma field and the boundedness of the sequence {Cnφ},
it follows from the dominated convergence theorem that

< η, Cnφ >E
s−→< η, Cφ >E ,

in the topology of M1,2(I×Ω, BC(H+)) as n →∞. Using this result (strong

convergence) and the fact that λn w∗−→ λ0 in Mw
∞,2(I × Ω, Σrba(H+)), we

conclude from duality of the two spaces involved that, for each t ∈ I,
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E
(∫ t

0
< η(s), λn

s−(Cnφ) >E π(ds)
)

= E
(∫ t

0
λn

s−
(
< η(s), Cnφ >E

)
π(ds)

)

−→ E
(∫ t

0
λo

s−
(
< η(s), (Cφ) >

)
π(ds)

)

= E
(∫ t

0
< η(s), λo

s−(Cφ) > π(ds)
)

(3.18)
= E

(
zt

∫ t

0
< λo

s−(Cφ), dN(s) >

)

= E
(

z

∫ t

0
< λo

s−(Cφ), dN(s) >

)

= E
(

z

∫ t

0
< λo

s−(Cφ),M(ds) >

)
.

The second line follows from the convergence properties just stated, the third
line is obvious and the fourth and the fifth lines follow from the martingale
property of zt, t ≥ 0, and its representation (3.16); and the sixth line follows
from the definition of the martingale N generated by the vector measure
M. Thus (3.14) follows from (3.15)–(3.18). Now multiplying both sides of
equation (3.7) by an arbitrary z ∈ L2(Ω) and taking the limit of the expected
values, it follows from (3.11), (3.12), (3.13) and (3.14) that

E(zλo
t (φ)) = E(zλo

0(φ)) + E
(

z

∫ t

0
λo

s(Aφ) π(ds)
)

(3.19)
+ E

(
z

∫ t

0
λo

s(Bφ) ds

)
+ E

(
z

∫ t

0
< λo

s−(Cφ), M(ds) >E

)
.

Since this holds for arbitrary z ∈ L2(Ω), we have, for each t ∈ I,

(3.20)

λo
t (φ) = λo

0(φ) +
∫ t

0
λo

s(Aφ) π(ds) +
∫ t

0
λo

s(Bφ) ds

+
∫ t

0
< λo

s−(Cφ),M(ds) >E P − a.s.

By virtue of the fact that λo ∈ Mw
∞,2(I×Ω, Σrba(H+)), it is evident that for

each φ ∈ D(A)∩D(B), λo
t (Aφ), λo

t (Bφ), λo
t−(Cφ) are well defined Ft adapted
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processes and that λo(Aφ) ∈ L1(π, L2(Ω)), λo(Bφ) ∈ L1(I, L2(Ω)), λo(Cφ) ∈
L1(I, L2(Ω, E)). Thus equation (3.20) holds for all φ ∈ D(A) ∩ D(B) and
not only for those having first and second Frechet differentials with compact
supports. Hence λo is a measure valued or generalized solution of equation
(3.2) in the sense of Definition 3.1. The proof of the last assertion of the
theorem follows from the fact that positivity is preserved under weak star
convergence. Thus λo ∈ Mw

∞,2(I × Ω, Πrba(H+)). This completes the proof.

Remark 3.4. It is clear from the above result that for generalized (mea-
sure) solutions it is only required that F, G are continuous and bounded on
bounded sets. Thus these maps may have polynomial growth [3]. In con-
trast, for standard mild solutions it is usually assumed that F, G are locally
Lipschitz having at most linear growth [7, 8]. Our result provides a stochas-
tic finitely additive regular measure valued process as the solution. However,
it is countably additive on the compact Hausdorff space H+ containing the
original state space H as a dense subspace.

The following corollary is an immediate consequence of Theorem 3.3.

Corollary 3.5. Consider the forward Kolmogorov equation,

(3.21)
dϑt = A∗ϑtπ(dt) + B∗ϑtdt

ϑ(0) = ν0,

with A∗, B∗ denoting the duals of the operators A, B respectively. Suppose
{A,F, G,M, π} satisfy the assumptions of Theorem 3.3. Then, for each ν0 ∈
Πrba(H), equation (3.21) has at least one weak solution ν ∈ Lw∞(I,Πrba(H+))
⊂ Lw∞(I,Σrba(H+)) in the sense that for each φ ∈ D(A)∩D(B) the following
equality holds

(3.22) νt(φ) = ν0(φ) +
∫ t

0
νs(Aφ) π(ds) +

∫ t

0
νs(Bφ)ds, t ∈ I.

Proof. The proof is quite similar to that of Corollary 3.4 of [3, p. 85], and
hence we present only a brief outline. Since H is separable and ν0 ∈ Πrba(H)
there exists a random variable x0 taking values in H P-a.s (possibly on a
Skorokhod extension) such that L(x0) = ν0 and for each φ ∈ BC(H),

Eφ(x0) = E
∫

H+

φ(ξ)δx0(dξ) =
∫

H+

φ(ξ)ν0(dξ).
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Here we have used φ itself to denote its extension from H to H+. Using x0

defined above as the initial state, it follows from Theorem 3.3 that equa-
tion 3.2 has at least one generalized solution λ0 ∈ Mw

∞,2(I × Ω,Πrba(H+))
satisfying equation (3.20) for each φ ∈ D(A) ∩ D(B). Then the map

ψ −→ E
(∫

I
λ0

t (ψ)dt

)

is a continuous linear functional on L1(I, BC(H+)). Hence, by duality pro-
vided by the theory of lifting and the fact that λo ∈ Mw

∞,2(I×Ω,Πrba(H+)),
there exists a unique µ ∈ Lw∞(I, Πrba(H+)) so that

(3.23) E
(∫

I
λ0

t (ψ)dt

)
=< µ, ψ >≡

∫

I
µt(ψ)dt.

Now following similar arguments as in [3, Corollary 3.4], one can justify that
µ satisfies the identity (3.22) with µ0 = ν0. This completes our brief outline
of the proof that equation (3.21) has a weak solution in the sense of identity
(definition) (3.22).

Remark 3.6. Note that Corollary 3.5 proves the existence of (measure)
solutions for Kolmogorov equation (3.21) with unbounded coefficients. This
generalizes similar results of Cerrai [6] for parabolic and elliptic equations
on finite dimensional spaces.

So far we have not discussed the question of uniqueness of solutions. In [4]
the uniqueness of measure solution was proved using spectral properties of
the operator A. A direct proof based on a semigroup approach was given
in [5]. Using a similar technique as in [5], we can prove the uniqueness of
(weak) solution of equation (3.21) as presented below.

Corollary 3.7 (Uniqeness). Suppose the assumptions of Corollary 3.5 hold
and that D(A)∩D(B) is dense in BC(H). Then the solution (weak solution)
of the evolution equation (3.21) is unique.

Proof. We prove the uniqueness of (weak) solution by use of a similar tech-
nique as in the general semigroup theory; see also [5]. Accordingly, it suffices
to demonstrate that for a given π ∈ Mc(I), the pair {A∗,B∗} determines a
unique evolution operator {U∗(t, s), 0 ≤ s ≤ t < ∞} on Σrba(H). This will
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guarantee the uniqueness of weak solution (whenever it exists) of equation
(3.21) having the representation,

µt = U∗(t, 0)ν0, t ≥ 0.

By Corollary 3.5, for each given initial measure, equation (3.21) has at least
one weak solution. For the given quadratic variation measure π ∈ Mc(I),
associated with the martingale measure M , suppose the pair {A∗i ,B∗i }, i =
1, 2, generates the evolution operator U∗

i (t, s), 0 ≤ s ≤ t < ∞, i = 1, 2. For
ϕ ∈ D(Ai) ∩D(Bi) and ν ∈ D(A∗i ) ∩D(B∗i ), define the function,

h(r) ≡< U∗
2 (t, r)U∗

1 (r, s)ν, ϕ >= ν(U1(r, s)U2(t, r)ϕ), r ∈ [s, t].

It is a well-known fact that the infinitesimal generators commute with their
corresponding evolution operators on their domain. Using this fact, it is
easy to verify that, for A1 = A2 and B1 = B2, the variation of h on [s, t] is
zero. Hence h is constant on [s, t] and so h(t) = h(s) implying ν(U1(t, s)ϕ) =
ν(U2(t, s)ϕ). This holds for all ϕ ∈ D(Ai) ∩D(Bi) and ν ∈ D(A∗i ) ∩D(B∗i ).
Since D(Ai)∩D(Bi) is dense in BC(H), and ν is arbitrary, we have U∗

1 (t, s) =
U∗

2 (t, s) for 0 ≤ s ≤ t < ∞ proving uniqueness.

Remark 3.8. Using the unique transition operator corresponding to the
Kolmogorov equation (3.21), as stated in Corollary 3.7, and the variation
of constants formula, we can prove the uniqueness of weak solution of the
stochastic evolution equation (3.4) on Σrba(H+). This is done by using the
corresponding Volterra type functional equation,

µt = U∗(t, 0)µ0 +
∫ t

0
U∗(t, s)(C∗µs−)M(ds), t ∈ I.

Remark 3.9. If the martingale measure M is nonatomic and the associ-
ated quadratic variation measure π is absolutely continuous with respect to
the Lebesgue measure, it follows from expression (3.20) that the measure
solution t −→ λo

t is weak star continuous.

4. Extension to measurable vector fields

In some situations F and G may not be even continuous. However, assuming
that they are bounded Borel measurable, it is possible to prove the existence
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results similar to those of deterministic evolutions [4]. We present here a
result analogous to that of theorem 3.3 with the major exception that in the
present case the measure solutions are no longer regular. They are bounded
finitely additive measure valued processes.

Theorem 4.1. Consider the system (1.2). Suppose {A,M} satisfy the
assumptions of Theorem 3.3 and that F : H −→ H and G : H −→ L(E, H)
are Borel measurable maps bounded on bounded sets. Then, for every x0

for which P{ω ∈ Ω : |x0|H < ∞} = 1, statistically independent of M,
the evolution equation (1.2) has a unique measure or generalized solution
λ0 ∈ Mw

∞,2(I × Ω,Σba(H+)). Further, λ0 ∈ Mw
∞,2(I × Ω, Πba(H+)).

Proof. First suppose that {F, G} are bounded Borel measurable maps (i.e.
uniformly bounded on H). Then it follows from Proposition 3.2 of [4] that
the pair {F, G} has an approximating sequence{Fn, Gn} satisfying (A1) and
(A2). Given this fact, the proof is almost identical to that of Theorem
3.3 with the replacement of Σrba(H+) by Σba(H+). In other words, for
uniformly bounded Borel measurable maps F and G, the system (1.2) has
a unique measure solution. For the unbounded case, define the composition
maps

Fγ ≡ FoRγ , Gγ ≡ GoRγ , γ ∈ R0

where Rγ is the retraction of the ball Bγ ≡ {x ∈ H :‖ x ‖H< γ}. Clearly,
these are (uniformly) bounded Borel measurable maps and it follows from
the preceding result that the system (1.2) with {F, G} replaced by {Fγ , Gγ}
has a unique measure solution λγ ∈ Mw

∞,2(I × Ω,Σba(H+)). Then following
a similar limiting process as in [4, Theorem 3.3], one can show that the net
{λγ , γ ∈ R0} has a weak star convergent subnet converging to an element
λo ∈ Mw

∞,2(I×Ω, Σba(H+)) which is the unique measure solution of equation
(1.2) in the sense of Definition 3.1.

Remark. Our results can be extended to include vector measure M with
atoms and hence jump processes under some additional assumptions on G.
In this case the operator C is given by

(C(t)ϕ)(ξ) ≡
∫ 1

0
G∗(ξ)Dϕ(ξ + θG(ξ)M({t}))dθ.

If t is not an atom, this operator reduces to the one given by (3.1).
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5. Optimal feedback controls

Consider the control system

(5.1)

dx(t) = Ax(t)dt + F (x(t))dt + Γ(x(t)) u(t, x(t)) dt

+G(x(t−))M(dt)

x(0) = x0,

where Γ : H −→ L(Ξ, H) is a bounded Borel measurable map with Ξ being
another separable Hilbert space and u : I ×H −→ Ξ is any bounded Borel
measurable function representing the control. Let BM(I×H, Ξ) denote the
class of bounded Borel measurable functions from I × H to Ξ. Furnished
with the uniform norm topology,

‖ u ‖≡ sup{|u(t, x)|Ξ, (t, x) ∈ I ×H},

it is a Banach space. For admissible controls, we use a weaker topology
and introduce the following class of functions. Let U be a closed bounded
(possibly convex) subset of Ξ and

(5.2) U ≡ {
u ∈ BM(I ×H, Ξ) : u(t, x) ∈ U ∀ (t, x) ∈ I ×H

}
.

On BM(I × H, Ξ), we introduce the topology of weak convergence in Ξ
uniformly on compact subsets of I × H and denote this topology by τwu.
In other words, a sequence {un} ⊂ BM(I × H, Ξ) is said to converge to
u0 ∈ BM(I ×H, Ξ) in the topology τwu if, for every v ∈ Ξ,

(un(t, x), v)Ξ −→ (u0(t, x), v)Ξ

uniformly in (t, x) on compact subsets K ⊂ I ×H. We assume that U has
been furnished with the relative τwu topology. Let Uad ⊂ U be any τwu

compact set and choose this set for admissible controls.
In view of system (5.1), we consider the Lagrange problem P1 : Find

uo ∈ Uad that minimizes the cost functional

(5.3) J(u) ≡ E
∫ T

0
`(t, x(t))dt,
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with ` being any real valued Borel measurable function on I ×H which is
bounded on bounded sets. Since, under the general assumptions of Theorem
3.3 and Theorem 4.1, the control system (5.1) may have no path wise solution
but has a measure solution, the control problem as stated above must be
reformulated in terms of measure solutions. For this purpose we introduce
the operator Bu associated with the control u as follows. For each u ∈ Uad,
define

(Buφ)(t, ξ) ≡ (u(t, ξ), Γ∗(ξ)Dφ(ξ))Ξ, (t, ξ) ∈ I ×H,

where Γ∗(ξ) ∈ L(H, Ξ) is the adjoint of the operator Γ(ξ). Clearly the op-
erator Bu is well defined on D(A) ∩D(B). Then the correct formulation of
the original control problem is given by (P1) : find uo ∈ Uad that minimizes
the functional

(5.4) J(u) ≡ E
∫ T

0

∫

H
`(t, ξ)λu

t (dξ)dt ≡ E
∫ T

0

ˆ̀(t, λu
t )dt

where λu is the (weak) solution of equation

(5.5)
dλt = A∗λtπ(dt) + B∗λtdt + B∗uλtdt+ < C∗λt−,M(dt) >E ,

λ0 = δx0 .

Other control problems are considered later. We need the following result
on the continuous dependence of solutions on control.

Lemma 5.1. Consider the system (5.5) with admissible controls Uad as
defined above, and suppose the assumptions of Theorem 4.1 hold and that
Γ : H −→ L(Ξ,H) is a bounded Borel measurable map. Then for every u ∈
Uad the system (5.5) has a unique weak solution λu ∈ Mw

∞,2(I×Ω, Πba(H+))
and further, the control to solution map u −→ λu from Uad to Mw

∞,2(I ×
Ω, Σba(H+)) is (sequentially) continuous with respect to the topologies τwu

on Uad and weak star topology on Mw
∞,2(I × Ω, Σba(H+)).

Proof. The existence of solution follows from Theorem 4.1 with the oper-
ator B replaced by the sum B + Bu, and uniqueness follows from Corollary
3.7. We prove continuity. Let {un, uo} ⊂ Uad and un τwu−→ uo and suppose
{λn, λo} ⊂ Mw

∞,2(I × Ω, Πba(H+)) denote the associated weak solutions of
(5.5). Then clearly, the difference µn ≡ λn − λo ∈ Mw

∞,2(I ×Ω, Σba(H+)) is
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a sequence satisfying the identity

(5.6)

µn
t (ϕ) =

∫ t

0
µn

s (Aϕ)π(ds) +
∫ t

0
µn

s

(
(B + Buo)ϕ

)
ds

+
∫ t

0
< µn

s−(Cϕ),M(ds) > +
∫ t

0
λn

s

(
(Bun − Buo)ϕ

)
ds

with µn
0 = µn

0− = 0. Since the set {λn, λo} is contained in Mw
∞,2(I × Ω,

Πba(H+)), the difference sequence {µn} with the initial condition µn
0 = 0,

is contained in a bounded subset of Mw
∞,2(I × Ω, Σba(H+)). Thus by virtue

of Alaoglu’s theorem, both these sequences have w∗ convergent generalized
subsequences or subnets which we relabel as the original sequence. Let λ∗

denote the weak star limit of λn and µ∗ the limit of µn. Since un converges
to uo in τwu topology, and Dϕ has a compact support and Γ is a uniformly
bounded Borel measurable operator valued function, it follows from the
dominated convergence theorem that, for any z ∈ L2(Ω),

z((Bun − Buo)ϕ) ≡ z(un − uo, Γ∗Dϕ)Ξ
s−→ 0 in M1,2(I × Ω, B(H+)).

Combining this with the fact that λn w∗−→ λ∗, we obtain

lim
n→∞ E

(
z

∫ t

0
λn

s ((Bun − Buo)ϕ)ds

)

= lim
n→∞ E

(∫ t

0
λn

s

(
z((Bun − Buo)ϕ))ds

)
= 0, t ∈ I.

Then multiplying (5.6) by z ∈ L2(Ω) and taking the expectation on both
sides and following similar limit arguments as in the proof of Theorem 3.3,
we obtain

(5.7)

µ∗t (ϕ) =
∫ t

0
µ∗s(Aϕ)π(ds) +

∫ t

0
µ∗s

(
(B + Buo)ϕ

)
ds

+
∫ t

0
< µ∗s−(Cϕ),M(ds) > ds, t ∈ I,

for all ϕ ∈ D(A) ∩D(B). This is a homogeneous linear Volterra type func-
tional equation for µ∗, and hence, following the same procedure as in [5],
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we find that µ∗ = 0. In other words, the weak star limit λ∗ coincides with
λo, the weak solution corresponding to the limit control uo. This proves the
continuity as stated.

Now we consider the control problem P1.

Theorem 5.2. Consider the system (5.5) and the Lagrange problem (5.4)
with admissible controls Uad. Suppose the assumptions of Lemma 5.1 hold
and that ` is a Borel measurable real valued function defined on I ×H and
bounded on bounded sets and that there exists a function `0 ∈ L1(I) such
that

`(t, ξ) ≥ `0(t) ∀ ξ ∈ H.

Then there exists an optimal control for the problem P1.

Proof. Since ` is bounded from below by an integrable function `0, we have

(5.8) J(u) ≡ E
(∫ T

0

ˆ̀(t, λu
t )dt

)
> −∞, ∀ u ∈ Uad.

Clearly, if J(u) = +∞ for all u ∈ Uad, there is nothing to prove. So suppose
there are controls for which J(u) is finite. Define inf{J(u), u ∈ Uad} = m,
and let {un} ⊂ Uad be a minimizing sequence. Since Uad is τwu compact,
there exists a generalized subsequence (subnet), relabeled as the original
sequence, and a control uo ∈ Uad such that un τwu−→ uo. Then by virtue
of Lemma 5.1, along a further subnet if necessary, we have λun w∗−→ λuo

.
Note that the functional (5.8) is linear in λu and bounded (since {un} is a
minimizing sequence) and hence continuous along the minimizing sequence
{λun}. Thus limn→∞ J(un) = J(uo) = m and uo is the optimal control.

Next we consider the control problem P2 :

(5.9) J(u) ≡ E
∫

I×H

{
`(t, ξ) + ρ(ξ)|u(t, ξ)|Ξ

}
λu

t (dξ)dt −→ inf,

where ρ is a positive bounded Borel measurable function on H with compact
support and λu is the weak solution of the stochastic evolution equation (5.5)
corresponding to control u.

Theorem 5.3. Consider the Lagrange problem P2 with the objective func-
tional (5.9) subject to the dynamic constraint described by the system (5.5)
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with admissible Uad. Suppose ` satisfies the conditions as stated in Theorem
5.2, and ρ is any real valued nonnegative bounded Borel measurable function
on H having a compact support. Then there exists an optimal control for
the problem P2.

Proof. Again by virtue of the assumption on `, we have J(u) > −∞. If
J(u) ≡ +∞ for all u ∈ Uad there is nothing to prove. So we may assume
the contrary. Let {un} be a minimizing sequence so that

lim
n→∞J(un) = inf{J(u), u ∈ Uad} ≡ m̃.

We show that the second term of the objective functional (5.9), denoted
by J2, is τwu lower semi continuous on Uad. Since Uad is τwu compact, the
sequence {un} contains a generalized subsequence, relabeled as the original
sequence, which converges in τwu topology to an element uo ∈ Uad. Consider
the value of J2 at uo,

(5.10) J2(uo) ≡ E
∫

I×H
ρ(ξ)|uo(t, ξ)|Ξ λuo

t (dξ)dt.

Since uo(t, ξ) is a Ξ valued bounded (Borel) measurable function, by Riesz
theorem there exists a B1(Ξ) valued bounded (Borel) measurable function
ηo on I ×H such that

|uo(t, ξ)|Ξ = (uo(t, ξ), ηo(t, ξ))Ξ, ∀(t, ξ) ∈ I ×H.

In fact, one can take ηo(t, ξ) = uo(t, ξ)/|uo(t, ξ)|Ξ with the convention that
0/0 ≡ 0. Hence (5.10) can be written as

(5.11)

J2(uo) ≡ E
∫

I×H
ρ(ξ)(uo(t, ξ), ηo(t, ξ))Ξ λuo

t (dξ)dt

= E
∫

I×H
ρ(ξ)(uo(t, ξ), ηo(t, ξ))Ξ

(
λuo

t − λun

t

)
(dξ)dt

+ E
∫

I×H
ρ(ξ)(uo(t, ξ)− un(t, ξ), ηo(t, ξ)) λun

t (dξ)dt

+ E
∫

I×H
ρ(ξ)(un(t, ξ), ηo(t, ξ))Ξ λun

t (dξ)dt.
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By virtue of Lemma 5.1, the first term of (5.11) converges to zero as n →∞.
Since ρ has a compact support and un τwu−→ uo, it is clear that ρ(u0 −
un, η0)Ξ −→ 0 uniformly on I ×H, hence strongly in M1,2(I × Ω, BC(H)),
while λun

converges to λuo
in the weak star topology of Mw

∞,2(I×Ω, Σrba(H)).
Thus the second term of (5.11) also converges to zero as n → ∞. Clearly,
it follows from positivity of both ρ and the measure solutions, and the fact
that |ηo(t, ξ)|Ξ ≡ 1, that the third term is majorized by J2(un). From these
facts one can easily verify that

(5.12) J2(uo) ≤ lim inf
n→∞ J2(un).

Thus J2 is τwu lower semicontinuous. It was already seen in Theorem 5.2
that the first term of the cost functional is continuous. Thus u −→ J(u) is
τwu lower semi continuous. Since {un} is a minimizing sequence with limit
uo ∈ Uad, it follows from τwu lower semi continuity that

m̃ ≤ J(uo) ≤ lim inf J(un) ≤ lim J(un) = inf{J(u), u ∈ Uad} ≡ m̃.

Hence uo is the optimal control proving existence.

Remark. The assumption of compactness of the support of ρ seems to be
restrictive. It can be partially remedied by choosing an increasing sequence
of compact subsets {Ck} of H, converging to H, and a sequence of {ρk} with
support Ck approximating any bounded Borel measurable function ρ. Then
in the limit one has the optimal control associated with the original weight
function ρ.

Another interesting control problem, identified as P3, consists of maximizing
the functional:

(5.11) J(u) = f(Eλu
t1(ϕ1), · · · , Eλu

td
(ϕd))} −→ sup

where f : Rd −→ R is a function, and {ϕi} ∈ B(H) is a finite set of bounded
real valued Borel measurable functions on H.

Theorem 5.4. Consider the system (5.5) with admissible controls Uad ⊂ U
as defined by (5.2) and suppose the assumptions of Lemma 5.1 hold. Further,
suppose the stochastic vector measure M is nonatomic and the associated
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quadratic variation measure π is absolutely continuous with respect to the
Lebesgue measure and the function f is upper semicontinuous from Rd to R
and {ϕi} ∈ B(H) are real valued bounded Borel measurable functions. Then
the Problem P3 has a solution.

Proof. Since M is nonatomic and π is absolutely continuous with respect
to the Lebesgue measure, it follows from the integral expression (3.3) or
(3.20) that t −→ λu

t is weak star continuous P -a.s. Hence t −→ λu
t (ϕ) is

continuous P -a.s for each ϕ ∈ B(H). Thus by Fubini’s theorem, λu
ti(ϕi) is a

well defined integrable random variable for all i = 1, 2, · · · , d. Let {un} ∈ Uad

be a maximizing sequence. Since Uad is τwu compact there exists a uo ∈ Uad

such that, along a subsequence if necessary, un τwu−→ uo. Hence it follows from
Lemma 5.1 that

Eλun

ti (ϕi) −→ Eλuo

ti (ϕi), i = 1, 2, · · · , d.

Thus, by upper semicontinuity of f, we have

lim sup
n→∞

f(Eλun

t1 (ϕ1), · · · , Eλun

td
(ϕd)) ≤ f(Eλuo

t1 (ϕ1), · · · , Eλuo

td
(ϕd)).

Hence J is upper semicontinuous with respect to τwu topology, that is,

lim sup
n→∞

J(un) ≤ J(uo).

Since {un} is a maximizing sequence and uo ∈ Uad, it follows from this that

mo ≡ sup
u∈Uad

J(u) = lim
n→∞J(un) ≤ lim sup

n→∞
J(un) ≤ J(uo) ≤ mo.

This proves that uo is a maximizing control and hence follows the existence
of an optimal control.

A fourth interesting problem, identified as P4, can be stated as follows. Let
Ψ ∈ B(H) and g ∈ Cb(R) be given. The problem is to find a control that
minimizes (maximizes) the functional

(5.12) J(u) ≡ Eg(λu
T (Ψ)).
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Theorem 5.5. Consider the system (5.5) and the objective functional (5.12)
with admissible controls Uad ⊂ U as defined by (5.2) and suppose the as-
sumptions of Lemma 5.1 hold. Further, suppose the martingale measure M
is nonatomic and the associated quadratic variation measure π is absolutely
continuous with respect to the Lebesgue measure and the function g ∈ Cb(R)
and Ψ ∈ B(H). Then the Problem P4 has a solution.

Proof. Since M is non-atomic and π is absolutely continuous with respect
to the Lebesgue measure, it follows from (3.20) that t −→ λu

t is weak star
continuous P − a.s. Hence, for Ψ ∈ B(H), {λu

T (Ψ), u ∈ Uad} is a family of
well defined real valued random variables. Without loss of generality, we
may assume that ‖ Ψ ‖≤ 1. Clearly, then

|λu
T (Ψ)| ≤ 1, P − a.s,∀ u ∈ Uad.

For each u ∈ Uad, define the probability measure µu on B(R), the Borel sets
of R, by setting

µu(Γ) = P{λu
T (Ψ) ∈ Γ}

for Γ ∈ B(R). Then the expression (5.12) is equivalent to

(5.13) J(u) =
∫

R
g(ζ)µu(dζ) ≡ L(µu).

Since g ∈ Cb(R), it is clear that L is a continuous linear functional on the
space of probability measures M1(R). Note that the family of probability
measures,

M0 ≡ {µu, u ∈ Uad},

is contained inM1 and has a compact support given by the interval [−1, +1],
and therefore it is uniformly tight and hence a relatively weakly compact
subset of M1. Using the assumption of τwu compactness of the set Uad, one
can prove that M0 is also weakly closed. Thus M0 is a weakly compact
subset of M1(R). Therefore the linear functional L, which is continuous
and hence weak star continuous, attains its minimum (maximum) on the
set M0 and consequently J attains its minimum (maximum) on Uad. This
proves the existence of an optimal control for the problem P4.
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A Special Case

Suppose σ ∈ B(H) is the target set and we want to maximize the expected
value of concentration of mass on σ. Then we take Ψ = χσ, and g ∈ C+

b (R)
a (any) monotone increasing function. According to the above result, there
exists a control uo ∈ Uad such that

E{g(λuo

T (σ))} ≥ E{g(λu
T (σ))}, ∀ u ∈ Uad.

The obstacle avoidance problem can be treated similarly.

A problem closely related to (P4) is the problem (P5) given by

(5.14) J(u) = E
{

g(λu
t1(ϕ1), · · · , λu

td
(ϕd))

}
−→ inf .

Here g : Rd −→ [0,∞), {ti ∈ I, ϕi ∈ B(H)}, and d ∈ N. Using a similar
procedure as in Theorem 5.5 one can prove the following result.

Theorem 5.6. Consider the system (5.5) and the objective functional (5.14)
with admissible controls Uad, g ∈ Cb(Rd), ϕi ∈ B(H), ti ∈ I, and suppose
{M, π} satisfy the assumptions of Theorem 5.5. Then the Problem P5 (5.14)
has a solution.

Proof. The proof is very similar to that of Theorem 5.5. Here J(u) is given
by

J(u) =
∫

Rd

g(z)µu(dz)

with the measure µu defined by

µu(σ) ≡ P{(λu
t1(ϕ1), λu

t2(ϕ2), · · · , λu
td

(ϕd)) ∈ σ},

for σ ∈ B(Rd) and M0 ≡ {µu : u ∈ Uad} ⊂ M1(Rd). Again the assertion
follows from the facts that the family M0(Rd) is tight and weakly closed
and g ∈ Cb(Rd).

Another interesting control problem is to find a control u ∈ Uad that maxi-
mizes the functional
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(5.15) J(u) ≡ E
∫

I
g(t, λu

t (G(t))dt −→ max,

subject to the dynamics (5.5) with λ = λu, where t −→ G(t) is a multifunc-
tion with values in c(H)(nonempty closed subsets of H) and continuous (in
the sense of the Hausdorf metric) and g : I× [0,∞) −→ [0,∞) is a nonnega-
tive continuous function and nondecreasing in the second argument. Clearly,
this problem is equivalent to tracking a diffuse moving target. We call this
problem P6.

Theorem 5.7. Consider the system (5.5) with admissible controls Uad and
objective functional (5.15) with {M,π} satisfying the assumptions of Theo-
rem 5.5. Let t → G(t) be a multifunction with values which are nonempty
closed subsets of H and continuous in the Hausdorf metric. The function
g : I× [0,∞) −→ [0,∞) is nonnegative, continuous and bounded on bounded
sets and nondecreasing in the second argument. Then problem P6 has a
solution.

Proof. Since for all t ∈ I and u ∈ Uad, λu
t (G(t)) ∈ [0, 1] ≡ K with prob-

ability one, the objective functional (5.15) is equivalent to the following
functional

(5.16) J(u) =
∫

I×K
g(t, z)µu

t (dz)dt ≡ Lg(µu)

where the measure valued function µu is given by

(5.17) µu
t (σ) ≡ P{λu

t (G(t)) ∈ σ}, σ ∈ B1

with B1 denoting the sigma algebra of Borel subsets of the unit interval K ≡
[0, 1]. Let M1(K) denote the space of probability measures on B1 endowed
with the standard weak topology. Since the weak topology is metrizable (for
example, Prohorov metric), and K is compact, M1(K) is a compact metric
space with a metric, say, d. Consider the topological space C(I,M1) with
the topology of uniform convergence on I induced by the metric,

D(µ, ν) ≡ sup{d(µt, νt), t ∈ I}.
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Since M1(K) is a complete metric space, so also is (C(I,M1(K)), D). Now
consider the set

(5.18) C0 ≡ {µu, u ∈ Uad}

where µu is given by (5.17). Since t −→ λu
t is weak star continuous P-a.s

and t −→ G(t) is continuous in the Hausdorf metric, we have t −→ µu
t

continuous with respect to the topology induced by the metric d. Using the
integral expression (3.3) or (3.20) with the operator B replaced by B+Bu, it
follows from nonatomicity of the measure M and absolute continuity of the
measure π with respect to the Lebesgue measure that, for each t ∈ (0, T ]
and ϕ ∈ D(A) ∩D(B),

P
{

lim
h→0

(λu
t+h(ϕ)− λu

t (ϕ)) = 0
}

= 1,

uniformly with respect to u ∈ Uad. Thus the set C0 as given by (5.18), is an
equicontinuous subset of C(I,M1). Since M1(K) is compact, it is obvious
that each t-section of C0 given by C0(t) ≡ {µt, µ ∈ C0} is relatively compact
inM1(K). Thus by Ascoli-Arzella theorem, C0 is a relatively compact subset
of C(I,M1(K)). Further, it follows from sequential continuity (see Lemma
5.1) and τwu compactness of Uad that C0 is sequentially closed. These imply
that the set C0 is sequentially compact. Thus the functional Lg, defined by
(5.16), being linear and continuous, attains both its minimum and maximum
on the compact set C0. Hence there exists a µo ∈ C0 or equivalently a control
law uo ∈ Uad at which Lg attains its maximum. This proves the existence
of an optimal control for the problem P6.

Remark. For the construction of optimal controls, it is essential to develop
necessary and sufficient conditions for optimality. This will be considered in
a forthcoming paper.

Open Problem. It would be interesting to admit π which may contain
atoms. In other words it will allow inclusion of continuous as well as jump
processes for the martingale measure M.
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