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1. INTRODUCTION

We shall denote by X a separable Banach space and by C, := C([—0,0], X),
with o > 0, the Banach space of continuous functions from [—o,0] into X,
endowed with the norm ||¢||, := sup{||¢(s)||; s € [-0o,0]}. For any function
u: [t —0,T] - X and any t € [r,T] we shall denote by u; the function
defined as follows:

ue : [=0,0] = X, ui(s) = u(t +s),

for every s € [—0,0]. Clearly, if u is continuous, then u; € €, for every
telr,T].

Let K be a given locally closed subset in X and let g be the following
subset of C,:

Ko :={p € Csr;¢(0) € K}.

We recall that a subset K C X is locally closed if for each £ € K there exists
r > 0 such that K N B(&,r) is closed in X, where, as usual, B({,r) denotes
the closed ball with center £ and radius 7.

We consider the following functional differential inclusion

(1.1) u'(t) € Au(t) + F(t,ug), t € [a,b),

where F : [a,b) x C, — 2% is a multifunction with nonempty and closed
values and A : D(A) C X — X is the infinitesimal generator of the Cp-
semigroup S(t) : X — X, t > 0, and we are interested in finding sufficient
conditions in order that K be a viable domain for (1.1), i.e. for each (7,¢) €
[a,b) x Ko there exists at least one solution u : [7 — 0,T] — K of (1.1)
satisfying the initial condition

(1.2) Ur = Q.
By a solution to the problem (1.1) and (1.2) we mean a continuous function

u : [T—0,T] — X for which there exists f € L'([r, T], X) with f(t) € F (¢, u;)
a.e. on [1,7T] and such that

o(t—7) fort e [r—o,1),

1.3 u(t) =
(1.3) (t) S(t —7)p /St—S s)ds for t € [1,T].
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The existence of solutions for functional differential equations governed or
not by linear and nonlinear operators in Banach spaces has been studied
extensively in many papers (see, for example, [4, 9, 10, 15, 22, 23, 26, 28)).

The first viability results for (1.1) in the case A = 0 and F single
valued have been proved in the papers [20] and [19]. The case when A =0,
X is a finite dimensional space and F is upper semicontinuous and with
convex compact values has been studied by Haddad ([13, 14]). Haddad’s
result has been extended by Syam [25] and Gavioli and Malaguti [11] to the
infinite dimensional setting. For results, references and applications in this
framework we refer to the monographs: [1, 8, 12, 17, 18] and [24]. The case
when A is the infinitesimal generator of Cy-semigroup and F' is a continuous
single-valued function has been studied by Iacob and Pavel [16].

There are many methods and techniques in the viability theory, but,
generally speaking, the viability criteria fall into two classes: those in which
the conditions are given in terms of a classical tangent cone (or Bouligand
or Dini or contingent cone) and those in which a proximal normal cone is
used. We shall use a tangency condition of the same kind as in [16], accord-
ingly adapted. Also, the construction method for a sequence of approximate
solutions to (1.1), defined on an apriori given interval, is closed to the one
used by Céarja and Vrabie [7] and the convergence method is the same that
we have used [21].

2. PRELIMINARIES AND THE MAIN RESULT

We assume that the reader is familiar with the basic concepts and results
concerning Cp-semigroups, we refer to Vrabie [27] for details.

Let the Banach space X be endowed, with the o-field B(X) of Borel
subsets and let J = [a,b) be endowed with the Lebesgue measure and the
o-field L(J) of Lebesgue measurable subsets.

For nonempty subsets A, B of X and a € A, we denote

d(a, B) = inf{|la — bl;b € B}, d(A, B) = sup{d(a, B);a € A},

and by
dpp(A, B) = max{d(A, B),d(B,A)}

we denote the Hausdorff-Pompeiu distance between A and B.
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Let us introduce the following hypotheses which we shall use throughout
this paper.

(Hp) X is a separable Banach space, A : D(A) C X — X is the infinitesimal
generator of the Cp-semigroup {S(t);t > 0}, K is a locally closed
subset in X and F : J x Ky — 2% is a multifunction with nonempty
and closed values;

(Hyp) For each (7,¢p) € J x Kq there exist p > 0, r > 0 and an integrable
function x € L'([r, T + p],Ry) such that

(2.1) sup{|F'(t,¥)]; ¢ € Ko x By (,7)} < x(t)

a.e on [1,T + p|, where |F (¢, )| := sup{||y|;y € F(t,v¥)} and

By (p,r) =={¢ € Co; [¥ — ¢llo <7}

(H3) For each (7, ) € Jx Kq there exist p > 0, r > 0, u € L*([r, 7+ p], Ry)
and a negligible subset Z C [r, 7 + p|] such that

(2.2) dap(F(t,¢1), F(t,02)) < u(t)|ler — 02|lo

for every t € [1,7 + p]\Z and every @1, p2 € Ko X By (p,7);
(Hs3) For each ¢ € Ko the multifunction F(-, ) : J — 2% is measurable;
(Hy) For every (1,¢) € J x Ky the following tangential condition holds:

1 T+h
lir}rlllionfﬁd(S(h)gp(O) + / S(t+h—3s)F(s,p)ds, K) =0.

Here the integral is in the sense of Aumann [2].

We are now ready to state the main result of this paper.

Theorem 2.1. If the assumptions (Hy)—(H4) are satisfied, then K is a
viable domain for (1.1).

In order to prove our theorem we need the following technical result, con-
cerning a measurable multifunction in Banach spaces, established by
Q.I. Zhu [29].
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Theorem 2.2. Let X be a separable Banach space, v : [a,b) — X a mea-
surable function and G(-) : [a,b) — 2% a measurable multifunction with
nonempty and closed values. Then for any positive measurable function
v:[a,b) — Ry there exists a measurable selection g(-) € G(-) such that

lg(@) = @) < d(4(t), G(t)) + v(t)
a.e. on [a,b).

In what follows, we recall a general principle on ordered sets due to Brézis
and Browder [3]. It will be used in the next section in order to obtain some
"maximal” elements in an ordered set.

Theorem 2.3. Let < be a given preorder on the nonempty set M and let
8§ : M — RU{+o0} be an increasing function. Suppose that each increasing
sequence in M is majorated in M. Then, for each & € M, there exists
&€ M with & < € such that £ < € implies $(£) = §(§).

In the paper by Brézis and Browder [3], the function § is supposed to be
finite and bounded from above, but, as remarked in [6], this restriction can
be removed by replacing the function 8§ by £ — arctan §(§).

Finally, let u be a function defined on the interval J of R with values
into X. For some ¢ > 0, we denote by w(u, Jo,0) the modulus of continuity
of u on the subinterval Jg C J, defined by

w(u, Jo,0) = sup{|ju(t) — u(s)|;t,s € do, |t — s| < d}.

It is easy to see that w(u,-,d) and w(u,do,-) are increasing functions and
that u is uniformly continuous on Jo if and only if lims | w(w, Jo,d) = 0.

3. PROOF OF THE MAIN RESULT

We shall show that the tangential condition (Hy4) along with Brézis-Browder
Ordering Principle, i.e. Theorem 2.3 above, imply that for each initial point
(1,¢) € I x Ky, there exist T' € (1,b) and one sequence u" : [7 —0,T] — X
of "approximate solutions” of (1.1) such that (u"),, converges uniformly to
a solution u : [T — 0,T] — K of (1.1) satisfying (1.2).

We assume that the hypotheses (Hy)—(Ha) are satisfied and we begin
by fixing an arbitrary initial data (7, p) € I x Ky. Since the hypotheses (H)
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and (Hz) have a locall character and K is locally closed we can choose r > 0,
p € (0,b—7), x and p in L' ([r, 7+ p], Ry ) such that K N B(p(0),r) is closed
in X and the relations (2.1) and (2.2) are satisfied on [7,7 + p| X B (p,r).
We emphasize that this choice of 7, p, x and p will be kept unmodified until
the end of this proof.

Remark 3.1. The following statements hold:

(i) If o € Ko N By(p,7) then a(0) € K N B(p(0),r),
(ii) If K N B(¢(0),r) is closed in X then Ko N By (v, ) is closed in Cy.

Indeed, the first statement is obvious. For the second, let us assume that
KNB(p(0),r) is closed and let us consider a sequence (o), in KoNBy(p,7)
that is convergent (in the norm | - ||s) to @ € C,. It readily follows that
a € By(p,r), an(0) — a(0) and a,(0) € K N B(p(0),r), therefore, since
KNB(p(0),r) is closed, we obtain that «(0) € K and thus a € KXoNBy(p, 7).

Since {S(t);t > 0} is a Cy-semigroup, there exist My > 1 and wy > 0
such that [|S(¢)¢]] < Mye®o!||£|| for every ¢t > 0 and for every £ € X. We
define

(3.1) M = Mye*or

and we have || S(t — 7)&|| < M ||| for every t € [7, T + p| and every £ € X.
We shall define the ”approximate solution” concept.

Definition 3.1. Let ¢ € (0,1), v € (1,7 + p] and v € LY([r,7 + p], X) be
arbitrarily fixed.

We shall denote by (0, 3, g, f,u) a 5-tuple composed of the measurable
functions 0 : [r,v] — [1,v], B: A, = {(t,s);7 < s <t <v}— [0,v—1]
g € L*([r,v], X), f € L([r,v], X) and by the function u : [t — 0,v] — X
defined by

(3.2)
p(t—r7) forte[r—o,1),

u(t) =
S(t—71)p /Sts ds+/S B(t,s))g(s)ds, t € [r,v].

The 5-tuple (0,3,9, f,u) will de called an (g,)-approximate solution of
(1.1) and (1.2) on [1 — o, v] if the following conditions are satisfied:
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(A1) wg) € Ko N By(p,r) for every t € [7,v);
(A2) 0 <t—6(t) for every t € [T, V];

(As) B(t,s) <t—7for7 <s<t<wvandt— f((ts)is nonexpansive on

(s, v];
(A1) [lg(®)]| < e ae. on [r,v];
(As5) f(t) € F(t,ug)) ae. on [1,1];
(As) [IfF(2) = (@) < d((t), F(t, ug(r))) + ep(t) a.e. on [r,v);
(A7) |lug — ugp)llo < € for every t € [7,v];
(Ag) uy, € Ko N By(p, ).

Remark 3.2. We emphasize that although the function u is uniquely de-
termined by 3, g and f, for the sake of simplicity, we preferred to consider
it as a component of (6, 3,g, f,u).

Remark 3.3. Let v € (1,7 +p], 8 : A, — [0,v — 7], g € L>=([r,v],X),
f € LY([r,v], X) be given and u : [T — o,v] — X be defined by (3.2). If 3
satisfies (As) then, using Lebesgue’s Theorem, we deduce that the function
u is continuous on the whole interval [7 — o,v] and so u; € Cy, for every
telrv].

In the sequel we define the operator solution to the problem (1.1) and (1.2),
Qf : Ll([T,I/LX) - C([T - U?”]?X)v by

p(t—r7) forte[r—o,1),

3.3 =
(3:3) Q) /~St_s

S(t—71)p s)ds for t € [1,v].

We notice that u is a solution of (1.1) and (1.2) on [r — o, T if there exists
f € LY([r,T],X) such that u = Qf and f(t) € F(t,u;) a.e. on [7,T].

Remark 3.4. Let v € (1,7 +p], 8 : A, — [0,v — 7|, g € L>=([r,v],X),
f € LY([r,v],X) be given and u : [r — o,v] — X be defined by (3.2). If
lf()] < x(t) and ||g(t)|| <1 a.e. on [1,v], then we have
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lwy = urlle < w(ep,[=0,0],v —7) + M0<235_T|!S(h)¢(0) —(0)]]
(3.4) o

+2M /V x(s)ds +2M (v — 7).

Indeed, for every t,s € [r,v] we have

|ue — uslle = sup [lug(er) — us(a)||
a€gl—o,0]

— sup fu(t+a) — u(s + @) < wu,[r - o,v], |t s])
a€[—o,0]

< w(ua [T — 0, T]7 |t - S|) +w(ua [Ta V]’ |t - SD
Since ur = ¢ we get w(u, [T — o, 7], |t — s]) = w(e, [-0,0], |t — s|) and so

||Ut - USHU < w(cp, [_0-7 0]7 |t - S|) + w(u, [T7 V]? |t - S|)

From the definition of u on |7, 7] we obtain
w(u, [1,v],0) <w(@F, [1,v],0) + 2M (v — 7)]|g]l
and therefore we have

(3.5) llur—uslloe <wlp,[=0,0], [t=s)+w(QF, [7, V], [t=s])+2M (v—7) |g]loo,
for every t, s € [1,v]. Consequently, using the estimate

W(QF [, 1), 8) < M sup |S(h)p(0) — p(0)]| +2M / " x(s)ds,
0<h<é T

we get (3.4).

Remark 3.5. Let us consider f € L!([r,7],X), v € (r,7) and f = f|; .
Since (Qf)(t) depends only on the values of f on the interval [r,v], we
deduce that Qf = (Qf)][r,) and therefore

w(Qf,[r,v],0) = w(QFf,[r,v],8) <w(Qf,[r,7],6), for every § > 0.
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In the next lemma we show how to choose T' € (7, 7+ p| and how to construct,
for every € € (0,1) and every ¢ € L>®([r,7 + p|, X), an (e, )-approximate
solution on [1 — o, T1.

Lemma 3.1. Assume that the hypotheses (Ho)—(Hy4) are satisfied. Then
there exists T € (7,74 p| with f;‘r w(s)ds <1/2 such that for every e € (0,1)
and every ¢ € L*™([r,7 + p|, X) the problem (1.1) and (1.2) have at least
one (g,1)-approzimate solution on [T — o, T)].

Proof. We fix T' € (1,7 + p| such that

w(p, [=0,0L, T —=7)+ M sup [|S(h)e(0) = ¢(0)]|

0<h<T—r
(3.6) .
+ 2M/ (8)ds +2M(T —7) < r
and
T
(3.7) / j(s)ds < 1/2.

We denote by My the set of all (g, 1)-approximate solutions (0, 3, g, f, u) on
[T —o,v] C [T — 0,T] and we begin by proving that My is a nonempty set.
Applying Theorem 2.2 to G(-) = F(-,¢) on [r,T] we obtain that there exists
a measurable selection f : [7,T] — X such that f(t) € F(t, ) a.e. on [, T]
and

1F(t) = (@)l < d(w (), F(t, ¢)) +enlt) ae. on [7,T].

Moreover, from (H;) we obtain that ||f(¢)|| < x(t) a.e. on [r,T] and there-
fore f € L'([r,T], X). Using the tangential condition (Hy) for (1, ¢) € Ix Ko
we obtain that there exist (hy), in Ry with h, | 0 and (g,), in X with
qn — 0 such that

T+hn B
(38)  S(hn)e(0) + / S(r+ hn — 5)F(5)d5 + hngn € K.,

for every n € N. We can fix ng € N such that hy,, € (0,7 —7] and ||g,, || < e.
This choice is possible because

lélﬁ)lw(go, [—0,0],6) =0 andl(slﬁ)lw(Qf, [17,7],6) =0.
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For ng fixed as above, we define: vy := 7+ hp,, 6(t) := 7 for every t € [, 1p],
B(t,s) = 0 for every (t,5) € Ay, g(t) := qn, and f(t) := f(t) a.e. on
[7,1p] and we show that (0,3, g, f,u), with u defined by (3.2), is an (g,%)-
approximate solution on [T — o,1p] C [r — 0, T].

It is easy to see that the conditions (A;)—(Ag) are fulfilled.

Let us verify the conditions (A7) and (Ag). Using (3.5), Remark 3.5
and our choice for h,,, we obtain that

lue = wgllo = llue — urlle <wlep,[-0,0],t —7)
+w(Qf, [rvol t = 7) + 2M (v = 7)|lgllo < w(e, [=0,0], finy)

+w(QF, [7. T hng) + 2M(T = 7)|gllo < €

for every t € [1,19) and so (Ay) is fulfilled. Furthermore, from (A;), (A4)
and (As) we get ||f(¢)]| < x(¢) and [|g(t)|| < € < 1 ae. on [r, 1] and
therefore, using (3.4) and (3.6), we have

[y = Pllo = lluwy = urlle <1,

hence u,, € By(p,r). Since by (3.3) and (3.8) we have
T+hng _
Uy (0) = u(vg) = S(hny)p(0) —|—/ S(T 4 hpy — 5)f(5)ds + hnygn, € K,

it follows that u,, € Ko N By(p, 7). Hence (Ag) is also satisfied and conse-

gently (0,0, 9g, f,u) € Mrp.

Next, we shall prove that there exists at least one (e, )-approximate
solution of (1.1) and (1.2), defined on the whole interval [ — o, T]. To this
end, we shall apply Theorem 2.3 to the set My endowed with the following
preorder:

If (0%, 8%, g%, fHul) and (02, 3%, 92, f2,u?) are two (e,%))-approximate
solution on [T — o, '] and respectively on [t — o,1?], then we say that

(01,8, g, f1ut) < (6% 8%, g% f2u?)

if only if ! < v2, 0 = 62|, B = 62|[”1], 9" = ¢*lru), and [ =
P2 -
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It is obvious that < is a preorder on M. Moreover, let us notice that
(01, 84, g4, fLut) < (62, 82, g%, £2,u?) implies, by (3.2), that u2|[7_0’1,ﬂ =l
We define the function § : My — R by

S((97ﬁag’f’u)) =V

if (6,08,9, f,u) is an (e,)-approximate solution defined on [ — o,v]. It
is clear that 8 is increasing on My. Further on, we shall show that each
increasing sequence ((0°, 3%, ¢°, f*,u'))ien in Mz is majorated in Mp. We
construct a majorant as follows. We define

v* = lim v/*

1

and we have v* € (1,T]. For each i € N, we define 0*(t) = 0(t) if t € [r, 1]
and 0*(v*) = v*, B*(t,s) = Bi(t,s) for every (t,5) € A,i, g*(t) = ¢'(t)
and f*(t) = fi(t) if t € [r,v%]. Since ((6%, 3, g%, f*,u?))ien is an increasing
sequence in My, the functions 6%, 8%, ¢g*, and f* are well defined. Moreover,
for every i € N we have that || fi(t)|| < x(t) and ||g*(t)| < € a.e. on [r,v],
which yields

(3.9) 1F* ()] < x(t) and [lg" ()] < € ae. on [r,v]

and therefore g* € L°°([r,v*], X) and f* € L([r,v*], X). It is obvious that
0* : [1,v*] — [r,v*] and thus we can consider the 5-tuple (6%, 5%, g*, f*, u*)
with the function u* defined by (3.2) . Since t — §*(t, s) is nonexpansive on
(s,v*), in view of Remark 3.3 we infer that u* is continuous on [t — 7, v*].

Now, we show that (0%, 5% g%, f*,u*) € Mp. To this end, we fix an
arbitrary 7 € N and we observe that for every t € [T — o, 7] we have u*(t) =
o(t — 7) = u'(t) and for every t € [, 1] we have

u*(t) = St —7)p(0) +/ S(t—s)f*(s)ds —i—/ S(6*(t,s))g*(s)ds

= S(t —7)¢(0) —I-/ S(t — s)f'(s)ds +/ S(Bi(t, 5))g"(s)ds = u(t).

Consequently, u*(t) = u'(t) for every t € [r — o,v']. Moreover, for every
t € [r,v"] and every s € [—o,0] we have

T—0<O0t)+s5s=0(t)+s<t+s<t <,
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and

Ugs (1) (8) = u™(67(1) + s) = uw*(0(t) + s) = u(0(t) + 5) = Uigi(t)(S).
Therefore
(310) UZ*(t) = Uéi(t),

for every t € [r,v%]. Taking into account the above relations, it readily
follows that (6%, 5%, g*, f*, u*) satisfies (A2)—(A7).

Let us verify the conditions (A;) and (Ag). For any ¢ € [, v*) there exists
i € N such that t € [,2] so, by (3.10) we get Ugs (1) = u'gicy € KoNBs (7).
For t = v* we have 0*(v*) = v* and Ugs () = Uy+- Then, by (3.9), we can
use the relation (3.4) which, together with (3.6), yields |[u}. — ¢||, < r and
thus g, (,.) = u,- € B, (¢, ). By the continuity of u* we have

up(0) = u*(v*) = lizm u (V') = lilm u' (V).

Since u’, € Ko N B, (p,r) we have that v’ (') = u',(0) € KN B(p(0),r), for
every i € N. The set K N B(¢(0),r) is closed, hence u}.(0) € K N B(p(0),r)
and therefore u;*(w) = u}. € Kop. It follows that (0, 5*, g*, f*,u*) € Mr. In
addition, (6%, 3%, g%, f,u*) < (0%, 8%, g%, f*,u*) for each i € N and thus the
sequence ((0°, 3%, ¢°, f,u'))ien is majorated in Myp. Therefore, the set Mr,
endowed with the preorder < and the function §, satisfies the hypotheses of
Theorem 2.3.

Before using the conclusion of Theorem 2.3, we shall show that any
element (0,03, g, f,u) € Mg with 8§((0,0,9, f,u)) < T is majorated in Mrp
by an element (6, 3,9, f,u) € My with 8((0, 3, g, f,u)) < 8((0, 3,9, f,u)).
To this aim let us consider that (0, [, g, f,u) is an (e, )-approximate so-
lution defined [ — o,v] with v € (7,T). Since u, € Ko N By(p,r) we can
apply Theorem 2.2 on [v,T] for G(-) = F(-,u,). It follows that there exists
a measurable function f : [, T] — X such that f(t) € F(t,u,) a.e. on [v,T]
and

1F(8) = ()l < d(¥(t), F(t,uy)) +ep(t) ae. on [v,T].

By (H;) we have ||f(t)|| < x(t) a.e. on [v,T] and hence f € L([v,T], X).
Since (v, u,) € I x Ko we can apply the tangency condition (Hy) at (v, u,).
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Therefore, there exist (hy), in Ry with A, | 0 and (g, )p in X with ¢, — 0
such that

v+hnp B
B1) S0+ [ 8@ b= ) F s+t € K,
for every n € N.
We define
. f@) iftelrnv],
76 = { ) ifte )
Since

li - = li (7, T),68) =
imw(p, [~0,0],0) =0 and lmw(Qf, [, T],0) =0
we can fix n € N such that hy € (0,7 — v], ||¢z|| < e and
w(p, [-0,0], hz) + w(QF, [, T], hz) + 2M(T — 7)|lq| < e.
Further on, we define 7 := v + hy, f(t) := f(t) for t € [r,7] and

B o o(t) ifterv],
()_{ v if t € (v,7];

(0) = { g(t) ifte|rv]

g
any iftE(l/,ﬂ
B(t, s) ifr<s<t<v,
B(t,s):=L T—v+Bs) ifr<s<v<t<,
0 ifr<s<t<w.

We show that (5, 3, g, f,ﬁ), with @ given by (3.2), is an (g, )-approximate
solution defined on [r — o,v] C [T — 0, T]. First, we notice that 3 satisfies
(A3), g € L=([r,7],X) and f € L'([r,7], X) so, in view of Remark 3.3, it
follows that w € C([t — o,v], X). Moreover,

u(t) = u(t) for every t € [T — o, V]
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u(t) =St —71)p /St—s ds—{—/S B(t,s))g(s)ds

S(t—v)u /St—s d8+/5 B(t,s))g(s)ds

=St —v)u, (0 /St—s s)ds + (t — v)gz,

for every ¢ € [v,7]. Also, it is obvious that (5, B, g, f, u) satisfies (A2)—(Ag).
Since for every t € [1,v]| we have 0(t) = 0(t) and

aé(t) = ng(t) = Ug(y) € Ko N Bg((p, T‘)
and for every ¢ € (v, 7] we have
ﬂé(t) = U, =u, € KoN By(p,r),

we deduce that (A4;) is fulfilled.
Let us verify the conditions (A7) and (Ag). For every t € |1, v] we have

e = ugylle = llte — tge)llo = llue — uglle <€
and for ¢t € (v, 7], using (3.5), Remark 3.5 and our choice of h;, we obtain

175 = Tl = 1 Tl < o, [=0, 0], ¢~ »)
+ w(QF [, t = )+ 2M(F — 7)gllo < (i, [0, 0], hs)

+w(QF, [, T, ha) +2M(T = 7)|ga|| < €

and so (Ay) is fulfilled.
By (A1), (A4) and (As) we have that |[f(¢)[] < x(#) and [g(t)[| <e <1
a.e. on 7, 7] and therefore we can use (3.4) which, together with (3.6), yields

5 = pllo = [[t5 —Urllo <7

and thus a5 € B,(p,r). Since, by (3.2) and (3.11), we have
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v+hz .
u5(0) = S(hz)u, (0) + / S(v+ hz —s)f(s)ds + hpg € K,

it follows that ay; € Ko N By(p,r). Therefore, (5, 5, 5,]?,@) is an (g,1)-
approximate solution defined on [r — o,7]. Moreover, by construction,

Well%ye (9~, B, 9, f, u) < (97 B, g, [, ;LZ) and 8((97 B, 9, ’LL)) =v<v=
S(6. 5.3, 1.7)).

Now, from Theorem 2.3 we infer that there exists (0,4, g, f,u) € Mr
such that 8((0, 3,9, f,u)) = 8((0, 0,9, f,u)), for each (0,03,g, f,u) € Mr
with (0,8,9, f,u) < (6,8,9, f,u). If 8((0,8,9,f,u)) < T then, by the
last step, there exists (0, 3,9, f,u) € Mg with (6,8, 9, f,u) < (0,8,9, f,u)
and such that 8((0, 8, g, f, u)) < 8((0, 8,9, f, u)). We conclude that
8((0,8,9g, f,u)) =T and this completes the proof of Lemma 3.1. [ |

We are now prepared to complete the proof of Theorem 2.1.

Proof. Let T' € (7,7 + p] be given by Lemma 3.1 and let (g,), be a
decreasing sequence of positive real numbers such that 7 | &, < +oo and
en € (0,1) for every n € N.

Starting with one measurable selection fy(-) € F'(-, ), in view of Lemma
3.1 we can define inductively the sequence ((6™, 5", g", f™, u"))nen such that
@™, 8", g", f*,u") is an (e, f™)-approximate solution on [r — o, T] for every
n € N.

Thus, for every n € N we have

0, fort € [t —o,7],

3.12) u"(t) = (Qf")(t)+q
(3.12) () =( )(t) / S(B"(t,s))g"(s)ds, forte (1,T]

and
(B1) Ugn gy € Ko N B,(p,r) for every t € [1,T);

(Bg) 0 <t—0"(t) for every t € [1,T);
(B3) 0 < g™t,s) <t—71for7<s<t<T,
(Byg) |lg"(t)]] < ep, ace. on [1,T];

(Bs) f™(t) € F(t,ugn(t)) a.e. on [1,T];
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(Bs) 1£7(8) = £ () < d(F™4), F(t, 1)) + ni(®) ace. o [1, 7]
(Br) |[Juf — ugn(t)Hg < e, for every t € [, T];
(Bg) ur € Ko N By(p,7).

We shall prove that (u"), converges uniformly to a function u : [t —o,T] —
X that is a solution of (1.1) and (1.2).
For this, we first show that for every n € N we have

(C) /@I < x(t) a.e. on [r,TT;

(Ca) [lu(t) = Q")) < M(T —7)ey, for everyt € [, T7;

(03) ||Ugj+11(t) - ugn(t)HU S 26“ + ”un+1 - unHT? fOl“ every le [7_7 T]a
where || - ||z is the norm in C([r — o, T]; X);

(Ca) 41 E) = ol < p@)([u = w7 + 3en) ae. on [r,T].

Indeed, (C) follows from (H;) and (Bs), (C2) follows from (3.3), (3.12) and
(B4). In order to prove (C3) we observe that

|uf™ —ull, = sup [u"TH(t +8) — u"(t + 5)||
—0<s<0
< sup  [u ) —ut @) = [T = lr
T—o<v<T

and thus by (B7) we obtain that

N

it o — o lle < Mgty — 2 o - o = o+ [ — gyl

i1 + Ul —ulo 4+ en < 260 + U — 7

IN

for every ¢ € [7,T]. Finally, by (H2), (Bs) and (C3) we have
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1F71 @) = £l < d (70, F (gl ) ) +ennnd)
<dyp (F (t,ugn(t)> F (t,ugjfl(t)» + enp1pu(t)

< pu(t) (I = i gy lo + 2011
< () (Ju+t = w7+ 3,)

a.e. on [1,T] and hence (Cy) is also checked. Further on, for every ¢ € [r, T},
by (3.6), (3.11), (C3) and (C5) we have

Ja 1) — @O < " (@) — @O+ Q) — (@M@

T
+I@QF) () —u" O] < M(T = 7)(ent1 + &n) +/ 1F71(s) = 7 (s)lds

T

T
<2M(T — 7)en + M (3ep, + |u" — u”HT)/ w(s)ds

3 1
<M (2(T —-7)+ 2) En + §\|u"+1 —u"|p.

Therefore, since |[u™*1(t) — u"(t)|| = 0 for every t € [T — 0, 7], we obtain

3 1
o 0) =@l < 0 (A7 =7+ 3 ) et = ol

for every t € [T — 0, T, and thus

3 1
ot =y < 0 (AT = 1)+ 5 ) et S =

for every n € N. It follows that
(3.13) |u™ ™ — u™ || < M (4T —7) +3) en

for every n € N* with >~ | &, < 400 and so we deduce that (u™),, converge
uniformly to a function v : [t — 0,7] — X.
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From (Cy) and (3.13) we deduce that, for almost all ¢ € [, T], we have

LFF1E) = @Ol < p@) (™ = ullr + 3en)

< W) AM(T — 7) + 3M + 3)e,,

for every n € N*. This implies that (f™),, converge pointwise almost every-

where to a measurable function f. For any fixed t € [r — 0,T], by (Cy)

and Lebesgue’s Theorem, we obtain that lim (Qf™)(t) = (Qf)(t). Conse-
n—oo

quently, by (C2), we conclude that u(t) = (Qf)(t) for every t € [T — 0, T].
For every t € [r,T] and every n € N*, by (B7) and (C3), we have

[ugn sy — wello < [[ugn(y = willo + llup —wlle < en+ lluf’ —wllr

and thus ug, ;) — u; in |- llo as n — oo. In view of (By) and Remark 3.1 it
follows that u; € Ko N By (¢, r) and hence u(t) € K N B(p(0),r), for every
ter,T].

Now, let us observe that, a.e. on [, T], we have

d(f(t), F'(t, ur))

IN

1£@) = £ @l +d (F (B ) Pt )

IN

1F(E) = FH @O + p() [ gy — wello

for every n € N*. It follows, by letting n — oo, that d(f(t), F(t,u;)) = 0
and thus, since F' has closed values, f(t) € F(t,u;) a.e on [1,T].

We have proved that u : [T — 0,T] — X is a solution of (1.1) and (1.2),
with u(t) € K for every t € [r,T], and so, (7,¢) being arbitrarily fixed in
J x Ko, we have shown that K is a viable domain for (1.1). |
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