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1. Introduction

In this paper, we prove an existence theorem for a system governed by an
impulsive semilinear differential inclusion with delay.

More precisely, let E be a real Banach space.

For any a < b let us denote by C([a,b], E) the space of all piece-wise
continuous functions ¢ : [a,b] — E with a finite number of discontinuity
points {t.} C [a,b] such that ¢, # b and all values

cft) = lim c(t, + h)

cftr) = lim et~ h)

are finite (we consider only c(t}) in the case t, = a).
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Let us observe that C([a,b], E) is a normed space with the norm:

lelle = sup [le(t)]|e-
a<t<b
For 7 > 0, let x € C([—7,0], E) be a given function.

We consider a Cauchy problem for a semilinear functional differential
inclusion with impulses at fixed moments. Similarly to the impulsive differ-
ential equations (see e.g. [9, 12]) the mathematical model of this problem is
the following;:

(1.1) y(t) = z(t) , t € [-7,0]

(1.2) y'(t) € Ay(t) + F(t,ye) , t €[0,d]

(1.3) Ay[t:tszk(yt;) ,k=0,...,m

where A is the infinitesimal generator of a semigroup, F' : [0,d] xC([—7, 0], E)
—o F'is a multivalued map, y € C([—7,d], E). Fort € [0, d], y € C([—7,0], E)
is defined as y(0) = y(t +6), 0 € [-7,0], 0 < t; < -+ < t,,, < d are given
points, Ayli—,= y(t;) — y(t;), y(ty) = y(tx) and Ik C([=7,05, E) —
E, k=0,...,m are given functions.

The jump sizes can be deterministic, as in (1.3) or non-deterministic.
This latter case can be formulated considering instead of (1.3)

(1.4) Ayli=1, € Ik(yt;) ,k=0,....m

where Zj, : C([—7,0], E) — E are given multivalued functions.

In this paper, we study the both cases.
Differential inclusions have been the subject of an intensive study of many
researchers in the recent decades, see e.g. [2, 6, 7, 8, 14, 15].

Let us note that the existence of mild solutions for semilinear functional
differential inclusions in Banach spaces was proved by Obukhovskii ([10]).

It became natural to look for the existence of non-continuous solutions
of differential equations and inclusions, in some mathematical models of
phenomena studied in physics, population dynamics, biotechnology and eco-
nomics. Moreover, the model of non-deterministic jump sizes may arise in
the case of a control problem, where one wishes to control the jump sizes in
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order to achieve certain objectives. This problem is related to the study of
systems governed by impulsive differential equations and inclusions.

The former have been extensively investigated in finite and infinite-
dimensional Banach spaces, see for example [9, 11, 12, 13].

On the other hand, systems governed by impulsive differential inclusions
seem to be an interesting new argument of research.

Two of the first authors that have studied this argument are Watson
and Ahmed, see [1, 16], moreover, we refer the interested reader to some
very recent papers of Benchohra et al, see [3, 4, 5].

We prove the existence theorem using the topological degree theory for
condensing multifields and some other methods developed in the book of
Kamenskii, Obukhovskii and Zecca ([7]).

The paper is organized as follows. In Section 2, we recall some defi-
nitions and results from multivalued analysis which will be used later. In
Section 3, we present the existence result for problem (1.1), (1.2), (1.3) and,
under an additional assumption on continuity of jumps, we demonstrate the
compactness of the solution set.

2. Preliminaries

Let X, Y, be two topological vector spaces.
We denote by P(Y') the family of all non-empty subsets of Y and by

- K(Y)={C e P(Y), compact},
21) Ko(Y)={D € P(Y), compact and convex} .

A multivalued map F': X — P(Y) is said to be:

(a) ws.c. if F71(V) = {z € X : F(z) C V} is an open subset of X for every
open V CY;

(b) closed if its graph Gr = {(z,y) € X XY : y € F(x)} is a closed subset
of X xY.

(c) compact if its range F'(X) is relatively compact in Y, i.e., F(X) is
compact in Y.

(d) quasicompact if its restriction to any compact subset M C X is com-
pact.
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It is easy to see that the closeness of a multivalued map F' is equivalent to
the fact that for any sequences {z,}22; C X, {yn}o>, C Y, if z,, — x and
yn € F(xn), yn — y, then y € F(x).

When X, Y are metric spaces the following result can be proved (see

[7])-

Theorem 2.1. Let X and Y be metric spaces and F : X — K(Y') a closed
quasicompact multimap. Then F is u.s.c.

Moreover, we have the following property for u.s.c. multimaps (see, e.g. [7]).

Theorem 2.2. Let F': X — K(Y) be an u.s.c. multimap. If C C X is a
compact set, then its image F(C') is a compact subset of Y.

Everywhere in this section the symbol £ denotes a real Banach space.
We will use the following important sufficient condition for the weak
compactness of a set in L([0,d], £) (for the proof see, e.g. [7]).

Proposition 2.3. Assume that Q C L'([0,d],€) is integrably bounded and
the sets Q(t) = {w(t) : w € Q} are relatively compact for a.e. t € [0,d].
Then Q is weakly compact in L*([0,d],&).

Let us recall some notions (see, e.g. [7] for details).

Definition 2.4. Let (N, >) be a partially ordered set, a map 5 : P(£) — N
is called a measure of non-compactness (MNC) in & if

B(caf?) = B()
for every Q € P(£).

A measure of non-compactness (3 is called:

(i) monotone if Qg, 1 € P(E), Qo C O imply 5(Q0) < B();
(ii) nonsingular if S({b} U Q) = B(N) for every b e &, Q € P(E);
(iii) algebraically semiadditive if 5(Qo + Q1) < () + B(2) for every
Qo, 2 € P(E);

(iv) regular if 8(€2) = 0 is equivalent to the relative compactness of €2.
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A well known example of measure of non-compactness satisfying all of the
above properties is the Hausdorff MNC

x(Q) = inf {& > 0: Qhas a finite e-net} .

Let us mention the following property.
If L is a bounded linear operator in £, then for every bounded 2 C £

X(L8Y) < [[L]Ix ().

Definition 2.5. Let X be a subset of £ and A a space of parameters, a
multimap F': X — KC(E), or a family of multimaps G : A x X — K(€), is
called condensing relative to an MNC (3, or 8-condensing, if for every 2 C X
that is not relatively compact we have, respectively

) # B(Q) or BIG(A x Q) # B(Q

We will need also the following property (cf. [7], Theorem 4.2.2).

Theorem 2.6. Let {f,}°2, C L([a,b],&) be an integrably bounded sequence
of functions such that

X({fninz1) < a(t)

for a.e. t €[0,d] where g € L*([a,b]).
If S : LY([a,b],€) — C([a,b],&) is an operator satisfying the following
properties:

(S1) there exists D > 0 such that

1550) ~ a0l < D [ 1565) ~ o)l ds

(S2) for any compact K C € and sequence {f,}°>, C L(|a,b] — & such
that {fn}o2, C K for a.e. t € [a,b] the weak’ convergence fn, — fo
implies Sf,, — S fo,
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then
(2.2) anwﬁﬂg2D/E@mS

for all t € [a,b], where D > 0 is the constant in condition (S1).

For the operator that satisfies properties (S1) and (S2) we have the following
statement (cf. [7], Theorem 5.1.1).

Theorem 2.7. Let S : L'([a,b],€) — C([a,b],E) be an operator satisfying
the conditions (S1) and (S2). Then for every integrably bounded sequence
{fa}ee, € LY([a,b];€) such that the set {f,(t)}5, is relatively compact
for almost every t € [a,b], the sequence {Sfn}22 is relatively compact in

C([a,b],E) and moreover, if f,, = fo, then Sfp, — Sfo.

Remark 2.8. An example of an operator that satisfies properties (S1), (S2)
is given by the integral operator T': L!([a,b]; &) — C([a, b]; £) defined as:

L) = [ T - 95 ds

where T'(0) is a Cy-semigroup.

Let W C £ be an open set, K C £ a closed convex subset; 5 a monotone
MNC in € and F : W — Kv(K) a u.s.c, -condensing multimap such that
x ¢ F(x) for all z € OWk, where Wi and Wy denote the closure and the
boundary of the set W = W N K in the relative topology of the space K.
In such a setting, the relative topological degree deg (F, W ) satisfying the
standard properties is defined (see [7], Chapter 3).

Moreover, the following properties of the fixed points set of F' can be
proved (see [7]).

Theorem 2.9. Let M be a closed bounded subset of £, F : M — K(€) a
closed, (-condensing multimap, where 3 is a monotone MNC' defined on E.
Then the fized point set Fix F = {x € M : © € F(x)} is compact.
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Theorem 2.10. Let M be a closed subset of £, 3 a monotone MNC on
E, A a metric space and G : A x M — K(&) a closed multimap which is
B-condensing in the second variable and such that

F(A) :=FixG(\, ) £ 0,

for every A € A. Then the multimap F : A — P(E) is u.s.c.

3. An existence theorem for a semilinear
functional differential inclusion

In order to give an existence result for the problem (1.1), (1.2), (1.3), let us
assume the following hypotheses:

(A) The linear operator A : D(A) C E — FE is the infinitesimal generator

of a Cy-semigroup e?;

The multivalued map F : [0,d] x C([—7,0], E) — Kv(E) is such that:

(F1) The multifunction F(-,¢) : [0,d] — Kv(FE) has a strongly measur-
able selection for every ¢ € C([—T,0], E), i.e., there exists a strongly
measurable function f : [0,d] — E such that f(t) € F(t,c) for a.e.
t € [0,d];

(F2) The multimap F(t,-) : C([-7,0], F) — Kv(E) is us.c. for ae. t €
[0, dl;
(F3) There exists a function a € L} ([0,d]) such that:
|F(t, o)l < a(t)(1+|cle) for a.e.t € [0,d];
(F4) There exists a function u € L ([0,d]) such that:

X(F(t,D)) < u(t)p(D) for a.e.t € [0,d],

for every bounded D C C(|—7,0], E) where x is the Hausdorff MNC
in F and (D) = sup x(D(t)).

—7<t<0
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Definition 3.1. A function y € C([—7,d], E) is said to be a mild solution
to the problem (1.1), (1.2), (1.3) if there exists a function f € L'([0,d], F)
such that f(t) € F(t,y.) for a.e. t € [0,d] and

y(t) =z(t) , t € [-7,0];

t
y(t) = ez(0) +/ A=) £(s) ds + Z eA(t*t’“)Ik(ytk) , t €10,d].
0 0<t<t

Remark 3.2. Let us observe that the superposition multioperator

Pr : C([~7,d],E) — P(L'([0,d], E)) generated by F, that assigns to every
function y € C([—7,d], E) the set of all strongly measurable selections of the
multifunction t — F'(¢, ), t € [0,d], is well defined (see Theorem 1.3.5 [7]).
(Notice that from (F3) it follows that all such selections are summable).

Moreover, the following statement, that in [7] is given for a continuous func-
tion, is still valid in the space C([—7,d], E).

Lemma 3.3. Assume the sequences
{zn}pzy C C([=7,d), B), {fa}ozy € L'([0,d], E)

fn € Pr(xy,), n > 1 are such that x,, — xo, fn — fo. Then fo € Pp(xp).
Theorem 3.4. Under assumptions (A), (F1)-(F4) the problem (1.1), (1.2),
(1.3) has a mild solution on [—T,d], moreover, if I, k = 0,...,m are contin-
uous functions, the solution set is a compact subset of the space C([—7,d], E).
We divide the construction of the solution of the problem (1.1), (1.2), (1.3)
into steps. We solve the problem in the interval [—7, 1], then in the interval

[t1,t2] and so on until the final interval [t,,,d]. More precisely, we proceed
in the following way.

Consider the set Q° C C([—7,t1], E) defined as:
Q% = {y:y(t) = x(t), t € [-7,0], yis continuous on [0,#;]} .

It is clear that Q° is a closed, convex subset of the normed space C([—T,t1], E).
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Given f € L'([0,t1], E) we define the function p(])c i [—7,t1] — E as:

x(t), t € [-7,0];

0(f) —
P eAtr(0) + /t A=) f(s)ds , t € (0,t].
0

Now consider the multioperator PV : Q° — P(Q°) defined as:
(3.1) Poy°) = {p} € Q"= f e LY[0,t:], E), f(s) € F(s,49)} -

A fixed point of the multioperator P, 3° € P%(y°) gives a mild solution of
(1.1), (1.2), (1.3) on the interval [—7,t1] (it is clear that y° = x in the case
t;1 =0).

Further we continue the inductive process in the following way. If a func-
tion y*~1 is constructed on the interval [—T,tx], then we define a convex,
closed subset Q) C C([—7,tx41], E) as:

y(t) =y*F=D(t), t € [—7, 1),

Gy
Q Yy (k—l))

yis continuous on (tg, tx11], y(t) = y* " H(tk) + Ik (ytk

Given f € L'((tg,tx11), F), we define the function p;k) D=7 tkt1] — E as:

y*D(@) ¢ e [, )5

(k)
py (L) = B t
f ( ) 6A(t_tk)(y(k_1)(tk)+lk (yg: 1))) +/ eA(t—s)f(S) dS, te (tk‘7tk:+1]'

i

Now define a multioperator P* : Q%) — P(Q®*)) in the following way:
(3.2) PW(y®) = {pgp € OB, f e LY (b trn), B), f(s) € F(s,ygk>)},

As above if y®) € P (y*)) then y*) is a mild solution of (1.1), (1.2), (1.3)
on [—7,txy1]. We have to prove that the multioperator P®) has at least a
fixed point. To this aim we split the proof proving three technical lemmata.
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Lemma 3.5. The multioperator P%) is u.s.c. with compact, convez values.

Proof. Let {yy2 1, {pi 12, < W, i — 4, pl e PWP),
n > 1 and pgf) — p(()k).

Consider a sequence {fT(Lk) . C LY(tg,tks1), E) such that fék) €

n=1

Pr(y),n = 1,pit” = GO (1), where for f € LN((tr, tri), B), GO (f) =
p;k). From assumption (F3) it follows that the sequence { fﬁk) o0 | is inte-

grably bounded.
Hypothesis (F4) implies that:

Y ({IP01) < nwe ({d,) =0,

for a.e. t € [tg,tr41], i-e., the set {fT(Lk) (t)}oo, is relatively compact for a.e.
t e [tk,tk+1].

From Proposition 2.3 it follows that the sequence { fy(Lk) iy
compact in L'((tg,tx11), E), so we can assume, without loss of generality

that £iF — £

Applying Theorem 2.7 and Remark 2.8 we conclude that pg{) =
G(k)fr(bk) — G(k)fék) = p(()k). Moreover, by Lemma 3.3 we have fo(k) €
PF(y(()k)), therefore p(()k) e GW o PF(yék)) = pk) (y(()k)), demonstrating that
the multioperator P*) is closed.

is weakly

In particular for any convergent sequence flk) © = QW a sequence
y g Y n=1
(e € LY (b tonr), B), with [ € Pp(y?), n > 1, is integrably

n=1

bounded and the set { f,S’“) (t)}oo, is relatively compact for almost every ¢ €
[ts, tre1] and, by Theorem 2.7, the corresponding sequence {G(¥) (fflk))}flo:l C
Q™) is relatively compact, therefore the multioperator P*) = G%) o Py is
quasicompact, then we obtain that it is u.s.c. by Theorem 2.1.

The quasicompactness property obviously implies the compactness of
values of G®) o Pp. Finally, its convexity follows easily from the fact that
F has convex values. u

It casy to verify that the function v defined on bounded sets Q ¢ Q%) with

values in (R2, >) as:

(3.3) /(@) = max (7(D).5(D))
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where D(€) is the collection of all denumerable subsets of € and, for a given
constant L > 0,

v(D)= sup e Mx(D(t))
(3.4) L <t<tp+1

d(D) = mod¢ (D L[tkﬂfkﬂ]) ’

is a monotone, non singular, regular MNC.

Lemma 3.6. The multioperator P¥) is v-condensing on bounded subsets of
Q™ , where v is the MNC defined in (3.3), (3.4).

Proof. Let Q ¢ Q) be a bounded set such that
(3.5) v(P®(Q)) > v(Q).

Let the maximum in »(P®*)(Q)) be achieved for the countable set D’ =
[ Yoz, where pi) = GO(AD), £ € Pr(y”), n > 1 and {5},

n=1»

C Q. From (3.5) we have:

(3.6) v ({p3,) = () -

From (F4) we have for s € (tg, txi1]:
({61, < i) s X (P +0r,)

_ —Ls (k) 9) 1>
e“su(s)e _f3£)<OX({yn (s + )}n:1>

=elsu(s)e ™t sup X({yék)(g)}zoﬂ)
tpr<o<s

<elsu(s) sup ety ({yﬁz’“)(ff)}fd)

te<o<tpt1

= ePu(s)y ({(u)72,)
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Moreover, from properties of MNC y we have for ¢ € (¢, tit1]:

X ({p%k) <t>}§?;1)

t
o (A (1 (1)) + [ A ), )

tk

< x<eA<t—tk> (v () + I (yﬁf‘”))) +X ( /t AP, d5>
— ( / t AR (5)1> ds) :

tx

Applying Theorem 2.6 we have

t
eIy (P 0)) < eban | etops)ds oy (o))

173

t
<2M sup e_Lt/t ELS#(S) ds -~y ({yék)}md) )
k

te€ty,tht1]
where M > 0 is a constant such that:
(3.7) ez < M, te0,d].

Then

t
(3.8) ~ ({p%k)}zo:J < . sup e Lam [ elou(s)ds-y ({yg’“)};’;l) .

€tk tr1] tk
We can choose the constant L > 0 so that

¢
sup [2M e =9 1 (s) ds] <1
tE€[ththy1] th

Then from (3.6) and (3.8) we have

({0F5) =7 (1) =0

and hence
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v ({sm,) =o.

for all t € (tk,tk+1].
With the same arguments used in Lemma 3.5 we obtain that {p;’“) o1
is a relatively compact sequence, therefore

0 ({p%’“)}io:l) =0,

ie, v (P(k)(Q)) = (0,0) and from (3.5) v(€2) = (0,0), then 2 is a relatively
compact set. ]

Let the function ) € Q") be defined by 7 (t) = eAt—t) (y(=D (1) +
I k(yg: 1))), t € (tg,tgs1]. Consider the following family of multimaps @y :
Q™ x [0,1] — Kv(Q™®) given by:

w
3.9)  ®p(y™,\) =L w® e t
t € (tg,trr] : f € Pr(y®)

Lemma 3.7. The set of fized points of @y, i.e.,
Fix @ = {y € ®r(y, \) for some X € [0,1]},
s a priori bounded.

Proof. Let y*) € Fix®y, Ny_1 = sup |y* " Y(t)], then we have for

—7<t<tg
te [tk,tk+1]2
t
PO < 1TPle(mr e .5 + M t |f(s)|ds
k
<7 e (rtnsa), B) +M/ 1+||ys e (=0, E)) ds

<1 e rtpr ) + Ml 2 e + M / P le(rropm) ds

<7 le(=rtpsa),B) + Mz t44)
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+M a(s)( sup }y(k)(U)H— sup ‘y(k)(a)o ds

tr —7<0<tg tr<o<s

- b
< 7"Ne(ortesa). )+ Mlledlzn gy + MLt gy 40 sup ly* ()]
SUE

t
+M [ a(s) sup ‘y(k)(a)‘ds

tr tpr<o<s
< T e(ortesa), ) + Mlledlzy ) (X + Ni1)

t
+M [ a(s) sup }y(k)(a)‘ds.

tr tp<o<s

The right hand side is a an increasing function in ¢, so we have the same
estimate for all t, <r <t, i.e.

t
sup ‘y(k)(r)‘ §Lk+M/ a(s) sup |y(k)(0)}ds,
ti

tp<r<t tp<o<s

where Lt = [§®lleq—rtu 0.0 + MlallLy g0 (1 + Ni-1):
Since y*) is continuous on (¢, t 1], the function ¢ (t) = SUDy, <<t |y ®) ()]
is also continuous, so

(t) < L+ M [ a(s)y(s)ds

tk
by Gronwall-Bellmann inequality:
t
00 < b {1 [ a(as} < e (Mlalla}
12

Proof of Theorem 3.4. Using the same arguments as before we may
verify that the family ®; defined in (3.9) is u.s.c. and v condensing on every
bounded set Q c Q).

Now we take an open bounded set U € C([—T,tx+1], ) containing the
set Fix ®. The family ®, is fixed point free on the relative boundary GUQ(k)

and hence it determines an homotopy between the multifield i — P*) and
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the multifield i — §*). Taking into account that §*) ¢ Q" and using
the homotopy and normalization properties of the topological degree for
condensing multifields (see [7]), we obtain that deggn) (1 — P(k),UQ(k)) =
degg ) (i — ﬂ(k),UQ<k)) = 1 and therefore

0 # Fix P € Uy

Now assume that functions I are continuous.

Applying Theorem 2.9 we obtain that the fixed points set of P(©) is
compact. This set formes a solution set %9 (z) to the problem (1.1), (1.2),
(1.3) on the interval [—7,t;]. Starting from each solution y(© e () (z) we
obtain, again from Theorem 2.9, the compactness of the fixed points set of
P and hence the compactness of the set (1) (y(9)) of all solutions y() on
the interval [—7, t5] with a given restriction y(®) on [—7,¢].

Using the fact that the function I; is continuous, and applying Theo-
rem 2.10, we conclude that the multimap y(® — X1 (3(©)) defined on the
compact set £(0)(z) is u.s.c.

Then from Theorem 2.2 it follows that the solution set on the interval
[—7,t2], 1) = =W(2O)(2)), is a compact set.

Iterating this process we obtain the compactness of the solutions set on
the whole interval [—7, d). ]

Now we consider the case with the jump sizes not deterministic, i.e., we give
an existence theorem for the problem (1.1), (1.2), (1.4).
In this case a mild solution is defined in the following way:

Definition 3.8. A function y € C([—7,d|, E) is said to be a mild solution
of the problem (1.1), (1.2), (1.4), if there exists a function f € L'([0,d], F)
such that f(t) € F(t,y;) for a.e. t € [0,d] and

y(t) ==(t), t € [-7,0];

t
() =eMa(0) + [ NI pds I MW v fo.d)
0 O<trp<t

with z € Ik(ytk)

Theorem 3.9. Under assumption (A), (F1)-(F4), the problem (1.1), (1.2),
(1.4) has a mild solution on [—T,d], moreover if Iy, k = 0,...,m are u.s.c.

multimaps with compact values, then the solution set is compact in the space
C([_Tv d]7 E)
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Proof. We proceed as in the previous case and we define the sets @(k) -
C(—7,tg+1) and the multioperators P @(k) — P(@(k)), k=0,...,m,in
the following way.

Q' =q"
y(t) =y (t), t € [—7, 1),

@(k) = {y: yis continuous on (t, ty41], y(t) = 2,

2, € yE D (1) + Ik(y(k_l)) is a given point

ty

Given f € LY((tg, try1), F) and z, € yF=1(t) +Ik(y(k71)), we define func-

ty
tions p;k) DT, tky1] — E as:

y(k_l)(t) , tE [T, tl;

By (t) = t
eAM—te) | / A=) f(s)ds | t € (tg, trsa):
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and we define

ﬁo = pY,

PR y®) = (B € QW f € LN ((tn,ths1), B), £(s) € Fls,yi™) }

With arguments very much similar to those used in Lemmata 3.5, 3.6, 3.7
we can prove that multioperators P, k = 0,..., m are u.s.c. with compact
convex values and v-condensing.

Let 78 ¢ @(k) be the function defined by 7 (t) = eAlt-tlz ¢
[t thta]-

As in the deterministic case we can construct the homotopy ®, : @(k) X
[0,1] — Kv(Q™) in the following way:

¢
_ w®) (t) =7®) (1) + )\/ eAt=9) f(s) ds,
‘I)k(y(k)7)\) = wh e Q(k)| i

t € (tg, tpy1] o f € Pp(y™)

As in Lemma 3.7 we can prove that the fixed points set of ®;, is a bounded
set.
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Now we take an open bounded set U C @(k) containing the set Fix ®;,, then
from the homotopy and normalization properties of the relative topological
degree we have that deg@(m (i — P(k),ﬁé(m) = deg@w) (i — g(k),U§<k)) =1,
then .

0+ FiXP( ) CUgw)-

The similar reasoning as before and the assumption that 7, k = 0,...,m
are u.s.c. with compact values allow us to prove, by using Theorem 2.2, that
the solutions set on the whole interval [—7,d] is a compact set. [ ]
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