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Abstract

The Girsanov’s theorem is useful as well in the general theory of
stochastic analysis as well in its applications. We show here that it can
be also applied to the theory of stochastic differential inclusions. In
particular, we obtain some special properties of sets of weak solutions
to some type of these inclusions.
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1. INTRODUCTION

Stochastic differential inclusions, introduced independently by F. Hiai [1]
and M. Kisielewicz [2], are defined as the relations of the from:

t t
(1) T —Ts € clpe (/ F(r,z;)dr +/ G(r, a;T)dBT)

that have to be satisfied for 0 < s <t <T by a continuous (F;)-adapted
stochastic process = (xt)o<t<7 on a filtered complete probability space
(Q, F, (Ft)o<i<t, P) satisfying usual hypotheses ([5]). We assume that set-
valued mappings F' : [0,7] x R" — CI(IR") and G : [0,7] x R" —
Cl(L(IR™,IR™)) are given. We assume that they are measurable on [0, 7] x
R™. Let CI(IR"™) and CI(L(IR™,IR™)) denote the families of all nonempty
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closed subsets of the n-dimensional Euclidean space IR™ and on the space
L(IR™,IR™) of all (n x m) — matrices, respectively. As usual, for a given g =
(9ij)nxm € LOR™,IR™) we define ||g[| = >3 3752 945]- By B = (Bt)o<t<r
we denote an m-dimensional F;-Brownian motion on (€2, F, P) such that
Bi(w) € LOR™,R) for t € [0,T], w € Q and P(By =0) = 1.

Having given the probability space (€2, F, P) mentioned above with a
filtration (F4)o<t<7, Fi-Brownian motion B and set-valued mappings F' and
G, we can look for a continuous Fi-adapted stochastic process x = (2¢)o<i<T
on (Q,F, P) satisfying (1) for 0 < s <t < T'. Such a process z is said to be
a strong solution to (1).

If we have given only F' and G we can look for a system {(2, F, (F¢)o<t<T,
P), (xt)o<t<T, (Bt)o<t<T} satisfying conditions mentioned above and such
that (1) is satisfied for 0 < s <t <T. Such a system is said to be a weak
solution to (1).

It is clear that weak solutions can be identified with pairs (z, B) of
processes © = (x4)o<t<7 and B = (By)o<t<r defined on a filtered probability
space (2, F, (Ft)o<i<T, P).

In what follows the Banach space of all n-dimensional (n x m — type
matrices) Fi-adapted processes f = (fi)o<i<t (0t = (Tij)nxm(t); 0 <t < T)
on a filtered probability space (2, F, (Ft)o<t<T, P) such that EfUT | fe|Pdt
< oo (E fg |o¢|[Pdt < 00); p > 1 is denoted by L (F)(Ly"™(F)). We also
assume that B = (B¢)o<t<r, being an m-dimensional F-Brownian motion
on (Q,F, P), is such that P(By =0) = 1.

Finally, by Conv(IR™) and Conv(L(IR"™,IR™) we denote the space of all
nonempty compact and convex subsets of IR"™ and £(IR™,IR"), respectively.

Let us recall ([2], Theorem 4) that for given measurable and square in-
tegrable bounded set-valued mappings F' : [0,7] x R™ — Conv(IR") and
G : [0,T] x R® — Conv(L(IR",IR™)) and the F;-Brownian motion B =
(Bt)o<t<T on (2, F, (Fi)o<i<r, P) given above, a continuous Fi-adapted
stochastic process = (z¢)o<t<r on Q,F, P) satisfies (1) for every 0 <
s <t < T if and only if there are f € S(F ox) and g € S(F o z) such that

t t
2) B — 3 = / fodr + / 9:dB.;  (P.1)

for 0 < s <t <T, where S(Fox) and S(Gox) denote the families of all F-
adapted selectors for (Foz),(w) = F(t,x¢(w)) and (Goz)i(w) = G(t, z+(w)),
respectively.
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Let ® and ¥ be Fi-adapted ([2]) set-valued mappings ¢ : [0,7] x Q —
CI(R™) and ¥ : [0,T] x Q — CI(L(R",IR™)) such that E [j ||®]|dt < oo
and Ef(;‘FH\IJtH2dt < 00, where ||®¢]| = sup{la| : a € ®;} and ||V =
sup{|b| : b € U, }. We define stochastic set-valued integrals for ® and ¥ on
[s,t] C [0,T] by setting

(3) /:(I)TdT—{/StapTdT:cpeS(CI))}

(4) /stdeT:{LthdszweS(W)},

where S(®) and S(¥) denote again the families of all F;-adapted selectors
for ® and W, respectively. For ® and ¥ given above a family

t t
(5) ( / . dr + / \lleBT)
0 0 0<t<T

will be denoted by Z(®, ¥, B) and called a set-valued It6 process. In what
follows for a fixed [s,t] C [0,T], by Z(®,V, B) ([s,t]) we shall denote the
sum

t t
(6) Z(®, W, B)([s,1]) = / . dr +/ v, dBr.

S S
It follows immediately from the properties of the set-valued stochastic inte-
grals ([2], Theorem 4) that for the set-valued It6 process Z(®, ¥, B) with
® and VU taking convex values and a continuous n-dimensional stochastic
process = = (z¢)o<t<r on (£, F, P) the relation

(7) Tt — Ts EZ(Q),\I/,B) ([Svt])

is satisfied for every 0 < s < ¢t < T if and only if there exist ¢ € S(®) and
Y € S(¥) such that

t t
Tt — Xg :/ g07d7'+/ Y, dB;; (P.1)

for every 0 < s <t <T.
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2. CONTINUOUS SELECTORS OF SET-VALUED ITO PROCESSES

Let (2, F, (Ft)o<t<T, P) be a complete probability space satisfying usual
hypotheses.

Theorem 1. Let Z(®,E, B) be a set-valued Ité process corresponding to
an n-dimensional Fi-Brownian motion B on (2, F, P) and conver valued
Fi-adapted set-valued process ®, where £ denotes n X n-unit matriz, i.e.,
E = (0ij)nxn with 055 =1 fori = j and ;5 =0 fori # j. Assume ® is such

that
Eexp 5/ 1B (t, )| %dt | < oo.
0

Then for every continuous Fi-adapted stochastic process x = (z¢)o<t<T O
(Q, F,P) such that x; — x5 € Z(®,E, B)([s,t]) for 0 < s <t <T there is a
probability measure Q* on F such that

(i) Q7 is equivalent to P

(ii) z is an n-dimensional Fi-Brownian motion on (Q, F,Q%).

Proof. As mentioned in the previous section, there exists f* € S(®) such
that

(8) dry = ftxdt + dBy; tc [0, T]

and such that E(exp % fOT |f¥]2dt) < oo. Now, similarly as in the proof of
Girsanov’s theorem ([4], Theorem 8.6.3) we can put

t 1 t
My —exp (= [ gzap, -5 152

for ¢t € [0,7] and define the measure @Q* on Fr such that dQ* = MrdP.
It follows immediately from formula (8) and Theorem 8.6.3 of [4] that z
is an n-dimensional F;-Brownian motion with respect to the probability
measure QQ*. [
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Theorem 2. Let Z(®, ¥, B) be a set-valued Ité process corresponding to an
m-dimensional F-Brownian motion B and Fi-adapted set-valued stochastic
processes ® : [0,T]xQ — Conv(IR") and ¥ : [0, T]xIR"™ — Conv(L(IR",IR™).
Suppose ® and U are such that there are u € L(F:) and o € LT(F)
such that U(t,w) - u(t,w) = @(t,w) — alt,w) for (t,w) € [0,T] x Q and
Elexp(3 fOT lu(t,-)|?dt) < co. Then for every continuous F;-adapted stochas-
tic process © = (x¢)o<t<T on (Q,F, P) such that

r—xs € Z(V-u+a, ¥, B)([s,t])

for every 0 < s <t < T, there is a probability measure Q° on F such that
(i) QF is equivalent to P,
(ii) Bi(w) = Jiu(r,w)dr + B(t); t € [0,T), is an F;-Brownian motion on
(Qa Fv QI)}
(ili) My =: x—xo— [y u(r,-)dr; t €[0,T] is an Fy-martingale on (Q, F, Q%),
(iv) Z2(®,%, B)([s,t]) = [fu(r,-)dr + [LU(r,.)dB, for 0 <s <t <T.

Proof. Similarly as in the proof of Theorem 4 from [2] we can verify that
xt—zs € Z(V-u+a,V,B)([s,t]) for every 0 < s < ¢t < T, implies the
existence of g” € S(W) such that z; — zs = [Y(g" - u+ a),dr + [} g*dB, for
0 <s<t<T. Hence it follows that

(9) doy = fEdt + g7 dB,

with ff—ay = gf-uy on Q for ¢t € [0, T]. Therefore, by virtue of Theorem 8.6.4
from [4] there is a probability measure @ on F such that:

dQ* = MrdP,

t 1 st
My = exp (—/ urdB; — 7/ ]u.r|2d7') )
0 2 Jo

Hence, in particular it follows that Q* is equivalent to P. Furthermore,
by Theorem 8.6.4 from [4] it follows that By = [Jurdr + B for t € [0,T]
is an F-Brownian motion on (£2, F,Q%). Therefore, in particular, we have

where
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dB; = uydt + dBy. Hence and by (9) it follows that
dzy = gPupdt + cudt + gFdBy = oydt + gF (uedt + dBy) = cydt + gFdB,

for t € [0,T]. Then
¢ ¢ _
xt—xo—/aTdT:/gdeT; 0<t<T.
0 0

Thus 2y — 29 — [y ardr is an Fj-Brownian motion on (Q,F,Q%). But
Z(®,9,B) ([s,t]) = {JH(g" - u+ a);dr + [l g2dB; : g € S(¥)} for fixed
0<s<t<T. Denoting

s T
yf:y(g)—F/O (gz-u+a)7d7'+/0 grdB,

for r € [s, t] we get

dy? = grfu,dr + apdr + g¥dB, = a,dt + gF (u,dr + dB;)
= opdr + g%dB,; 1€ [s,t].

Therefore,
t t - t t _
ytg_yg:/ aTdT+/ grdB; 6/ Olq-d7'+/ V. dB;
S S S S

for fixed 0 < s <t <T and ¢* € S(¥).
Therefore

2(0, 0, B)([s,4]) C /st ydr + /; U(r,)dB,.

for 0 < s <t <T. It is easy to see that we also have
t t -
/ o +/ U, (r,)dB, C Z(®, 9, B)([s,1])
S S

for0<s<t<T. [ ]
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3. STOCHASTIC DIFFERENTIAL INCLUSION
Let us consider the stochastic differential inclusion of the from:
t
(10) Ty — Ts € / F(r,x;)dT + /5 -dB;
S
for 0 < s <t <T, where £ is the n X n — unit matrix.

Theorem 3. Let B = (Bt)o<i<r be an n-dimensional Fi-Brownian motion
on (Q,F,P) and assume F : [0,T] x R™ — Conv(IR") is measurable and
square intergrably bounded. Then

(i) for every solution x = (x¢)o<t<T to (10) there is a probability measure
Q" on F, equivalent to P and such that x is an n-dimensional F-
Brownian montion on (Q,F,Q%),

(i) for every Fo-measurable random variable n : Q@ — R™ and every f €
S(F o (n+ B)) the system {(Q,F, (Fi)o<i<r, P),z, B} with x; = 1+
By, dP = MrdP, where My = exp[f! f;dB, — § [*|f;?d7] and B; =
By — fg frdt is a weak solution to (10) with an initial distribution equal
to the distribution P" of n.

Proof. Let us observe that every solution x to (10) is Fi-adapted. Then
(F ox) is Fr-adapted on [0,T] x ©Q with convex values. Furthermore, there
is m € L([0,T],R) such that ||[F(t,z)|| < m(t) for t € [0,T] and = € IR".
Therefore [ ||F(t, z:)|?dt < fOT m?2(t)dt < +oo with (P.1). This implies

that
1 /T 9 1 T 9
Eexp f/ IF(,20)|%dt | < exp f/ m?()dt | .
2 Jo 2 Jo

Therefore, by virtue of Theorem 1 there is a probability measure Q% on F
such that condition (i) is satisfied.

If n: Q — IR"™ is Fy-measurable, then x; = n + B, is F;-measurable
for ¢t € [0,T]. Then = = (z¢)o<t<7 is continuous with an initial distribution
P* = P". Taking now f € S(F ox) we also obtain F exp (% f(;[ |fT\2d7'> <
+00.
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Let M = (Mt)ogth be defined by

t 1 t
M; = exp {/ JrdBr — 5/ |f‘r|2d7—} :
0 0

By Girsanov’s theorem it follows that dP = MpdP is a probability measure
on F equivalent to P and such that Et = B, — fg frd7 is an F;-Brownian
motion on (2, F, ]5) Hence it follows that z; = n+ By =n+ fg frdr+ B, =
n+ Ji frdr + [L€-dB, for t € [0,T] is such that

t t ~ t t
:ct—xsz/ deT-i-/ E-dBfe/ F(T,%T)dT—F/ EdB,.

Then the system {(2, F, (F:)o<i<T, P), =, B} is a weak solution to (10) with
an initial distribution P". [ ]

Corollary 1. If F satisfies the asumptions of Theorem 3, then for every
Fo-measurable random wvariable n : Q — IR™ the set of all weak solutions
to stochastic differential inclusion (5) with an initial distribution P" cor-
responding to a fized filtered probability space (2, F, (Fi)o<i<t, P) and an
n-dimensional Fy-Brownian motion B = (By)o<i<r starting with zero is

defined by

Xy ={(n+ Bt,Btf)ogth :feS(Fo(n+B))}
with
_ ¢
B{:Bt—/ frdr; 0<t<T
0

or
Xy = (1 + By)o<e<r x {(B) Joct<r : f € S(F o (+ B))}.

Moreover, it is a conver weakly compact subset of the space C([0,T],

L2((, F, P),IR")).

Theorem 4. Let ® : [0,7] x R" — Conv(IR") and G : [0,T] x R" —
Conv(IR™ ™) be measurable and such that

(i) G is square integrably bounded
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(ii) there are u € L2 (F:) and o € LL(F;) measurable on [0,T] x Q x IR"
and such that
(a) G(t,z) u(t,w,z) = F(t,z) — a(t,w,z) for (t,z) € [0,T] x R"™ and
w € Q,

(b) Elexp(3supgemn fo |u(t,-,z)[2dt)] < +oc.

Let B = (Bt)o<t<T be an m-dimensional Brownian motion. Then for every
solution x = (z4)o<t<T to the stochastic differential inclusion

t t
(11) Xy — Ts € / F(r,z.)dr +/ G(t,z,)dBt

for 0 < s <t <T there is a probability measure Q* on F equivalent to P
such that M® = (MF)o<i<r with MF = xy — xo — [ u(T, -, x¢)dT is an Fi-
martingale on (0, F,Q%). Furthermore, if a € L2(F), A = {M* : x €
X(F,G,B)} where X(F,G,B) denotes the set of all solution to (11) and
M2(A) ={Q% : x € X(F,G)}, then M?(A) is a conver set.

Proof. The existence of a probability measure )Q® corresponding to a solu-
tion x € X(F, G, B) such that M* is an F-martintgale on (2, F, Q%) follows
from Theorem 2.

If a € L2(F;), then M? is a square integrable martingale. Then for
every x € X(F,G,B) one has Q* ~ P,Q* = P on Fy and M? is square
intergrable F;-martingale on (2, F, Q7). Therefore, by virtue of ([5], p. 151),
the set M?(A) is convex. ]

REFERENCES
[1] F. Hiai, Multivalued stochastic integrals and stochastic inclusions, not pub-
lished.

[2] M. Kisielewicz, Set-valued stochastic integral and stochastic inclusions, Stoch.

Anal. Appl. 15 (5) (1997), 783-800.

[3] M. Kisielewicz, Differential Inclusions and Optimal Control, Kluwer Acad.
Publ. Dordrecht, Boston, London 1991.

[4] B. @ksendal, Stochastic Differential Equations, Springer Verlag, Berlin,
Heildelberg 1998.

[5] Ph. Proter, Stochastic Integration and Differential Equations, Springer Verlag,
Berlin, Heidelberg 1990.

Received 5 February 2003


http://www.tcpdf.org

