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Abstract

For a shape optimization problem second derivatives are investi-
gated, obtained by a special approach for the description of the bound-
ary variation and the use of a potential ansatz for the state. The natu-
ral embedding of the problem in a Banach space allows the application
of a standard differential calculus in order to get second derivatives
by a straight forward ”repetition of differentiation”. Moreover, by us-
ing boundary value characerizations for more regular data, a complete
boundary integral representation of the second derivative of the ob-
jective is possible. Basing on this, one easily obtains that the second
derivative contains only normal components for stationary domains,
i.e. for domains, satisfying the first order necessary condition for a
free optimum. Moreover, the nature of the second derivative is dis-
cussed, which is helpful for the investigation of sufficient optimality
conditions.
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1 Introduction

Shape optimization is quite indispensable in the design and construction
of industrial structures. Many such problems that arises in application,
particularly in structural mechanics and in the optimal control of distributed
parameter systems, can be formulated as the minimization of functionals
defined over a class of admissible domains (see [17, 13, 19, 15] and the
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references therein). Therefore, such problems have been intensively studied
in the literature throughout the last 25-30 years and several methods for the
description of the domain variation are developed. Especially the velocity
field method (Sokolowski, Zolesio [19]) is highly sophisticated and widely
used. The method of normal boundary perturbation — the first one from a
historical point of view (Hadamard [12]) — and boundary perturbation by
smooth fields (Kirsch [14], Potthast [18]) are more heuristic and intuitive.

However, it allows for 2-dimensional simply connected bounded and
starshaped domains 2 (without loss of gener.: 0 € §2) an easy description of
the boundary I' = 99 and of related boundary perturbations by functions
r = r(¢) of the polar angle ¢ (i.e., ' := {y(¢) = (;E%Z?ﬁi)] ¢ € 0,27},
where the smoothness of the boundaries under consideration is according to
the smoothness of the "boundary generating” function 7(-). Consequently,
a Banach space embedding of the shape problem is possible and a standard
differential calculus can be used.

This will be applied to the investigation of problems of the following
type:

J(Qua(r)) = [jlz,ua(x))dr — inf
Q

(P) subject to
Aug = f(z)in Q C R?,
uolr = g(r) on T' = 0Q,

where f(-), g(-) and j(-,-) are sufficiently smooth functions and optimization
is with respect to I' € C%, which is equivalent to (p denotes ”periodic”)

(1) r(-) € C¥0,2n] :== {r(-) € C*[0,27] | rD(0) = rD(27), i = O(1)k}.

Moreover, we assume for convenience B;(0) C Q € D C R? (ie., r(¢) >
J, ¢ €[0,2m]), with fixed closed set D.

A potential ansatz is used for the solution of the state equation. This
allows, together with the boundary description via polar coordinates, the
transformation of all essential parts into an integral representation and an
integral equation over the fixed interval [0,27] respectively, where all in-
formations about the shape is now contained in the kernels of the related
integral operators. Furthermore, the first order calculus will be extended
to second derivatives, combined with a detailed treatment of several pos-
sible representations and some relations between. Moreover, at the end
an estimate is discussed, helpful for the investigation of sufficient optimal-
ity conditions for such problems. Second shape derivatives for the speed
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method are treated in [19, 15] and for normal boundary perturbations
in [8, 9] and [1]. Nevertheless, it seems to make sense to study something in
more detail for the approach, introduced above.

2 Potential solution of the state equation and
first derivatives for the shape problem

We only briefly recall some basics from potential theory. The solution u of
the state equation of problem (P) can be given by an integral representation
with the volume potential part and the double layer potential part of ug,
respectively (cf. [11, 10, 16]):

@) uo(z) = V(fiz)+ W)
- /Ew{ >&+/mﬁfM@M%
I

where z € Q and p(-) satisfies the BIE

1 0E(x,§)

3)  Sulr) -

; H(E)dSe = —g(a) — [ Bz, )f(€)de. z €T,

0
ne )

The fundamental solution E(z, &) in R? is E(z,£) = —5 In|z — ¢|. After a

transformation into polar coordinates (z = p(5> o)), (2) and (3) becomes

27
M);M®+;/KW@MWWZﬂWHVM®>QEN%L

1
u(x) = fx——/K @)do, x:<x2>eﬂ,
where
V(fiz) =V(fip, )
27r7"(¢)

= / / In \/p2 + 72 —2rpcos(a — @) f(r,p)rdrdd,
0 0
(T(qb) cos (z),l,l) ( ) cos ¢+r ))sm ¢)

[ 1 _ (£(¢) — ‘T) : 5(@ o r(¢) sin p—x2 @) sin ¢p—r’ () cos ¢
1“( )¢*‘ e EOF (6 con P+ (s ()
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_ 72(6) — r(@)peos(p— a) — ' (@)psin(é — a)

K(p,a,¢) r2(¢) + p? — 2r(¢)pcos(¢p — )

The kernel function K(a,¢) (defined analogously to K(p,a,¢) with p
replaced by r(¢)) is continuous on [0, 27]2 for I' € C?, whereas K only sat-
isfies K (x,¢) < m, that means, for z — I" the double layer potential
becomes strongly singular (limits are Cauchy principal values — implying the
well known jump relations), and g(«) := g(z(a)), V(f;a) = V(f;z(a)).

In all what follows, a reference domain Q € C% is given, where the
boundary T is associated with the describing function r € C3*[0,27] (see
(1)). Moreover, admissible perturbed domains €2, are connected with r.(-) =
r(-) +er1(-) (r1 is the direction of domain perturbation).

Remark 1. The polar coordinate approach can be viewed as a special kind
of a boundary perturbation, defined by a smooth field d € C**(I") on the
reference surface (via d(§) = ri(¢)é.(¢), & = r(¢)(gf§$) € I'). However,
smooth boundary fields are applicable for more general domains, but one
has only a "local Banach space embedding” (in a neighbourhood of the

reference domain).

First order derivatives of the objective, the state and the density can be
obtained similarly to other approaches. For sufficiently smooth data (es-
pecially for Q € C?) the derivative VJ[r1] = VJ(Q;u(-))[r1] is given by
(& =¢&(9))

2 o r(a) ]
) )= [ i@ @do+ [ [ 2D b, 0)pdpda
0 0 0

The directional derivative du|r;] of the state u exists pointwise for all z € €
(6) du[r](z) = dVr](f;x) + W(dp[ri); z) + dW [r](p; ),

where du[r] € Cp[0, 2| (especially dyu(0) = dp(2m))is the Fréchet-derivative
of the density u and satisfies the following BIE (cf. (4)):

(7) (;I + K> dulri] = —dglr1] + drViri](f;-) — dK[ri]p.
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dVri)(f;x) and dpV'[r1](f;-) are the shape derivatives of the volume poten-
tials, dW[r1](-) and dK|[r1] denote integral operators with the shape deriva-
tives of double layer kernels as kernels and dg[r;|(a) = 1 (oc)g—f,l(oz). The sin-
gularity of the kernel dK of dW[rq] increases formally to dK (z, ¢) < W
(special properties guarantee (i), (ii) below), whereas dK (the kernel of
dK|[r1]) remains continuous. Due to the noncomparability of perturbed so-
lutions u. to u on the whole € (""" makes no sense), du cannot be a
Fréchet-derivative with respect to functional spaces, defined on 2. However,
it is Fréchet with respect to appropriate spaces, defined on compact subsets
K C Q. In order to ensure the (directional) differentiability of the objective,
we additionally need

(i) du(-) € L,(Q) for (at least) p < 2,
(ii) / e (z) — u(z) — edulr](x)|dz = ofe).

QN0
Basing on the explicit character of (5) (by inserting (6)), Fréchet-differentia-
bility of J follows by standard arguments from functional analysis. For more
details see [3] and the discussion of second derivatives.

Remark 2. Shape derivatives are usually denoted by d-[r1] or V-[ri] in the
sequel. Spatial gradients V, and partial derivatives with respect to polar
coordinates (especially % = (Vy-, €)) or boundary normals often occur in
the formulae and should not be confused with shape derivatives.

Furthermore, it is well known that du[r;] satisfies the Laplace equation in
Q and has the following boundary values for more regular data g € C1®

© 6.6 = () [220(6).6) - Shr0).0)]
= (rié,,m) L(;Z — giﬂ on I' = 99,

where the validity of the last transformation is due to the Dirichlet boundary
condition for u.

Therefore, the introduction of an adjoint state p by

(9) —Ap = o) inQ
p = 0 onl =09,
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simplifies V.J[r1] to

(10) (rié,, 1 [‘0 2 - (89 — au)] dSr,

Con\dn Oon

’—J\

where j°(z) = j(r(4), ¢, g(r(¢))) and the necessary condition for a free min-
imum reads as
0 0 0
P0(0),0) = 5o 0(0),9) (52r(6).6) = 5 (r(0).9)) =0, 6 € 0,21,

Remark 3. In the case of regular data, p and dulr;] have the following
potential representation (z = (7!) € Q, a € [0, 27]):

2W/a Hy.u(y) tn o yldy f/K ppl)d9,

2

(1) gaple) + 5 [ K@ ohm(@)ds = o= [ iy, uly))Inle(a) iy
0 Q
and .
(12) dulr 21/ (, $)dp[r1](¢)do,
0
2
Sdalril(e) + 5 0/ K (o o)l )0 = = [ 20— 22 ()

The notion dp[ry] should not be confused with dy[r].

3 Second derivatives for the shape problem

The computation of second derivatives is ”almost straight forward” in the
sense of

T Q)[ri;re] = lim vJ (Qm)[rl]&— VJ(Q)[r1] |

F5T2 = F(; =14+ (57“257«,

because the first derivatives contain only domain integrals or integrals over
the interval [0, 27] with the perturbation parameter § in the integrand.
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As a starting point we have (r5(¢) = r(¢) + 0r2(9))

VI Qs)lr] = [ rs()r1(9)i(rs(9), ¢, us(rs(4), ¢)) dop

r5(4)
py
i / =150, &)dus[ri] (. ) pdpdo.
0

ou

o\[:\‘g O\gg

For f € CY(D), g € C*(D), j € C*(D x R) and r € C>* this leads to

27 7(9)
(13) dI(@friira] = / (6 1,m2,7) dop + / / (b, 6571, 72)pdpdo,

where I? and I9 are given by

. 09 949 979
I? = 7“17"2‘70—1—7“7“17“2[%\04- J ]oaqlo] 8ju’ (ridulra] 4+ rodulr]),
B = L8 ufr] - dufr))( ¢>+(10~d2u[r-r1< 4)
2 - 8u2 2 1 p7 8'[,L 2511 p7 .

The second derivative of the state can be obtained (pointwise for = € Q) by

d*ulri;ra)(x) = d*Vrg;m)(f; @) + W(dPplr;ra], )
+ dW[ri](dulra]; ) + dW [ro](dpfri]; ) + d*W ry; ro (u; ),

where d?u satisfies

1 0
(5T+K) dulriira) = ~rira 5 3o + diViriral( -

—(dK [ro]dp[ri] + dK[r1]du[ra]) — d*K[ri; ro)u.

Remark 4. Some singularities in the expressions occur and increase by
"repeated shape differentiation”. The second shape derivative d*V [rq;71] of
the volume potential contains a part with the same singularity behaviour
close to the boundary I like first spatial derivatives of a single layer poten-
tial. Strong singular boundary (integrand has singularity of order one) and
domain integral parts (order two) formally occur in d&V [ry;rq]. However, an
equivalent representation with only weak singular (integrable) parts can be



70 K. EPPLER

obtained by using the well known transformation formula for the gradient
of a volume potential (valid for f € C*)

1 1 .
VoV (Fi2) = =5 [Infe = yV,f@)dy + 5 [nle—yif(0) -7, dS,.
Qo FO

Moreover, the singularity of the kernel %‘0(%’, ®) of d*W [ry;rs] increases

once again for z — I', whereas dfffé; lo(cv, @) (the kernel of d?K|[ry;ro]) is reg-
ular like the kernel % (see also [3]). Summarizing up, the BIE and related
(higher order) shape derivatives ”behave well”, but the shape derivatives of
the solution representation ”make more and more difficulties” (close to I'),

which must be treated carefully.

Remark 5. We do not discuss the structure and the properties of the
parts of these representations in more detail (some further informations are
contained in [6]), because we assume more regularity with respect to the
boundary value field g (g € C**(D)) of the state equation and use related
shorter representations via the adjoint state p and (explicit) boundary values
of du[r;] and d?u[ry,rs], respectively. By the way, this reduces in addition
the regularity assumptions on f to f € C%%(D).

4 Boundary values of second derivatives of the
state

The characterization of the directional derivative dulri] as the solution of
a Dirichlet-problem can be directly extended to d?u[ri;rs]. Especially, the
computation of boundary values can be carried out similarly.

Theorem 1. For f € C**(D), r € C3*[0,27] and g € C*>*(D) the direc-
tional derivative d*u[ry,rs] satisfies

(14) Ad*ulri;m) = 0 in Q, and on T' =90

2 2
dPulri;ro(r(¢),¢) = rira lg; - ZFZ] af,du[rl] - Tlgdu[rz].

~or o

Proof. Because of f € C%%(D), g € C1*(D) it holds u € C**(Q), du[r;] €
Ct(Q), (i = 1,2) and us € C*%(Qys), duslr;] € CH*(Qys), respectively.
Therefore, the right hand side of the boundary condition is well defined and
an element of C%%(T"). Moreover, we can show
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o Ad?ulry;re] =0 in Q,
o d%ulry;m) € CY(Q)

independently from the characterization above by using (12) and the re-
sults for the first order theory (cf. [4], Appendix B). For the computation
of the boundary values we remark that the directional derivatives dus|r]
satisfy simultaneously to du[r]

99

duslra)(rs(8), 6) = 11(6) | o

(rs(@), ¢) — -5 (r5(¢),0)|  onT's = 9.
Moreover, we use the sets
My ={¢ € [0,21] | r2(¢) > 0}, My = {...72(¢) < 0},
MY = {...ry(¢) = 0}.
We obtain for ¢ € M (= r(¢)é-(¢) € Qs)
(dus(r(¢)) — du(r())

0
_ dus(r(9)) — dus(rs(¢)) | dus(rs(¢)) — du(r(¢)
0 0
(o) ag?mm Tlc(;b) {398(7:5) N 5“25:5) _ 3(%(;) N 3155:)] 7

by using the boundary values for the first derivatives. The second part
becomes

- 3729‘ (o) Pua(ﬁs) _ Qus(r) | Ous(r) _ 5“(7“)}
172 g Ir+or: 5 oF oF oF oF
29Ty O us(r) —ulr)
=Trira 87_"2 r+0ra rira 8772 r+0ra 1 8? 5 9

and a careful discussion of the limit by the regularity of states and first
derivatives gives (14). The transformations are similar for M, and on MY
the perturbed and the reference boundary as well as all related quantities
coincide. Hence, (14) holds by definition. |

Remark 6. In comparison to the computation of boundary values of du,
a third term occur for d?u. Moreover, a complete representation of these



72 K. EPPLER

boundary values by only normal components (like for the first derivatives,
see (8)) is not possible. However, from

we obtain

. 0 dg Ou
= <T26r,n>% {du[rl] -7 [877 — 817} } .

Consequently, the boundary values of d?u can be equivalently expressed as

2 0? T Odu[r] ddulrs)
1 2 T2 _ 2 1 .
(15) d*ulry,r2]|r = P02 (9—u) JE o on "

Remark 7. For the more general case of boundary perturbations defined by
smooth fields d; and dz (cf. Remark 1), the boundary values of d?u become

d*uldy; do)|r = (Va(g — ) - da, d1) = (Vapduldi], do) — (Vedulds), dy).
5 Boundary representation of second shape
derivatives

At first we want to simplify as much as possible the expression for
d?J(Q)[r1,re) = V2J(r)[r1;72). From (13) we arrive at

Corollary 1. Under the reqularity assumptions of Theorem 1 on the data
and the domain, the second shape derivative of the objective is given by

d2J(Q)[r1; 7o)

2m ()
0?
:/ / 87‘] (du[r1] - dulra])(p, ¢) pdpd¢+/d<z5{mzy(r 9)
(16) 0 O .
N [33(7",9) 4 09(r.9) 09(r) _ 5](7",9) Qu(r )]
oF ou  OF ou  OF
_op [, 2 @ B i Odulrs] B Odulrq]
an VT e gm  gE) T T | (-
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Proof. The use of boundary values for du and d?u (see (8) and (14)), to-
gether with the transformation of the last domain integral part of (13) —
compare the definition of IY — similar to the gradient V.J (cf. (10)), leads
immediately to (16). Starting from (12), the existence of d°J can be guar-
anteed by showing estimates for d?u, similar to (i), (ii) (cf. Section 2). =

A complete "boundary integral” representation of the second derivative can
be obtained from (10) by differentiating VJ (on §2s) once again. From

VJ(s)[r1]

(17) _/rler,na %(&5) = (Vaps: Va (g (&)—W(gé))} dSr,

(in 7°(&5) = j(&s, 9(&s)) the boundary values are inserted, cf. (5)), we get

Theorem 2. The second shape derivative of the objective can be equivalently
expressed by

V2J(Q) [7“1; 7'2]

(18) =/ﬂr1r2{[jo—vzp-vx(g )]+T§J —V:cp-V:c(g—U)]}

+ rry {g;du[m]

sdplral 5 (g — ) do,

Proof. The notion 6%[ 0 —V.p- V(g —u)] has to be understood in the fol-
lowing sense: The expression [...](z) = j(z, (g(z))—... = [...](r, ¢) defines a
smooth function on €2, which can be written in polar coordinates, too. Now
% is meant as (V,[...], &), whereas %’g”g) indicates the partial derivative
with respect to the first argument. Furthermore, the reformulation (17) of
(10), basing on

(19) Vaplr = @ﬁ, and V,(g—u)|r = ‘9(98;7‘).,7

an (plr = g—ulr = 0),

makes sense, because all quantities (after rewriting the boundary integral in
a parametrized version) have an extension outside of I's in order to perform
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the differentiation with respect to the shape. We obtain

d2J(Q)[r1; )

— [ 16— (VapValg - )

07 dg dg Ou dp

9
+ T [8*+ %E_<Vx p, Va (8*_87F)>_<anif’v”5(g_u)> I

+ rri{(Vap, Vadulra]) — (Vidp[ra], Vi (g —u))} do

and (18) follows by using (19) once again. Furthermore, the shape derivative
dplrs] of the adjoint state is given as the solution of

—Adp = ' —Sdul[ry]  in Q
Ou2
(20) 5 5
= Pz 9P
dp = —ro 57 (ro€p,m) o onT.

Finally we remark that all transformations above are valid due to p €
C?%(Q), dp[rs] € C¥(Q), which is according to the regularity of the data
we have (f € 0%, r € 0%, g € C** and j € C?). [ |

As an easy but interesting consequence we get

Corollary 2. If the necessary condition for a free minimum ([j© — Vp -
V(g —uo)]lr, = 0) is satisfied for some g, the second derivative simplifies

to
V2J(Q0)[r1; 2]

2T
- /7"07“1T2<€r, >5a [J = Vap - Va(g — uo)]

0 0 0
(21) + Tor {ananduo[m] - %dp[m]%(g - Uo)} do
= [raraen, 5[0~ Vap - Valg — wo)]
0 0
+ (i) { 50 L dulral = S dplral g — w) ) dr,

i.e. the second derivative for ”stationary domains” has a complete boundary
integral representation, containing only normal components.
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Remark 8. The equivalence of (18) and (16) can be seen in more detail
by applying the second Green’s formula on the domain integral part of (16).
Making use of (20) we have

2 r(0)
8230
/ / 5.2 (dulri] - dulr2])(p, ¢) + 0pdpdd
0

Adp[ra] - dulri] + Adu[ri] - dplre] dz

Q/
e

= de ra] dplr] 8dg[r1] dsr
n
= [ —(ne @ _ Du) Odplrs] | Op Oduln]
= / <T1€ra > {871 6n:| on <7"26r,n> an_ on dSF7

and it becomes clear that this integral is hidden behind the last expressions
of (18).

The last part is devoted to a property of the second derivative, interesting
especially for the study of optimality conditions.

Lemma 1. For the shape derivative V2J(Q)[r1, 2] holds the estimate
(22) V2T @) o]l < collrall g - Hlrall g o co = co(€2),
but no similar estimate with respect to a weaker space is possible in general.

Proof. From (16) we have 3 different parts of d®.J. At first there is the
volume integral

—

é)

2w T
7“177“2 /
0

the second ”crucial part” is

I(Q)[r1;7m2] = 7(\/7“2 + 72 gp > { aaﬁ ulrs] + 72 aaf,du[rl] do,
0

or similarly (from the boundary representation)

2.:0
9 du[r1] dulre] pdpd,

u2

o\

o
I3V (Q)[ry;me) = / <27°gz> 1 %du[rz] do,
0
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whereas the others are ” Lo-terms” and therefore (more or less) uninteresting

2
[Lo(Q2)[r1; 2] [ = I/fo(cb) crirgd@ | < el Ly llral .-
0

By using the structure of dulr;] (cf. (12)), I allows also a Ls-estimate

IL(Qrsra] | < e [Wdplri)i ) oy W (dplral; ) Loy

co [|71llzs 2l 2o

IN

The estimates are valid due to properties of double layer potentials W(-;-) as
well as to properties of the BIE, more precisely, we have W : Ly(T") — H 2 (Q)
and (i =1,2)

1 —1
or

[[dulr]| < clldpillz, < éllrillz,

1
HZ(Q)

However, for the remaining part only

odulr -
vl <@l el

112" (s ra]l < co - llrall g 1= =1l -3

is possible, where we used first of all the Dirichlet-to-Neumann-map D

D:H*(T) — H3(D),
or

Odulrs) -
|2zl s <elduprll, g,

and in addition for the boundary values of du[rs]

dg Ou dg Ou
llct-

— — _J _ < . o n _— = —
[{ro€,, ) [8n Gn] HH% < ”7“2”H% 1€, ) L’jn on [

Remark 9. The notions ||rl||H% and ||7;]|z, are used in the sense of

H? (T") and Lo(I"), respectively, but this is obviously equivalent to H 2 [0, 27]
(L2[0,27]). An example for the H 2-behaviour of d2J can be found in [6].
Clearly, second shape derivatives of domain integral functionals allow Lo-
estimates (see [7] or [5]).
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Remark 10. The results can be extended to objectives of the type J(€2) =
f](ﬂ?7 UQ(SL‘), VIUQ(CC))dCC
Q

Remark 11. The knowledge about first and second derivatives in shape
optimization is widely used for numerical algorithms and for the study of
necessary optimality conditions (cf. Corollary 2). Nevertheless, due to some
difficulties arising from theoretical as well as from technical point of view,
the study of sufficient conditions seems to be not very well developed at
the moment. However, combining the presented investigations with some
ideas from [7], at least for a restricted class of problems related remainder
estimates can be carried out in detail in a forthcoming paper.
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