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Abstract

In this manuscript, we set up sufficient conditions for existence and
uniqueness of solutions for fractional neutral integro-differential systems
(FNIDS) with state-dependent delay (SDD) in Banach spaces. Our method-
ology depends on resolvent operators, the Banach contraction principle, the
Leray-Schauder nonlinear alternative and Schaefer’s fixed point theorem.
To obtain our results, our working hypotheses are that the functions deter-
mining the equation satisfy certain Lipschitz conditions of local type. An
illustration is additionally provided to demonstrate the obtained theories.

http://dx.doi.org/10.7151/dmdico.1194


6 D. Mallika, D. Baleanu, S. Suganya and M.M. Arjunan

Keywords: fractional order differential equations, state-dependent delay,
fixed point, semigroup theory, resolvent operator.

2010Mathematics Subject Classification: 34K30, 26A33, 35R10, 47D06.

1. Introduction

In the most recent decades, fractional differential equations (FDEs) have as-
sumed an imperative part because of the memory character of fractional deriva-
tive, which is a speculation of integer-order derivative and can depict numerous
advancement that integer derivative are unable to outline. The concept of FDEs
have pulled in numerous researchers and mathematicians in light of the fact that
it has various applications in the discipline of visco-elasticity, feed back amplifiers,
electrical circuits, electro analytical chemistry, fractional multipoles, neuron mod-
elling covering various divisions of basic sciences. For essential assurances about
fractional frameworks, one can make reference to the treatises [6, 24, 27, 39], and
the papers [1, 3, 11, 23, 25, 29, 34, 37], and the references cited therein. Frac-
tional equation with delay features happen in several areas such as medical and
physical with state-dependent delay or non-constant delay. These days, existence
results of mild solutions for such problems became very attractive and several
researchers working on it, see for instance [2, 4, 10, 13, 15, 16, 32, 33, 35, 36].

The existence, controllability and other qualitative and quantitative attri-
butes of FDEs are the most advancing area of pursuit, in particular, see [7, 8, 30,
31]. Particularly, there are numerous papers treating the issue of the existence
of a mild solution for abstract semilinear fractional differential equations; see
[21, 38]. It is surely understood that one critical approach to present the idea
of mild solutions for fractional evolution equations is based on some probability
densities and Laplace transform. This method was initiated by El-Borai [17]. For
some recent advancements, see the paper [30, 32, 38]. Another approach to treat
abstract equations with fractional derivatives based on the well developed theory
of resolvent operators for integral equations [21]. Inspired by the approach in
[21], Balachandran et al. [7] studied the existence results for fractional integro-
differential equations with nonlocal condition via resolvent operators in Banach
spaces, by utilizing the Krasnoselskii fixed point theorem. In [9], the authors
establish the existence and uniqueness results for fractional differential equations
with infinite delay via resolvent operators in Banach spaces, by applying suitable
fixed point theorems. Later Chadha and Pandey [12] analyzed the existence of
mild solutions for a fractional differential equation with state-dependent delay in
an arbitrary Banach space, by using appropriate fixed point theorems. However,
existence results for FNIDS with SDD in Bh phase space axioms have not yet
been inspected.
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Motivated by the exertion of the aforementioned papers [5, 9, 21], the prin-
ciple motivation behind this manuscript is to research the existence of mild solu-
tions for FNIDS with SDD of the model

CDα
t

[
x(t)− G (t, x̺(t,xt),Cx̺(t,xt))

]
= A x(t)

+ F (t, x̺(t,xt),Cx̺(t,xt)), t ∈ I = [0, T ],(1.1)

x0 = ς ∈ Bh,(1.2)

where the unknown x(·) takes its values in the Banach space X having norm ‖ · ‖,
A is the infinitesimal generator of an analytic semigroup of uniformly bounded
linear operators {T (t)}t≥0,

CDα
t is the Caputo fractional derivative of order α ∈

(0, 1). Further, G ,F : I ×Bh×Bh → X, ̺ : I ×Bh → R are apposite functions,
and Bh is a phase space characterized in Preliminaries. The term Cx̺(t,xt) is given

by Cx̺(t,xt) =
∫ t

0 K(t, s)(x̺(s,xs))ds, where K ∈ C(D,R+) is the set of all positive
functions which are continuous on D = {(t, s) ∈ I × I : 0 ≤ s ≤ t ≤ T} and
C
∗ = supt∈[0,T ]

∫ t

0 K(t, s)ds.
For almost any continuous function x defined on (−∞, T ] and any t ≥ 0, we

designate by xt the part of Bh characterized by xt(θ) = x(t+ θ) for θ ≤ 0. Now
xt(·) represents the history of the state from every θ ∈ (−∞, 0] likely the current
time t.

Rather than the present results, this manuscript has some positive aspects,
namely: we include the integral term in G and F and present an appropriate no-
tion of mild solution of the model (1.1)–(1.2) with the help of resolvent operators.
Then, based on local Lipschitz conditions of the involved functions, we analyze
the existence of mild solutions for FNIDS with SDD of the problem (1.1)–(1.2)
under different fixed point theorem (FPT) in Bh phase spaces, and the results
in [9, 12] might be observed as the special circumstances.

This manuscript is composed as follows. We demonstrate a couple of prelimi-
naries, definitions and lemmas which are to be employed in this fashion to exhibit
our essential outcomes in Section 2. After that, the existence of mild solutions
for the model (1.1)–(1.2) is analyzed under appropriate FPTs in Section 3. In
Section 4, as a final point, a proper case is equipped to reveal the effectiveness of
the abstract techniques.

To the best of our knowledge, no work has been reported concerning the
existence results for FNIDS with SDD, which is communicated in the structure
(1.1)–(1.2) via resolvent operators and local Lipschitz conditions of the involved
functions. Motivated by this consideration, we study this interesting problem.

2. Preliminaries

In this part, we present some primary components which are required to confirm
the principal outcomes.
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Let C(I ;X) denote the space of all continuous functions from I into a
Banach space X with the supnorm indicated by ‖ · ‖C(I ;X). The [D(A )] stands
for the domain of A endowed with the graph norm ‖x‖[D(A )] = ‖x‖ + ‖A x‖.
Furthermore, Br(x,X) is the closed ball with center at x and radius r in X.

It needs to be outlined that, once the delay is infinite, then we should talk
about the theoretical phase space Bh in a beneficial way. In this manuscript, we
consider phase spaces Bh which are the same as described in [14]. So, we bypass
the details.

We assume that the phase space (Bh, ‖·‖Bh
) is a semi-normed linear space of

functions mapping (−∞, 0] into X, and fulfilling the following elementary axioms
as a result of Hale and Kato (see case in point in [18, 20, 22]).

If x : (−∞, T ] → X, T > 0, is continuous on I and x0 ∈ Bh, then for every
t ∈ I the following conditions hold:

(P1) xt ∈ Bh;

(P2) ‖x(t)‖ ≤ H‖xt‖Bh
;

(P3) ‖xt‖Bh
≤ E1(t) sup{‖x(s)‖ : 0 ≤ s ≤ t} + E2(t)‖x0‖Bh

, where H ≥ 0 is a
constant and E1(·) : [0,+∞) → [0,+∞) is continuous, E2(·) : [0,+∞) →
[0,+∞) is locally bounded, and H,E1 and E2 are independent of x(·).
For our convenience, denote E ∗

1 = sups∈[0,T ] E1(s) and E ∗
2 = sups∈[0,T ] E2(s).

Recognize the space

BT = {x : (−∞, T ] → X : x|I is continuous and x0 ∈ Bh} ,

where x|I is the constraint of x to the real compact interval on I . The function
‖ · ‖T being a seminorm in BT is described by

‖x‖T = ‖ς‖Bh
+ sup {‖x(s)‖ : s ∈ [0, T ]} , x ∈ BT .

Now, we provide some fundamental definitions and outcomes of the fractional
calculus theory that happen to be utilized additionally within this manuscript.

Definition 2.1. The Riemann-Liouville fractional order integral operator of or-
der µ > 0, of function ν ∈ L1(R+) is defined as

Iµ0+ν(t) =
1

Γ(µ)

∫ t

0
(t− s)µ−1ν(s)ds,

where Γ(·) is the Euler Γ function.
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Definition 2.2. The Caputo fractional derivative of order µ > 0, n− 1 < µ < n,
is defined as

CDµ
0+ν(t) =

1

Γ(n− µ)

∫ t

0
(t− s)n−µ−1νn(s)ds,

where the function ν(t) has absolutely continuous derivatives up to order (n−1).
If 0 < µ < 1, then

CDµ
0+ν(t) =

1

Γ(1− µ)

∫ t

0

ν ′(s)
(t− s)µ

ds,

where ν ′(s) = Dν(s) = d
ds
ν(s) and ν is an abstract function with values in X.

From the above Definitions 2.1 and 2.2, we observe that Caputo fractional
derivative determines an ordinary derivative followed by a fractional integral to
attain the preferred order of fractional derivatives whereas Riemann-Liouville
fractional derivative is determined in the reverse order.

Presently, we are in a position to characterize the mild solution for the system
(1.1)–(1.2). For this, first we consider the subsequent system

CDα
t x(t) = A x(t) + F (t), t ∈ I = [0, T ], 0 < α < 1,(2.1)

x(0) = x0,(2.2)

where CDα
t and A are the same as defined in (1.1)–(1.2) and F is an appropriate

function.
In accordance to first explanations, it is appropriate to rewrite problem

(2.1)–(2.2) as the equivalent integral equation

x(t) = x(0) +
1

Γ(α)

∫ t

0
(t− s)α−1 [A x(s) + F (s)] ds

= x0 +
1

Γ(α)

∫ t

0
(t− s)α−1 [A x(s) + F (s)] ds, t ∈ I .(2.3)

The above equation can also be written as the integral equation of the form

x(t) = w(t) +
1

Γ(α)

∫ t

0
(t− s)α−1

A x(s)ds, t ≥ 0,(2.4)

where

w(t) = x0 +
1

Γ(α)

∫ t

0
(t− s)α−1

F (s)ds.

Examples where the exact solution of (2.1)–(2.2) and the integral equation
(2.3) are the same, are given in [7]. Moreover, the integral equation (2.4) has an
associated resolvent operator (S(t))t≥0 on X. By a resolvent operator, we mean
the definition as follows.
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Definition 2.3 [28, Definition 1.1.3]. A one parameter family of bounded linear
operators (S(t))t≥0 on X is called a resolvent operator for (2.3) if the subsequent
conditions hold:

(a) S(·)ξ ∈ C([0,∞),X) and S(0)ξ = ξ for all ξ ∈ X,

(b) S(t)D(A ) ⊂ D(A ) and A S(t)ξ = S(t)A ξ for all ξ ∈ D(A ) (the domain of
A ) and every t ≥ 0.

(c) for every ξ ∈ D(A ) and t ≥ 0,

S(t)ξ = ξ +
1

Γ(α)

∫ t

0
(t− s)α−1

A S(s)ξds.

In the sequel, we always assume that the resolvent operator (S(t))t≥0 is an-
alytic and compact; see for instance [28, Chapter 2]. In addition, ‖S′(t)x‖ ≤
ϕA (t)‖x‖[D(A )] for all t ≥ 0 and ‖[S′(t) − S

′(s)]x‖ ≤ SA |t − s|‖x‖[D(A )] for all
t, s ≥ 0, where ϕA is a function in L1

loc([0,∞);R+) and SA is a constant.

Definition 2.4. A function x ∈ C(I ;X) is called a mild solution of the integral
equation (2.4) on I provided that

∫ t

0 (t− s)α−1x(s)ds ∈ D(A ) for all t ∈ I and

u(t) =
A

Γ(α)

∫ t

0
(t− s)α−1x(s)ds +w(t), t ∈ I .

The following result has vital impact in our improvement, which takes after
from [21, Lemma 1.1].

Lemma 2.1. Assume that the resolvent operator (S(t))t≥0 is analytic and com-

pact, and w ∈ C(I ;D(A )), then the function x : I → X defined by

x(t) =

∫ t

0
S
′(t− s)w(s)ds + w(t), t ∈ I ,

is a mild solution of (2.4).

We will now present the idea of a mild solution of (1.1)–(1.2). To this end,
note that this equation is equivalent to the subsequent integral equation

x(t) =





ς(t), t ∈ (−∞, 0],

ς(0)− G (0, ς) + G
(
t, x̺(t,xt),Cx̺(t,xt)

)
+

A

Γ(α)

∫ t

0
(t− s)α−1x(s)ds

+
1

Γ(α)

∫ t

0
(t− s)α−1

F (s, x̺(s,xs),Cx̺(s,xs))ds, t ∈ I .

Motivated by Lemma 2.2 and the above representation, we present the con-
cept of mild solution.
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Definition 2.5. One says that a function x ∈ BT is a mild solution of the
problem (1.1)–(1.2) if:

(i)

∫ t

0
(t− s)α−1x(s)ds ∈ D(A ) for t ∈ I ,

(ii) x0 = ς ∈ Bh and

(iii) x(t) = G(t) + F (t) +
A

Γ(α)

∫ t

0
(t− s)α−1x(s)ds, t ∈ I ,

where

G(t) = ς(0) − G (0, ς, 0) + G
(
t, x̺(t,xt),Cx̺(t,xt)

)

and

F (t) =
1

Γ(α)

∫ t

0
(t− s)α−1

F
(
s, x̺(s,xs),Cx̺(s,xs)

)
ds.

Suppose that there exists a resolvent (S(t))t≥0 which is differentiable and by
Lemma 2.1, if x : BT → BT is a mild solution of (1.1)–(1.2), then

x(t) =





ς(t), t ∈ (−∞, 0],

G(t) + F (t) +

∫ t

0
S
′(t− s)[G(s) + F (s)]ds, t ∈ I .

3. Existence results

In this section, we show and demonstrate the existence of solutions for the model
(1.1)–(1.2) under different fixed point theorems.

Throughout this section, we consider a fixed function ς ∈ Bh, I = [0, T ].
To simplify the notation we assume that 0 ≤ ̺(t, ψ) ≤ t for all ψ ∈ Bh.

Presently, we itemize the subsequent suppositions:

(H1) The function G : I × Bh × Bh → D(A ) is continuous and there exist
constants LG > 0, L̃G > 0 and L∗

G
> 0 such that

‖ G (t, ς1, ψ1)− G (t, ς2, ψ2) ‖[D(A )] ≤ LG ‖ς1 − ς2‖Bh
+ L̃G ‖ ψ1 − ψ2 ‖Bh

,

‖ G (t, ς, 0) ‖[D(A )] ≤ LG ‖ ς ‖Bh
+L∗

G ,

where

L∗
G = max

t∈I
‖G (t, 0, 0)‖[D(A )], for all t ∈ I and ς, ς1, ς2, ψ1, ψ2 ∈ Bh.
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(H2) The function F : I × Bh × Bh → D(A ) is continuous and there exist
positive constants LF , L̃F > 0 and L∗

F
> 0 such that

‖F (t, ς1, ψ1)− F (t, ς2, ψ2)‖[D(A )] ≤ LF‖ς1 − ς2‖Bh
+ L̃F‖ψ1 − ψ2‖Bh

,

and

L∗
F = max

t∈I
‖F (t, 0, 0)‖[D(A )], for all t ∈ I and ς1, ς2, ψ1, ψ2 ∈ Bh.

(H3) For every r > 0, there exist constants LG (r) > 0 and LF (r) > 0 such that

‖G (t, xt2 ,Cxt2)− G (t, xt1 ,Cxt1)‖[D(A )] ≤ LG (r)(1 + C
∗)|t2 − t1|, t, t1, t2 ∈ I ,

and

‖F (t, xt2 ,Cxt2)− F (t, xt1 ,Cxt1)‖[D(A )] ≤ LF (r)(1 + C
∗)|t2 − t1|, t, t1, t2 ∈ I ,

for all functions x : (−∞, T ] → X such that x0 = ψ ∈ Bh, x : [0, T ] → X is
continuous and max0≤s≤T ‖x(s)‖ ≤ r.

(H4) The function ̺ : I × Bh → [0,∞) satisfies:

(i) For every ψ ∈ Bh, the function t→ ̺(t, ψ) is continuous.

(ii) There exists a constant L̺ > 0 such that

|̺(t, ς2)− ̺(t, ς1)| ≤ L̺‖ς2 − ς1‖Bh
, ς1, ς2 ∈ Bh, for all t ∈ I .

(H5) The following inequalities hold:

(i) Let

(1 + ‖ϕA ‖L1)

[
LG ‖ς‖Bh

+ 2L∗
G + L∗

F

+ cn

{
(LG + L̃GC

∗) +
Tα

Γ(α+ 1)
(LF + L̃FC

∗)

}

+ E
∗
1 r

{
(LG + L̃GC

∗) +
Tα

Γ(α+ 1)
(LF + L̃FC

∗)

}]
≤ r,

for some r > 0.

(ii) Let

Λ = E
∗
1 (1 + ‖ϕA ‖L1)

{
(LG + L̃GC

∗) +
Tα

Γ(α+ 1)
(LF + L̃FC

∗)

+ 2L̺(1 + C
∗)

(
LG (r) +

Tα

Γ(α+ 1)
LF (r)

)}
< 1,

be such that 0 ≤ Λ < 1.
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Our first existence result for the problem (1.1)–(1.2) is based on the Banach’s
contraction principle.

Theorem 3.1. Assume that the conditions (H1)–(H5) hold. Then the problem

(1.1)–(1.2) has a unique mild solution on (−∞, T ].

Proof. We will transform the model (1.1)–(1.2) into a fixed-point problem. Rec-
ognize the operator Υ : BT → BT specified by

(Υx)(t) =





ς(t), t ∈ (−∞, 0],

G(t) + F (t) +

∫ t

0
S
′(t− s)[G(s) + F (s)]ds, t ∈ I .

(3.1)

It is evident that the fixed points of the operator Υ are mild solutions of the
model (1.1)–(1.2). We express the function y(·) : (−∞, T ] → X by

y(t) =




ς(t), t ≤ 0;

ς(0) +

∫ t

0
S
′(t− s)ς(0)ds, t ∈ I ,

then y0 = ς. For every function z ∈ C(I ,R) with z(0) = 0, we allocate as z̃ the
function

z̃(t) =

{
0, t ≤ 0;

z(t), t ∈ I .

If x(·) fulfills (3.1), we are able to split it as x(t) = z(t) + y(t), t ∈ I , which
suggests xt = zt + yt, for each t ∈ I and also the function z(·) fulfills

z(t) = Gz(t) + Fz(t) +

∫ t

0
S
′(t− s)[Gz(s) + Fz(s)]ds,

where

Gz(t) = G
(
t, z̺(t,zt+yt) + y̺(t,zt+yt),Cz̺(t,zt+yt) + y̺(t,zt+yt)

)
− G (0, ς, 0),

Fz(t) =
1

Γ(α)

∫ t

0
(t− s)α−1

F (s, z̺(s,zs+ys) + y̺(s,zs+ys),

Cz̺(s,zs+ys) + y̺(s,zs+ys))ds.

Let B0
T = {z ∈ BT : z0 = 0 ∈ Bh}. Let ‖ · ‖T be the seminorm in B0

T des-
cribed by

‖z‖T = sup
t∈I

‖z(t)‖ + ‖z0‖Bh
= sup

t∈I

‖z(t)‖, z ∈ B
0
T .
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(B0
T , ‖ · ‖T ) is a Banach space. Set Br = {z ∈ B0

T : ‖z‖T ≤ r} for some
r ≥ 0; then for each r,Br ⊂ B0

T is clearly a bounded closed and convex set. For
z ∈ Br(0,B

0
T ), from phase space axioms (P1)− (P3), we receive

‖z̺(s,zs+ys) + y̺(s,zs+ys)‖Bh

≤ ‖z̺(s,zs+ys)‖Bh
+ ‖y̺(s,zs+ys)‖Bh

≤ E
∗
1 max

0≤τ≤̺(s,zs+ys)
‖z(τ)‖ + E

∗
2 ‖z0‖Bh

+ E
∗
1 max

0≤τ≤̺(s,zs+ys)
‖y(τ)‖ + E

∗
2 ‖y0‖Bh

≤ E
∗
1 sup

0≤τ≤s

‖z(τ)‖ + E
∗
1 ‖ς(0)‖

[
1 +

∫ t

0
‖S′(t− s)‖ds

]
+ E

∗
2 ‖ς‖Bh

≤ E
∗
1 sup

0≤τ≤s

‖z(τ)‖ + E
∗
1H‖ς‖Bh

(1 + ‖ϕA ‖L1) + E
∗
2 ‖ς‖Bh

≤ E
∗
1 sup

0≤τ≤s

‖z(τ)‖ +
[
E

∗
1H(1 + ‖ϕA ‖L1) + E

∗
2

]
‖ς‖Bh

.

Since ‖z‖T < r, r > 0, then

‖zρ(s,zs+ys) + yρ(s,zs+ys)‖Bh
≤ E

∗
1 r + cn, s ∈ I ,

where cn = [E ∗
1H(1 + ‖ϕA ‖L1) + E ∗

2 ] ‖ς‖Bh
. We define the operator Υ : B0

T →
B0

T by

(Υz)(t) = Gz(t) + Fz(t) +

∫ t

0
S
′(t− s)[Gz(s) + Fz(s)]ds.

Initially, we demonstrate that Υ maps Br(0,B
0
T ) into Br(0,B

0
T ). For any z(·) ∈

B0
T , we have

‖(Υz)(t)‖ ≤ ‖Gz(t)‖[D(A )] + ‖Fz(t)‖[D(A )]

+

∫ t

0
‖S′(t− s)‖

[
‖Gz(s)‖[D(A )] + ‖Fz(s)‖[D(A )]

]
ds ≤ I1 + I2 + I3.(3.2)

Now, we calculate the estimations:

I1 = ‖Gz(t)‖[D(A )] ≤ ‖G (0, ς, 0)‖[D(A )]

+
∥∥G
(
t, z̺(t,zt+yt) + y̺(t,zt+yt),Cz̺(t,zt+yt) + y̺(t,zt+yt)

)∥∥
[D(A )]

≤ LG ‖ς‖Bh
+
(
LG + L̃GC

∗
)
(E ∗

1 r + cn) + 2L∗
G ,
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because of

∥∥G
(
t, z̺(t,zt+yt) + y̺(t,zt+yt),Cz̺(t,zt+yt) + y̺(t,zt+yt)

)∥∥
[D(A )]

≤
[ ∥∥G

(
t, z̺(t,zt+yt) + y̺(t,zt+yt),Cz̺(t,zt+yt) + y̺(t,zt+yt)

)
− G (t, 0, 0)

∥∥
[D(A )]

+ ‖G (t, 0, 0)‖[D(A )]

]
≤
(
LG + L̃GC

∗
)
(E ∗

1 r + cn) + L∗
G .

Since

∥∥F
(
t, z̺(t,zt+yt) + y̺(t,zt+yt),Cz̺(t,zt+yt) + y̺(t,zt+yt)

)∥∥
[D(A )]

≤
[ ∥∥F

(
t, z̺(t,zt+yt) + y̺(t,zt+yt),Cz̺(t,zt+yt) + y̺(t,zt+yt)

)
− F (t, 0, 0)

∥∥
[D(A )]

+ ‖F (t, 0, 0)‖[D(A )]

]
≤
(
LF + L̃FC

∗
)
(E ∗

1 r + cn) + L∗
F .

I2 = ‖Fz(t)‖[D(A )] ≤
1

Γ(α)

∫ t

0
(t− s)α−1

∥∥∥F
(
s, z̺(s,zs+ys) + y̺(s,zs+ys),

Cz̺(s,zs+ys) + y̺(s,zs+ys)

)∥∥∥
[D(A )]

ds

≤ Tα

Γ(α+ 1)

(
LF + L̃FC

∗
)
(E ∗

1 r + cn) + L∗
F .

Furthermore, we obtain

I3 =

∫ t

0
‖S′(t− s)‖

[
‖Gz(s)‖[D(A )] + ‖Fz(s)‖[D(A )]

]
ds

≤
[
LG ‖ς‖Bh

+
(
LG + L̃GC

∗
)
(E ∗

1 r + cn) + 2L∗
G

+
Tα

Γ(α+ 1)

(
LF + L̃FC

∗
)
(E ∗

1 r + cn) + L∗
F

] ∫ t

0
ϕA (t− s)ds

≤ ‖ϕA ‖L1

[
LG ‖ς‖Bh

+
(
LG + L̃GC

∗
)
(E ∗

1 r + cn) + 2L∗
G

+
Tα

Γ(α+ 1)

(
LF + L̃FC

∗
)
(E ∗

1 r + cn) + L∗
F

]
.

Therefore, equation (3.2) becomes

‖(Υz)(t)‖ ≤ (1 + ‖ϕA ‖L1)

[
LG ‖ς‖Bh

+ 2L∗
G
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+ L∗
F + cn

{
(LG + L̃GC

∗) +
Tα

Γ(α+ 1)
(LF + L̃FC

∗)

}

+ E
∗
1 r

{
(LG + L̃GC

∗) +
Tα

Γ(α+ 1)
(LF + L̃FC

∗)

}]
≤ r.

Therefore, Υ maps the ball Br(0,B
0
T ) into itself. Finally, we show that Υ is a

contraction on Br(0,B
0
T ). For this, let us consider z, z ∈ Br(0,B

0
T ). We get

∥∥(Υz)(t)− (Υz)(t)
∥∥

≤ E
∗
1 (1 + ‖ϕA ‖L1)

{(
LG + L̃GC

∗
)
+

Tα

Γ(α+ 1)

(
LF + L̃FC

∗
)

+ 2L̺(1 + C
∗)

(
LG (r) +

Tα

Γ(α+ 1)
LF (r)

)}
max
0≤s≤t

‖z(s)− z(s)‖,

because of
∥∥∥∥G
(
t, z̺(t,zt+yt) + y̺(t,zt+yt),Cz̺(t,zt+yt) + y̺(t,zt+yt)

)

− G
(
t, z̺(t,zt+yt) + y̺(t,zt+yt),Cz̺(t,zt+yt) + y̺(t,zt+yt)

) ∥∥∥∥
[D(A )]

≤
∥∥∥∥G
(
t, z̺(t,zt+yt) + y̺(t,zt+yt),Cz̺(t,zt+yt) + y̺(t,zt+yt)

)

− G
(
t, z̺(t,zt+yt) + y̺(t,zt+yt),Cz̺(t,zt+yt) + y̺(t,zt+yt)

) ∥∥∥∥
[D(A )]

+

∥∥∥∥G
(
t, z̺(t,zt+yt) + y̺(t,zt+yt),Cz̺(t,zt+yt) + y̺(t,zt+yt)

)

− G
(
t, z̺(t,zt+yt) + y̺(t,zt+yt),Cz̺(t,zt+yt) + y̺(t,zt+yt)

) ∥∥∥∥
[D(A )]

≤ LG ‖z̺(t,zt+yt) − z̺(t,zt+yt)‖Bh
+ L̃GC

∗‖z̺(t,zt+yt) − z̺(t,zt+yt)‖Bh

+ 2LG (r)

[
|̺(t, zt + yt)− ̺(t, zt + yt)|+ C

∗|̺(t, zt + yt)− ̺(t, zt + yt)|
]

≤
(
LG + L̃GC

∗
)

E
∗
1 max

0≤s≤̺(t,zt+yt)
‖z(s)− z(s)‖+ 2LG (r)(1 + C

∗)L̺‖zt − zt‖Bh

≤ (LG + L̃GC
∗)E ∗

1 max
0≤s≤t

‖z(s)− z(s)‖+ 2LG (r)(1 + C
∗)L̺E

∗
1 max

0≤s≤t
‖z(s)− z(s)‖

≤ E
∗
1

[
(LG + L̃GC

∗) + 2LG (r)(1 + C
∗)L̺

]
max
0≤s≤t

‖z(s)− z(s)‖.
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Similarly

1

Γ(α)

∫ t

0
(t− s)α−1

[∥∥F
(
s, z̺(s,zs+ys) + y̺(s,zs+ys),Cz̺(s,zs+ys) + y̺(s,zs+ys)

)

− F
(
s, z̺(s,zs+ys) + y̺(s,zs+ys),Cz̺(s,zs+ys) + y̺(s,zs+ys)

) ∥∥
[D(A )]

]
ds

≤ Tα

Γ(α+ 1)
E

∗
1

[
(LF + L̃FC

∗) + 2LF (r)(1 + C
∗)L̺

]
max
0≤s≤t

‖z(s)− z(s)‖.

Taking the supremum over t, we get

‖Υ(z)−Υ(z)‖T ≤ E
∗
1 (1 + ‖ϕA ‖L1)

{(
LG + L̃GC

∗
)
+

Tα

Γ(α+ 1)

(
LF + L̃FC

∗
)

+ 2L̺(1 + C
∗)

(
LG (r) +

Tα

Γ(α+ 1)
LF (r)

)}
‖z − z‖T

≤ Λ‖z − z‖T .

From the assumption (H5) and in the perspective of the contraction mapping
principle, Υ admits a unique fixed point z ∈ B0

T which is a mild solution of the
model (1.1)–(1.2) on (−∞, T ]. The proof is now completed.

Our second existence result is based on Leray-Schauder nonlinear alternative
fixed point theorem.

Lemma 3.1 [19, p. 135]. Let E be a Banach space, C a closed, convex subset of

E, U an open subset of C and 0 ∈ U . Suppose that F : U → C is a continuous,

compact (that is, F (U) is a relatively compact subset of C) map. Then either

(i) F has a fixed point in U , or

(ii) there is a u ∈ ∂U (the boundary of U in C) and λ ∈ (0, 1) with u = λF (u).

Now, we develop the additional subsequent hypotheses:

(H1)* The function G : I × Bh × Bh → D(A ) is completely continuous and

there exist constants LG > 0, and L̃g > 0 such that

‖ G (t, ς, ψ) ‖[D(A )]≤ LG (‖ς‖Bh
+ ‖ψ‖Bh

) + L̃G , for all (t, ς, ψ) ∈ X× B
2
h.

(H2)* The function F : I ×Bh×Bh → D(A ) fulfills the following Carathéodory
conditions:

(i) t → F (t, ς, ψ) is measurable for each (ς, ψ) ∈ B2
h.

(ii) (ς, ψ) → F (t, ς, ψ) is continuous for almost all t ∈ I .
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(iii) There exist a continuous increasing function ψ : [0,∞) → (0,∞) and a
continuous function p : I → [0,∞) such that

‖F (t, ς, ς1)‖[D(A )] ≤ p(t)ψ
(
‖ς‖Bh

+ ‖ς1‖Bh

)
, for all (t, ς, ς1) ∈ I × B

2
h.

(iv) There exists a constant M > 0 such that

M

cn +
E ∗

1 C3

µ
+

E ∗

1 (1+‖ϕA ‖
L1 )(1+C∗)

µΓ(α+1) ‖p‖∞ψ(M)
> 1,

where µ = 1 − LG E ∗
1 (1 + C

∗)(1 + ‖ϕA ‖L1) > 0 and C3 = (1 + ‖ϕA ‖L1)

{LG ‖ς‖Bh
+ LG cn(1 + C

∗) + 2L̃G }.

Theorem 3.2. Assume that S(t) is compact for all t > 0 and (H1)*, (H2)* are

satisfied. Then, the problem (1.1)–(1.2) has at least one mild solution on (−∞, T ].

Proof. Transform the problem (1.1)–(1.2) into a fixed point problem. We define
the operator Υ : B0

T → B0
T by the formula

(Υz)(t) = Gz(t) + Fz(t) +

∫ t

0
S
′(t− s)[Gz(s) + Fz(s)]ds, t ∈ I .

With a specific end goal to demonstrate that Υ is completely continuous, we
split the operator Υ as

(Υ1z)(t) = Gz(t) +

∫ t

0
S
′(t− s)Gz(s)ds,

(Υ2z)(t) = Fz(t) +

∫ t

0
S
′(t− s)Fz(s)ds.

From the above discussion, S′(t) is also compact for all t > 0 (see [21, Lemma
2.2]).

We prove that Υ1 and Υ2 are completely continuous.

Step 1. We prove that the operator Υ1 is continuous. To prove this, let {zn}
be a sequence such that zn → z in B0

T as n → ∞. Since the function G is
continuous, then

G

(
t, zn̺(t,znt +yt)

+ y̺(t,znt +yt),Cz
n
̺(t,znt +yt)

+ y̺(t,znt +yt)

)

→ G

(
t, z̺(t,zt+yt) + y̺(t,zt+yt),Cz̺(t,zt+yt) + y̺(t,zt+yt)

)
as n→ ∞.
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Now, for each t ∈ I , we have

‖(Υ1z
n)(t) − (Υ1z)(t)‖

≤
∥∥∥∥G
(
t, zn̺(t,znt +yt)

+ y̺(t,znt +yt),Cz
n
̺(t,znt +yt)

+ y̺(t,znt +yt)

)

− G
(
t, z̺(t,zt+yt) + y̺(t,zt+yt),Cz̺(t,zt+yt) + y̺(t,zt+yt)

) ∥∥∥∥

+

∫ t

0
‖S′(t− s)‖

[∥∥∥∥G
(
s, zn̺(s,zns +ys)

+ y̺(s,zns +ys),Cz
n
̺(s,zns +ys)

+ y̺(s,zns +ys)

)

− G
(
s, z̺(s,zs+ys) + y̺(s,zs+ys),Cz̺(s,zs+ys) + y̺(s,zs+ys)

) ∥∥∥∥
]
ds

≤
∥∥∥∥G
(
t, zn̺(t,znt +yt)

+ y̺(t,znt +yt),Cz
n
̺(t,znt +yt)

+ y̺(t,znt +yt)

)

− G
(
t, z̺(t,zt+yt) + y̺(t,zt+yt),Cz̺(t,zt+yt) + y̺(t,zt+yt)

) ∥∥∥∥

+

∫ t

0
ϕA (t− s)

[∥∥∥∥G
(
s, zn̺(s,zns +ys)

+ y̺(s,zns +ys),Cz
n
̺(s,zns +ys)

+ y̺(s,zns +ys)

)

− G
(
s, z̺(s,zs+ys) + y̺(s,zs+ys),Cz̺(s,zs+ys) + y̺(s,zs+ys)

) ∥∥∥∥
]
ds.

Therefore,

‖(Υ1z
n)− (Υ1z)‖T → 0 as n→ ∞.

Next, we show that the operator Υ1 maps bounded sets into bounded sets in
B0

T . Indeed, it is enough to show that there exists a positive constant Λ1 such
that for each z ∈ Br one has ‖Υ1z‖T ≤ Λ1. We obtain for t ∈ I ,

‖(Υ1z)(t)‖ ≤ ‖Gz(t)‖[D(A )] +

∫ t

0
‖S′(t− s)‖‖Gz(s)‖[D(A )]ds ≤ I4 + I5.(3.3)

Since

‖G
(
t, z̺(t,zt+yt) + y̺(t,zt+yt),Cz̺(t,zt+yt) + y̺(t,zt+yt)

)
‖[D(A )]

≤ LG

[
‖z̺(t,zt+yt) + y̺(t,zt+yt)‖Bh

+ C
∗‖z̺(t,zt+yt) + y̺(t,zt+yt)‖Bh

]
+ L̃G

≤ LG (1 + C
∗)
[
‖z̺(t,zt+yt) + y̺(t,zt+yt)‖Bh

]
+ L̃G ≤ LG (1 + C

∗)(E ∗
1 r + cn) + L̃G ,

then
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I4 = ‖Gz(t)‖[D(A )] ≤ ‖G (0, ς, 0)‖[D(A )] + ‖G
(
t, z̺(t,zt+yt) + y̺(t,zt+yt),

Cz̺(t,zt+yt) + y̺(t,zt+yt)

)
‖[D(A )] ≤ LG

[
‖ς‖Bh

+ (1 + C
∗)(E ∗

1 r + cn)

]
+ 2L̃G .

In the same way, we receive

I5 =

∫ t

0
‖S′(t− s)‖‖Gz(s)‖[D(A )]ds ≤ I4

∫ t

0
ϕA (t− s)ds ≤ I4‖ϕA ‖L1 .

Therefore, equation (3.3) becomes

‖(Υ1z)(t)‖ ≤ (1 + ‖ϕA ‖L1)

{
LG

[
‖ς‖Bh

+ (1 + C
∗)(E ∗

1 r + cn)
]
+ 2L̃G

}
= Λ1.

Then for each z ∈ Br, we have ‖Υ1z‖T ≤ Λ1.
Now, we prove that Υ1 maps bounded sets into equicontinuous sets of B0

T .
Let η1, η2 ∈ I , η2 > η1 and let Br be a bounded set. Let z ∈ Br. Then we have

∥∥(Υ1z)(η2)− (Υ1z)(η1)
∥∥

≤
∥∥∥G
(
η2, z̺(η2 ,zη2+yη2)

+ y̺(η2,zη2+yη2)
,Cz̺(η2,zη2+yη2 )

+ y̺(η2,zη2+yη2)

)

− G

(
η1, z̺(η1,zη1+yη1 )

+ y̺(η1,zη1+yη1 )
,Cz̺(η1,zη1+yη1)

+ y̺(η1,zη1+yη1 )

)∥∥∥

+

∫ η1

0
‖S′(η2 − s)− S

′(η1 − s)‖ ‖Gz(s)‖[D(A )]ds

+

∫ η2

η1

‖S′(η2 − s)‖‖Gz(s)‖[D(A )]ds.

The right-hand side of the above inequality tends to zero as η1 → η2. Thus the
set {Υ1z : z ∈ Br} is equicontinuous.

Finally, we show that Υ1 maps Br into a precompact set in X. Let 0 < t < T
be fixed and ǫ be a real number satisfying 0 < ǫ < t. For z ∈ Br, we define

(
Υ

ǫ
1z
)
(t) = G (0, ς, 0) + G

(
t− ǫ, z̺(t−ǫ,zt−ǫ+yt−ǫ) + y̺(t−ǫ,zt−ǫ+yt−ǫ),

Cz̺(t−ǫ,zt−ǫ+yt−ǫ) + y̺(t−ǫ,zt−ǫ+yt−ǫ)

)
+

∫ t−ǫ

0
S
′(t− s)Gz(s)ds.

From the hypothesis (H1)*, we note that the set
{

G (0, ς, 0) + G (t− ǫ, z̺(t−ǫ,zt−ǫ+yt−ǫ) + y̺(t−ǫ,zt−ǫ+yt−ǫ),

Cz̺(t−ǫ,zt−ǫ+yt−ǫ) + y̺(t−ǫ,zt−ǫ+yt−ǫ)) +

∫ t−ǫ

0
S
′(t− s)Gz(s)ds : z ∈ Br

}
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is bounded. Then, for t > 0, the set Vǫ(t) = {(Υǫ

1z)(t) : z ∈ Br} is relatively
compact in X for every ǫ, 0 < ǫ < t. Furthermore, for each z ∈ Br, we have

∥∥(Υ1z)(t) − (Υ
ǫ

1z)(t)
∥∥

≤
∥∥∥G
(
t, z̺(t,zt+yt) + y̺(t,zt+yt),Cz̺(t,zt+yt) + y̺(t,zt+yt)

)

− G

(
t− ǫ, z̺(t−ǫ,zt−ǫ+yt−ǫ) + y̺(t−ǫ,zt−ǫ+yt−ǫ),

Cz̺(t−ǫ,zt−ǫ+yt−ǫ) + y̺(t−ǫ,zt−ǫ+yt−ǫ)

)∥∥∥+
∫ t

t−ǫ

‖S′(t− s)‖ ‖Gz(s)‖[D(A )]ds

→ 0 as ǫ→ 0

and there are precompact sets arbitrarily close to the set V (t) = {(Υ1z)(t) :
z ∈ Br}. Thus the set Vǫ(t) = {(Υǫ

1z)(t) : z ∈ Br} is precompact in X. Therefore
from the Arzelá-Ascoli theorem, the operator Υ1 is completely continuous.

Step 2. Continuity of the operator Υ2 can be proved in the same way as for Υ1.

Next, we show that the operator Υ2 maps bounded sets into bounded sets in
B0

T . Indeed, it is enough to show that there exists a positive constant Λ2 such
that for each z ∈ Br one has ‖Υ2z‖T ≤ Λ2. We obtain for t ∈ I ,

‖(Υ2z)(t)‖ ≤ ‖Fz(t)‖[D(A )] +

∫ t

0
‖S′(t− s)‖ ‖Fz(s)‖[D(A )]ds ≤ I6 + I7.(3.4)

I6 = ‖Fz(t)‖[D(A )] ≤
1

Γ(α)

∫ t

0
(t− s)α−1

∥∥∥F
(
s, z̺(s,zs+ys) + y̺(s,zs+ys),

Cz̺(s,zs+ys) + y̺(s,zs+ys)

)∥∥∥
[D(A )]

ds

≤ 1

Γ(α)

∫ t

0
(t− s)α−1p(s)ψ

(
‖z̺(s,zs+ys) + y̺(s,zs+ys)‖Bh

+ C
∗‖z̺(s,zs+ys) + y̺(s,zs+ys)‖Bh

)
ds

≤ 1 + C
∗

Γ(α)

∫ t

0
(t− s)α−1p(s)ψ

(
‖z̺(s,zs+ys) + y̺(s,zs+ys)‖Bh

)
ds

≤ (1 + C
∗)ψ(r∗)‖p‖∞Tα

Γ(α+ 1)
= C1,

where (E ∗
1 r + cn) = r∗.
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In the similar manner, we get

I7 =

∫ t

0
‖S′(t− s)‖ ‖Fz(s)‖[D(A )]ds ≤ I6

∫ t

0
ϕA (t− s)ds ≤ I6‖ϕA ‖L1 .

Therefore, equation (3.4) becomes

‖(Υ2z)(t)‖ ≤
(
1 + ‖ϕA ‖L1

)(1 + C
∗)ψ(r∗)‖p‖∞Tα

Γ(α+ 1)
= Λ2 <∞.

Then for each z ∈ Br, we have ‖Υ2z‖T ≤ Λ2.

Now, we prove that {Υ2z : z ∈ Br} is equicontinuous on [0, T ]. For our conve-
nience, let us take f̂z(s) = F

(
s, z̺(s,zs+ys) + y̺(s,zs+ys),Cz̺(s,zs+ys) + y̺(s,zs+ys)

)
.

Then by hypothesis (H2)*, we have

∥∥∥f̂z(s)
∥∥∥
[D(A )]

=
∥∥F

(
s, z̺(s,zs+ys) + y̺(s,zs+ys),Cz̺(s,zs+ys) + y̺(s,zs+ys)

)∥∥
[D(A )]

≤ p(s)ψ
(∥∥z̺(s,zs+ys) + y̺(s,zs+ys)

∥∥
Bh

+ C
∗ ∥∥z̺(s,zs+ys) + y̺(s,zs+ys)

∥∥
Bh

)

≤ (1 + C
∗)p(s)ψ

(∥∥z̺(s,zs+ys) + y̺(s,zs+ys)

∥∥
Bh

)
≤ (1 + C

∗)ψ(r∗)‖p‖∞ = C2.

For t ∈ [0, T ] and h > 0 such that t+ h ∈ [0, T ], we get

‖Fz(t+ h)− Fz(t)‖[D(A )]

=

∥∥∥∥
1

Γ(α)

∫ t+h

0
(t+ h− s)α−1f̂z(s)ds −

1

Γ(α)

∫ t

0
(t− s)α−1f̂z(s)ds

∥∥∥∥
[D(A )]

≤ 1

Γ(α)

∫ t

0

[
(t− s)α−1 − (t+ h− s)α−1

]
‖f̂z(s)‖[D(A )]ds

+
1

Γ(α)

∫ t+h

t

(t+ h− s)α−1‖f̂z(s)||[D(A )]ds

≤ C2

Γ(α+ 1)
[tα − (t+ h)α + hα] +

C2

Γ(α+ 1)
hα ≤ 2C2

Γ(α+ 1)
hα.

We infer that there exists 0 < δ < T such that ‖Fz(t+ h)− Fz(t)‖[D(A )] ≤ ǫ
and ‖ϕA ‖L1([t,t+h],R+) ≤ ǫ for all Br and every 0 < h < δ. Then, we have
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‖(Υ2z)(t+ h)− (Υ2z)(t)‖ ≤ ‖Fz(t+ h)− Fz(t)‖[D(A )]

+

∥∥∥∥
∫ t+h

0
S
′(t+ h− s)Fz(s)ds −

∫ t

0
S
′(t− s)Fz(s)ds

∥∥∥∥

≤ ǫ+

∫ h

0
‖S′(t+ h− s)‖ ‖Fz(s)‖[D(A )]ds

+

∫ t

0
‖S′(t− s)‖ ‖Fz(s+ h)− Fz(s)‖[D(A )]ds

≤ ǫ+ C1‖ϕA ‖L1([t,t+h],R+) + ǫ‖ϕA ‖L1 ≤ ǫ
(
1 + C1 + ‖ϕA ‖L1

)

which implies {Υ2z : z ∈ Br} is right equicontinuous at t ∈ (0, T ). In the similar
way, we can get {Υ2z : z ∈ Br} is left equicontinuous at t ∈ (0, T ] and the right
equicontinuous at zero. Thus {Υ2z : z ∈ Br} is equicontinuous on [0, T ].

Finally, we demonstrate that the set {(Υ2z)(t) : z ∈ Br} is relatively compact
on [0, T ].

Let t ∈ (0, T ] and 0 < ǫ < min{t, 1}. From Bochner integral (see [26, Lemma
2.1.3]), for x ∈ Br, we have

Fz(t) =
1

Γ(α)

∫ t

0
(t− s)α−1f̂z(s)ds

=
1

Γ(α)

∫ ǫ

0
(t− ǫ)α−1f̂z(s)ds +

1

Γ(α)

∫ t

ǫ

(t− s)α−1f̂z(s)ds

∈ B C2ǫ
α

Γ(α+1)

(0,B0
T ) +

1

Γ(α)
(t− ǫ)co((t− s)α−1f̂z(s) : s ∈ [ǫ, t]),

where co(S) denote the convex hull of a set S.

On the other hand, since S
′(·) ∈ C([0, T ],X), for the ǫ, there exist numbers

0 = s0 < s1 < · · · < sn+1 = t such that |si − si+1| ≤ ǫ for all i = 0, 1, 2, . . . , n and
‖S′(s)− s′(sj)‖ ≤ ǫ

1+T
, s ∈ [sj, sj+1], j = 1, 2, . . . , n.

Then for z ∈ Br and t ∈ (0, T ], we obtain

∫ t

0
S
′(t− s)Fz(s)ds =

∫ s1

0
S
′(s)Fz(t− s)ds+

n∑

i=1

∫ si+1

si

[S′(s)− S
′(si)]Fz(t− s)ds

+

n∑

i=1

S
′(si)

∫ si+1

si

Fz(t− s)ds.
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We observe that
∥∥∥∥
∫ s1

0
S
′(s)Fz(t− s)ds

∥∥∥∥ ≤ C1‖ϕA ‖L1([0,ǫ],R+),

∥∥∥∥∥

n∑

i=1

∫ si+1

si

[S′(s)− S
′(si)]Fz(t− s)ds

∥∥∥∥∥ ≤ ǫC1T

1 + T
.

From the above discussion, we deduce that

{(Υ2z)(t) : z ∈ Br} ⊂ Cǫ +Kǫ,

where Kǫ ⊂ X is a compact set and Diam(Cǫ) = C2ǫ
α

Γ(α+1) + C1‖ϕA ‖L1([0,ǫ],R+) +
ǫC1T
1+T

→ 0 as ǫ → 0. This proves that the set {(Υ2z)(t) : z ∈ Br} is relatively
compact on [0, T ].

Step 3. We show that there exists an open set U ⊂ C(I ,X) with z /∈ λΥ(z) for
λ ∈ (0, 1) and x ∈ ∂U .

Let λ ∈ (0, 1) and

z(t) = λ(Υz)(t) = λ

{
Gz(t) + Fz(t) +

∫ t

0
S
′(t− s)[Gz(s) + Fz(s)]ds

}
, t ∈ I .

Then, from the estimations I4 to I7, we get

‖z(t)‖ ≤ C3 + (1 + ‖ϕA ‖L1)LG (1 + C
∗)E ∗

1 ‖z(t)‖

+
(1 + ‖ϕA ‖L1)(1 + C

∗)
Γ(α)

∫ t

0
(t− s)α−1p(s)ψ(E ∗

1 ‖z(s)‖ + cn)ds.

This implies that

‖z(t)‖ ≤ C3

µ
+

(1 + ‖ϕA ‖L1)(1 + C
∗)

µΓ(α)

∫ t

0
(t− s)α−1p(s)ψ(E ∗

1 ‖z(s)‖ + cn)ds.

Then

E
∗
1 ‖z(t)‖ + cn ≤ cn +

E ∗
1 C3

µ
+

E ∗
1 (1 + ‖ϕA ‖L1)(1 + C

∗)
µΓ(α)

∫ t

0
(t− s)α−1p(s)

(×)ψ(E ∗
1 ‖z(s)‖+ cn)ds.

We consider the function w defined by

w(t) = sup{E ∗
1 ‖z(s)‖ + cn : 0 ≤ s ≤ t}, t ∈ I .
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We have

w(t) ≤ cn +
E ∗
1 C3

µ
+

E ∗
1 (1 + ‖ϕA ‖L1)(1 + C

∗)
µΓ(α)

∫ t

0
(t− s)α−1p(s)ψ(w(s))ds.

Then

‖w‖ ≤ cn +
E ∗
1 C3

µ
+

E ∗
1 (1 + ‖ϕA ‖L1)(1 + C

∗)Tα

µΓ(α+ 1)
‖p‖∞ψ(‖w‖)

and consequently

‖w‖
cn +

E ∗

1 C3

µ
+

E ∗

1 (1+‖ϕA ‖
L1 )(1+C∗)Tα

µΓ(α+1) ‖p‖∞ψ(‖w‖)
≤ 1.

Then, by (H2)*(iv), there exists M such that ‖w‖ 6= M. Let us set

U = {z ∈ C(I ,X) : ‖z‖ <M}.

From the choice of U , there is no z ∈ ∂U such that z = λΥ(z) for some
λ ∈ (0, 1). Consequently, by Lemma 3.3, we deduce that Υ has a fixed point z
which is a solution of (1.1)–(1.2) on (−∞, T ].

Finally, we present the existence result based upon Schaefer’s fixed point
theorem [19].

Theorem 3.3. Let X be a Banach space, and D : X → X be a completely

continuous operator. Then either

(i) D has a fixed point, or

(ii) The set Ω = {x ∈ U : x = λD(x), 0 < λ < 1} is unbounded.

Theorem 3.4. Assume that S(t) is compact for all t > 0 and (H1)* is satisfied.

Moreover, assume

(H3)* There exist functions p, q ∈ C(I ,R+) such that

‖f(t, ς, ψ)‖[D(A )] ≤ p(t) + q(t)(‖ς‖Bh
+ ‖ψ‖Bh

), t ∈ I , ς, ψ ∈ Bh.

Then, the problem (1.1)–(1.2) has at least one mild solution on (−∞, T ] pro-
vided that

(1 + ‖ϕA ‖L1)E ∗
1 (1 + C

∗)

(
1 +

Tα

Γ(α+ 1)
‖q‖∞

)
< 1.
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Proof. Define the operator Υ as in Theorem 3.1. As in Theorem 3.2, we can
prove that the operator Υ is completely continuous. Now, we prove that the set

Ω = {z ∈ B
0
T : z = λΥ(z), 0 < λ < 1}

is bounded.
Let z ∈ Ω be any element. Then similarly as in Theorem 3.2, we have each

t ∈ I ,

‖z(t)‖ ≤ C3 + (1+ ‖ϕA ‖L1)E ∗
1 LG (1 + C

∗)‖z(t)‖+ (1+ ‖ϕA ‖L1)

{
Tα

Γ(α+ 1)
‖p‖∞

+
(1 + C

∗)Tα

Γ(α+ 1)
‖q‖∞E

∗
1 ‖z(t)‖ +

(1 + C
∗)Tα

Γ(α+ 1)
‖q‖∞cn

}
,

where C3 = (1 + ‖ϕA ‖L1){LG ‖ς‖Bh
+ LG cn(1 + C

∗) + 2L̃G } and consequently

‖z‖T ≤ C3 + (1 + ‖ϕA ‖L1)
Tα

Γ(α + 1)
{‖p‖∞ + (1 + C

∗)‖q‖∞cn}{1 − µ1}−1,

where µ1 = (1 + ‖ϕA ‖L1)E ∗
1 (1 + C

∗)
(
LG − Tα

Γ(α+1)‖q‖∞
)
.

Hence the set Ω is bounded. As a consequence of Theorem 3.3, we deduce
that Υ has at least one fixed point, then the operator Υ has also, which gives rise
to a mild solution of (1.1)–(1.2) on (−∞, T ].

4. Application

As an application of our results we consider the following FNIDS with SDD of
the form

Dα
t

[
u(t, x)−

∫ t

−∞
e2(s−t)u(s− ̺1(s)̺2(‖u(s)‖), x)

49
ds

+

∫ t

0
sin(t− s)

∫ s

−∞
e2(τ−s)u(τ − ̺1(τ)̺2(‖u(τ)‖), x)

36
dτds

]

=
∂2

∂x2
u(t, x) +

∫ t

−∞
e2(s−t)u(s− ̺1(s)̺2(‖u(s)‖), x)

9
ds

+

∫ t

0
sin(t− s)

∫ s

−∞
e2(τ−s)u(τ − ̺1(τ)̺2(‖u(τ)‖), x)

25
dτds,(4.1)

u(t, 0) = 0 = u(t, π), t ∈ [0, T ],(4.2)

u(t, x) = ς(t, x), t ≤ 0, x ∈ [0, π],(4.3)
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where CDα
t is Caputo’s fractional derivative of order 0 < α < 1. To study

this system, we take X = L2[0, π] with the norm | · |L2 and define the operator
A : D(A ) ⊂ X → X by Aw = w′′ with the domain

D(A ) =
{
w ∈ X : w′′ ∈ X, w(0) = w(π) = 0

}
.

Then

A w =

∞∑

n=1

n2〈w,wn〉wn, w ∈ x̺(t,xt)(A ),

where wn(s) =
√

2
π
sin(ns), n = 1, 2, . . . , . is the orthogonal set of eigenvectors of

A . It is well known that A is the infinitesimal generator of an analytic semigroup
(T (t))t≥0 in X given by

T (t)w =

∞∑

n=1

e−n2t〈w,wn〉wn, for all w ∈ X, and every t > 0.

(T (t))t≥0 is a uniformly bounded compact semigroup, such that R(λ,A ) = (λ−
A )−1 is a compact operator for all λ ∈ ρ(A ).

From [28, Example 2.2.1], we notice that the integral equation

u(t) =
1

Γ(q)

∫ t

0

A u(s)

(t− s)1−q
ds, t ≥ 0,

has an associated analytic resolvent operator (S(t))t≥0 on X. It is given by

S(t) =





1
2πi

∫

Γr,θ

eλt(λq − A )−1dλ, t > 0;

I, t = 0,

where Γr,θ denotes a contour consisting of rays {reiθ : r ≥ 0} and {re−iθ :
r ≥ 0} for some θ ∈ (π, π2 ). Obviously, there exists a constant SA such that
‖[S′(t) − S

′(s)]x‖ ≤ SA |t − s|‖x‖[D(A )] for all t, s ≥ 0, where ‖ · ‖[D(A )] denote
the graph norm. It is easy to see that S(t) is differentiable and there exists a

constant M̃ > 0 such that ‖S′(t)x‖ ≤ M̃‖x‖, for x ∈ D(A ).
For the phase space, we choose h = e2s, s < 0. Then l =

∫ 0
−∞ h(s)ds = 1

2 <
∞, for t ≤ 0 and

‖ς‖Bh
=

∫ 0

−∞
h(s) sup

θ∈[s,0]
‖ς(θ)‖L2ds.

Hence, for (t, ς) ∈ [0, T ]×Bh, where ς(θ)(x) = ς(θ, x), (θ, x) ∈ (−∞, 0]×[0, π]
and taking

u(t)(x) = u(t, x), ̺(t, ς) = ̺1(t)̺2(‖ς(0)‖),
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we have

G (t, ς,H ς)(x) =

∫ 0

−∞
e2(s)

ς

49
ds+ (H ς)(x),

F (t, ς, H̃ ς)(x) =

∫ 0

−∞
e2(s)

ς

9
ds + (H̃ ς)(x),

where

(H ς)(x) =

∫ t

0
sin(t− s)

∫ 0

−∞
e2(τ)

ς

36
dτds,

(H̃ ς)(x) =

∫ t

0
sin(t− s)

∫ 0

−∞
e2(τ)

ς

25
dτds.

Then using these configurations, the system (4.1)–(4.3) can be written in the
form of design (1.1)–(1.2).

To treat this system we assume that ̺i : [0,∞) → [0,∞), i = 1, 2 are
continuous. Now, we have for t ∈ [0, 1], ς, ς ∈ Bh

‖G (t, ς,H ς)‖[D(A )]

≤
(∫ π

0

(∫ 0

−∞
e2(s)

∥∥∥ ς
49

∥∥∥ ds+
∫ t

0
‖ sin(t− s)‖

∫ 0

−∞
e2(τ)

∥∥∥ ς
36

∥∥∥ dτds
)2

dx

) 1
2

≤
(∫ π

0

(
1

49

∫ 0

−∞
e2(s) sup ‖ς‖ds + 1

36

∫ 0

−∞
e2(s) sup ‖ς‖ds

)2

dx

) 1
2

≤
√
π

49
‖ς‖Bh

+

√
π

36
‖ς‖Bh

≤ LG ‖ς‖Bh
+ L̃G ‖ς‖Bh

,

where LG + L̃G = 85
√
π

1764 , and

‖G (t, ς,H ς)− G (t, ς,H ς)‖[D(A )]

≤
(∫ π

0

(∫ 0

−∞
e2(s)

∥∥∥∥
ς

49
− ς

49

∥∥∥∥ ds+
∫ t

0
‖ sin(t− s)‖

∫ 0

−∞
e2(τ)

∥∥∥∥
ς

36
− ς

36

∥∥∥∥ dτds
)2

dx

)1
2

≤
(∫ π

0

(
1

49

∫ 0

−∞
e2(s) sup ‖ς − ς‖ds + 1

36

∫ 0

−∞
e2(s) sup ‖ς − ς‖ds

)2

dx

) 1
2

≤
√
π

49
‖ς − ς‖Bh

+

√
π

36
‖ς − ς‖Bh

≤ LG ‖ς − ς‖Bh
+ L̃G ‖ς − ς‖Bh

.
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Similarly, we conclude

‖F (t, ς, H̃ ς)‖[D(A )]

≤
(∫ π

0

(∫ 0

−∞
e2(s)

∥∥∥ ς
9

∥∥∥ ds+
∫ t

0
‖ sin(t− s)‖

∫ 0

−∞
e2(τ)

∥∥∥ ς
25

∥∥∥ dτds
)2

dx

) 1
2

≤
(∫ π

0

(
1

9

∫ 0

−∞
e2(s) sup ‖ς‖ds + 1

25

∫ 0

−∞
e2(s) sup ‖ς‖ds

)2

dx

) 1
2

≤
√
π

9
‖ς‖Bh

+

√
π

25
‖ς‖Bh

≤ LF‖ς‖Bh
+ L̃F‖ς‖Bh

,

where LF + L̃F = 34
√
π

225 , and

‖F (t, ς, H̃ ς)− F (t, ς , H̃ ς)‖[D(A )] ≤
(∫ π

0

(∫ 0

−∞
e2(s)

∥∥∥∥
ς

9
− ς

9

∥∥∥∥ ds

+

∫ t

0
‖ sin(t− s)‖

∫ 0

−∞
e2(τ)

∥∥∥∥
ς

25
− ς

25

∥∥∥∥ dτds
)2

dx

) 1
2

≤
(∫ π

0

(
1

9

∫ 0

−∞
e2(s) sup ‖ς − ς‖ds + 1

25

∫ 0

−∞
e2(s) sup ‖ς − ς‖ds

)2

dx

) 1
2

≤
√
π

9
‖ς − ς‖Bh

+

√
π

25
‖ς − ς‖Bh

≤ LF‖ς − ς‖Bh
+ L̃F‖ς − ς‖Bh

.

Therefore, the conditions (H1)–(H2) are fulfilled. Furthermore, we assume

that E ∗
1 = 1, ‖ϕA ‖L1 ≤ M̃ = 1, α = 1

2 , L̺ = 1, T = 1 and C
∗ = 1. Moreover, by

choosing proper value for the constants LG (r) and LF (r), we get

Λ = E
∗
1

(
1 + ‖ϕA ‖L1

){(
LG + L̃GC

∗
)
+

Tα

Γ(α+ 1)

(
LF + L̃FC

∗
)

+ 2L̺(1 + C
∗)

(
LG (r) +

Tα

Γ(α+ 1)
LF (r)

)}
< 1.

Thus the condition (H5) holds. Hence by Theorem 3.1, we deduce that the
system (4.1)–(4.3) has a unique mild solution on [0,1].

5. Conclusion

In this manuscript, we have studied the existence results for fractional neutral
integro-differential systems (FNIDS) with state-dependent delay (SDD) in Ba-
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nach spaces by utilizing the resolvent operators, the Banach contraction princi-
ple, the Leray-Schauder nonlinear alternative and Schaefer’s fixed point theorem.
To obtain our results, our working hypotheses are that the functions determin-
ing the equation satisfy certain Lipschitz conditions of local type. To validate
the obtained theoretical results, one example is analyzed. The FDEs are very
efficient to describe the real-life phenomena; thus, it is essential to extend the
present study to establish the other qualitative and quantitative properties such
as stability and controllability.

There are two direct issues which require further study. First, we will in-
vestigate the approximate controllability of fractional neutral integro-differential
systems with state-dependent delay both in the case of a non-compact opera-
tor and a normal topological space. Secondly, we will be devoted to studying
the approximate controllability of a new class of impulsive fractional differential
equations with state-dependent delay in Banach spaces.
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