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Abstract

We aim in this paper to establish averaging results in a case of non
uniqueness of the mild solutions for semilinear functional differential equa-
tions in a Banach space with infinite delay on an abstract phase space and
defined by the equation

{

x′(t) = Ax(t) + f
(

t

ε
, xt
)

,
x0 = ϕ,

where A is a linear operator generating a C0-semigroup, f is a Carathé-
odory function satisfying some conditions of boundedness and χ-regularity
and, ε is a small positive parameter. An example is provided to illustrate
our results.
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1. Introduction

The averaging principle is one of the most efficient methods for the investigation of
oscillation phenomena described by differential equations with a small parameter
(see [20] and the introduction in [19] for the history of the theory of averag-
ing). It consists in replacing the non autonomous right hand side of an equation
with small parameter by its average in time. A key step in the development of
this principle started with the works of Bogoliubov-Mitropolskii [3] and Krylov-
Bogoliubov [14], where a rigorous justification of this principle was given for finite
dimensional nonlinear systems in standard form. Later this principle was justi-
fied for several kinds of finite and infinite dimensional differential and functional
differential equations with finite delay (see e.g. [4, 7, 9, 12, 15, 16, 17, 20, 22, 23]
and the references therein).

Among the effective methods for solving the Cauchy problem and proving the
averaging principle for infinite dimensional differential equations and inclusions,
may be found the method based on the theory of measures of non-compactness
(see [1, 5, 13]).

Using such method, in [6, Theorem 3], a theorem on the existence of mild
solutions to semilinear functional differential inclusion with infinite delay on an
abstract phase space of a Banach space valued functions defined axiomatically was
established, where the unbounded linear part generates a noncompact semigroup
and the nonlinear part is upper Carathéodory multivalued map satisfying some
boundedness and χ-regularity conditions.

We aim in this paper to establish averaging results for such solutions in the
case where the nonlinear part is a single valued map i.e., we aim to establish
averaging results for the solutions given by [6, Theorem 3] in the single valued
case. More precisely, we consider a semilinear functional differential equation
in E,

(Pε)

{

z′(t) = Az(t) + f
(

t
ε , zt

)

, t ∈ [0, T ],
z0 = ϕ,

where, for z : (−∞,+∞) → E, for t ≥ 0, the function zt belongs to B and is
defined by, zt(θ) = z(t + θ), −∞ < θ ≤ 0, A is a linear operator generating a
C0-semigroup in E, and ε is a small parameter.

Parallel to the problem (Pε), ε > 0, we consider the averaged problem:

(P0)

{

z′(t) = Az(t) + f0(zt), t ∈ [0, T ],

z0 = ϕ,

where f0 : B → E is a function for which there exists ∆0 > 0 such that for all
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u ∈ B and t1, t2 ∈ [0, T ] with 0 ≤ t1 ≤ t2 ≤ t1 +∆0,

(1) lim
ε→0+

∫ t2

t1

S(t2 − θ)

[

f

(

θ

ε
, u

)

− f0(u)

]

d θ = 0.

Such a condition (1) is taken from [21]. We aim to establish a variant of the
averaging principle for the problem (Pε)ε>0 ( Theorem 4.1 and Proposition 4.9).
Note that, because of the lack of the uniqueness of the solutions, the traditional
approach, which consists in showing directly that the solutions (zε)ε>0 of the
problems (Pε)ε>0, converge to the unique solution z∞ of the problem (P0) as
ε→ 0+ cannot be applied here.

We replace the condition (1) by a more natural hypothesis, that is,

f0(u) = lim
t→+∞

1

t

∫ t

0
f(s, u) ds,

then, we establish a variant of the classical averaging principle (Theorem 5.1).
In the last section we discuss an example that illustrates the applicability of our
abstract results.

2. Preliminaries

Let E be a Banach space and (Y,≤) a partially ordered set. Denote by P(E) the
collection of all nonempty bounded subsets of E .

• A map Ψ : P(E) → Y is called a measure of non-compactness in E if

Ψ(Ω) = Ψ(c̄oΩ)

for every Ω ∈ P(E), where c̄oΩ denotes the closed convex hull of Ω.

• The measure Ψ is called:

(i) nonsingular if for every a ∈ E , Ω ∈ P(E), Ψ({a} ∪ Ω) = Ψ(Ω);

(ii) monotone, if Ω0,Ω1 ∈ P(E) and Ω0 ⊆ Ω1 imply Ψ(Ω0) ≤ Ψ(Ω1);
If Y is a cone in a Banach space, we say that

(iii) Ψ is regular if Ψ(Ω) = 0 is equivalent to the relative compactness of the
set Ω.

One of the most important examples of a measure of non-compactness pos-
sessing all these properties is the Hausdorff measure of non-compactness, defined
by

χ(Ω) = inf {ǫ > 0 : Ω has a finite ε-net in E} .
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Recall that, in a metric space M, a finite ǫ-net of a subset Ω is a finite set (xi)
of points of M such that Ω ⊂

⋃

iBi, where Bi denotes the open ball of radius ǫ
centered on xi.

• Let Ψ be a measure of non-compactness in E . A multimap G : Z → E , where
Z ⊂ E is a closed subset, is called Ψ-condensing if for every bounded set Ω ⊂ Z,
the relation Ψ(G(Ω)) ≥ Ψ(Ω) implies the relative compactness of Ω. For more
details, see e.g. [1, 2, 13].

By L1([0, T ]; E) we denote the space of all Bochner summable functions.

• A sequence {fn}
∞
n=1 ⊂ L1([a, b]; E) is semicompact if:

(i) it is integrably bounded: ‖fn(t)‖ ≤ q(t) for a.e. t ∈ [a, b] and for every
n ≥ 1 where q(·) ∈ L1([a, b],R+);

(ii) the set {fn(t)}
∞
n=1 is relatively compact for almost every t ∈ [a, b].

• Let X be a topological space. (Y, d) a metric space. Denote by K(Y ) the
collection of all compact subsets of Y .

A multivalued map G : X → K(Y ) is upper semi continuous at the point
x ∈ X if and only if for every δ > 0 there exists a neighborhood V (x) such that
G(x′) ⊂ Wδ(G(x)) for every x′ ∈ V (x). Here, Wδ(G(x)) denotes the δ-neighbor-
hood of G(x)), Wδ(G(x)) = {y ∈ Y : d(y, G(x)) < δ}.

Definition 2.1. Let A be the infinitesimal generator of a C0-semigroup (S(t))t≥0.

The operator Γ : L1([a, b]; E) → C([a, b]; E), defined by,

Γ(g)(t) =

∫ t

a
S(t− s) g(s) ds,

is called the Cauchy operator.

From [13, Lemma 4.2.1], we have

Lemma 2.2. The Cauchy operator Γ satisfies the properties:

(Γ1) for every f, g ∈ L1([a, b]; E), a ≤ t ≤ b;

‖Γf(t)− Γg(t)‖E ≤M

∫ t

a
‖f(s)− g(s)‖E ds,

(Γ2) for any compact K ⊂ E and sequence {fn}
∞
n=1 ⊂ L1([a, b]; E) such that

{fn(t)}
∞
n=1 ⊂ K for a.e. t ∈ [a, b] the weak convergence fn −→

w
f0 implies

Γfn → Γf0.

From [13, Theorems 4.2.2, 5.1.1] respectively, we have
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Lemma 2.3. Let {fn}
∞
n=1 ⊂ L1([a, b], E) be an integrably bounded sequence sat-

isfying χ({fn}
∞
n=1) ≤ ζ(t) a.e. t ∈ [a, b], where ζ ∈ L1

+([a, b], then for every

t ∈ [a, b],

χ
(

Γ {fn(t)}
∞
n=1

)

≤ 2M

∫ t

a
ζ(s) ds.

Lemma 2.4. For every semicompact sequence {fn}
∞
n=1 ⊂ L1([a, b]; E), the sequ-

ence {Γ(fn)}
∞
n=1 is relatively compact in C([a, b]; E) and moreover, if fn −→

w
f0

then Γfn → Γf0.

3. Formulation of the problem, statement of the results

Let σ be a real number and T > 0 be a fixed time. By C([σ, σ+T ]; E) we denote
the space of continuous functions defined on [σ, σ + T ] with values in a Banach
space (E, ‖·‖), endowed with the uniform convergence norm. For any function
z : (−∞, σ+ T ] → E and for every t ∈ [σ, σ+ T ], zt represents the function from
(−∞, 0] into E defined by zt(θ) = z(t+ θ);−∞ < θ ≤ 0.

Phase space

Let B be a linear topological space of functions mapping (−∞, 0] into E endowed
with a seminorm ‖·‖B and, satisfying the following axioms:

if z : (−∞, σ+T ] → E is continuous on [σ, σ+T ] and zσ ∈ B, then, for every
t ∈ [σ, σ + T ], we have

(B1) zt ∈ B;

(B2) ‖zt‖B ≤ K(t−σ) supσ≤s≤t ‖z(s)‖+N(t−σ) ‖zσ‖B, whereK,N : [0,+∞) −→
[0,+∞) are independent of z, K is positive and continuous and, N is locally
bounded;

(B3) the function t 7→ zt is continuous.

Such a space B was introduced by Hale and Kato [8] and has been considered as
a phase space in the theory of functional differential equations with infinite delay.

Existence result

Let us denote by the symbol C((−∞, T ];E) the linear topological space consisting
of functions z : (−∞, T ] → E such that z0 ∈ B and the restriction z | [0,T ] is
continuous, endowed with a seminorm

‖z‖C = ‖z0‖B +
∥

∥

∥
z | [0,T ]

∥

∥

∥

C([0,T ];E)
.
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Let as consider a semilinear functional differential equation in E:

(2)

{

x′(t) = Ax(t) + f(t, xt), t ∈ [0, T ],
x0 = ϕ,

where

(A) A is the generator of a C0-semigroup (S(t))t≥0 on E.

The function f is acting from [0, T ]×B to E and satisfies the following hypotheses:

(f1) For all u ∈ B, the mapping t→ f(t, u) is measurable.

(f2) For a.e. t ∈ [0, T ] the map f(t, ·) : B → E is continuous.

(f3) There exists a function α ∈ L1([0, T ],R+) such that, for all u ∈ B,

‖f(t, u)‖ ≤ α(t)(1 + ‖u‖B) a.e. t ∈ [0, T ].

(f4) There exists a function k(·) ∈ L1
+([0, T ]) such that for every bounded Ω ⊂ B,

χ (f(t,Ω)) ≤ k(t) sup
−∞<θ≤0

χ(Ω(θ)),

a.e. t ∈ [0, T ], where Ω(θ) = {u(θ), u ∈ Ω}.

Definition 3.1. We say that z ∈ C((−∞, T ];E) is a mild solution to the problem
(2) if z0 = ϕ and,

z(t) = S(t)ϕ(0) +

∫ t

0
S(t− s)f(s, zs) ds for 0 ≤ t ≤ T.

Taking F (t, u) = {f(t, u)} and σ = 0 in [6, Theorem 3], we deduce immedi-
ately

Theorem 3.2. Assume that the phase space B satisfies the axioms (B1)–(B3).
Under Hypotheses (A), and (f1)–(f4), the set Σϕ ⊂ C((−∞, T ];E) of all mild

solutions of the problem (2) on (−∞, T ] is nonempty and compact.

Note that under hypotheses of Theorem 3.2, the mild solutions are not neces-
sarily unique. This may be easily cheeked, for example, in the case where E = R.

System in standard form

Let us consider an infinite delay equation in E with a small positive parameter
ε, in normal form

(3)

{

z′(τ) = εf(τ, zτ ), τ ≥ 0,

z0 = ψ,
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where for z : (−∞,+∞) → E, for τ ≥ 0, the function zτ is defined by, zτ (θ) =
z(τ + θ), −∞ < θ ≤ 0 and, belongs to some abstract phase space B defined
axiomatically and ψ ∈ B. Such a phase space B, was introduced by Hale and
Kato [8] and, is defined by suitable axioms as a seminormed space (see Section 3).

Parallel to the problem (3), we consider the averaged problem:

(4)

{

z′(τ) = εf0(zτ ), τ ≥ 0,

z0 = ψ,

where f0 : B → E is such that for all u ∈ B :

(5) f0(u) = lim
t→+∞

1

t

∫ t

0
f(θ, u)d θ.

Define the set D(ψ) by,

D(ψ) = {ẑ : [0,+∞) → E, ẑ(0) = ψ(0)} .

Now, for every ẑ ∈ D(ψ), let us define the function, ẑ[ψ] : (−∞,+∞) → E,
by

(6) ẑ[ψ](t) =

{

ψ(t), −∞ < t ≤ 0,

ẑ(t), 0 ≤ t < +∞.

Then, for every t ≥ 0 and for every θ ≤ 0, we have

(7) ẑ[ψ]t(θ) =

{

ψ(t+ θ), if −∞ < θ ≤ −t,

ẑ(t+ θ), if − t ≤ θ ≤ 0.

Note that, if z is a solution of the problem (3), then z has the form, z = ẑ[ψ], for
some ẑ ∈ D(ψ) being a solution of the problem,

(8)

{

ẑ′(τ) = εf(τ, ẑ[ψ]τ ), τ ≥ 0,

ẑ[ψ]0 = ψ.

Thus, the problem (3) can be written equivalently as (8).
Notice that the expression ẑ[ψ]0 = ψ in (8), means that ẑ(0) = ψ(0).
Now, suppose that the function ψ satisfies:

(9) ψ
( .

ε

)

∈ B, for every ε > 0.

For the problem (8), let us consider the change of variable

(10)



















θ =
θ′

ε
, τ =

t

ε
, θ ≤ 0, τ ≥ 0,

ψ

(

θ′

ε

)

= ϕ(θ′), ẑ

(

t

ε

)

= y(t).
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Note that

(i) When θ varies in (−∞, 0], for every ε > 0, the quantity θε = θ′ varies in
(−∞, 0];

(ii) According to (9) and (10), we have the function

θ′ → ϕ(θ′) ∈ B, and ẑ(0) = ψ(0) = y(0) = ϕ(0).

We claim that
ẑ[ψ]τ (θ) = y[ϕ]t(θ

′).

Indeed, we have

ẑ[ψ]τ (θ) = ẑ[ψ]t/ε(θ) =

{

ψ(θ + t/ε), if −∞ < θ ≤ −t/ε,

ẑ(θ + t/ε), if − t/ε ≤ θ ≤ 0.

=















ψ

(

1

ε
(θε+ t)

)

, if −∞ < θε ≤ −t,

ẑ

(

1

ε
(θε+ t)

)

, if − t ≤ θε ≤ 0.

=

{

ϕ(θε+ t), if −∞ < θε ≤ −t,

y(θε+ t), if − t ≤ θε ≤ 0.

=

{

ϕ(θ′ + t), if −∞ < θ′ ≤ −t,

y(θ′ + t), if − t ≤ θ′ ≤ 0,

= y[ϕ]t(θ
′).

This proves our claim. Thus, under the change of variable given in (10), the
problem (8) (as a consequence the problem (3)) can be written equivalently:

(11)

{

y′(t) = f
(

t
ε , y[ϕ]t

)

,

y[ϕ]0 = ϕ.

Now, setting in (11), x(t) = y[ϕ](t), t ∈ (−∞,+∞), we deduce that the problem
(3) can be written equivalently as:

(12)

{

x′(t) = f
(

t
ε , xt

)

, t ≥ 0,

x0 = ϕ.

Similarly, under the condition (9), the problem (4) can be written equivalently
as

{

x′(t) = f0(xt), t ≥ 0,

x0 = ϕ.
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Thus, to establish the averaging principle for the problem (3) in the case of finite
time interval, we have to show that for any fixed time T > 0, the solutions of the
problem

{

x′(t) = f
(

t
ε , xt

)

, t ∈ [0, T ],

x0 = ϕ,

are approximated (in some sense) by the solutions of the problem,

{

x′(t) = f0(xt), t ∈ [0, T ],

x0 = ϕ,

as ε→ 0+.

Remark 3.3. Using the change of variables given in (10) and reasoning as above,
under the condition (9), the problem in the normal form

{

z′(τ) = ε
[

Az(τ) + f(τ, zτ )
]

, τ ≥ 0,

z0 = ψ ∈ B,

can be written equivalently as:
{

x′(t) = Ax(t) + f( tε , xt), t ≥ 0,

x0 = ϕ ∈ B.

Remark 3.4. If we consider the problem (3) but with finite delay, where the
initial condition in (4) is written as z0 = ψ with, ψ ∈ C([−r, 0], E), r > 0, then
using the same reasoning as above and using the change of variable (10), we
can define equivalently a problem similar to the problem (12) but with initial
condition z(θ) = ϕ(θ), θ ∈ [−εr, 0], that is, the effects of the delay is negligible
and approaches zero in ε, as a consequence the function z(θ+ t), θ ∈ [−εr, 0] can
be approximated by z(t) as ε is small enough. This fact can simplify the writing
of the averaged equation. In our case (infinite delay), this situation cannot take
place since, when θ varies in (−∞, 0], for every ε > 0, the quantity θε varies in
(−∞, 0]. It is why we have to choose ϕ defined on (−∞, 0]. To guarantee that ϕ
belongs to B we have added condition given in (9).

Remark 3.5. Condition (9) is not satisfied for any choice of a phase space B
introduced by Hale and Kato [8], as shows the example.

For γ > 0, take B = Cγ , where Cγ is the space of continuous functions
ψ : (−∞, 0] → R such that eγθψ(θ) has a limit in R as θ → −∞, endowed with
the norm,

‖ψ‖B = sup
{

eγθ |ψ(θ)| : θ ∈ (−∞, 0]
}

.
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It is clear that the function ψ(θ) = e−γθ belongs to B, but for every 0 < ε < 1,

∥

∥

∥
ψ(
.

ε
)
∥

∥

∥

B
= sup

θ∈]−∞,0]
eγθe−γ(θ/ε) = sup

θ∈]−∞,0]
eγθ(1−1/ε) = +∞.

4. Averaging results

Throughout this section, the phase space B is considered as a Banach space
satisfying Axioms (B1)–(B3). Examples of such phase spaces can be found in
[10] (see also [11, page 20]). We give only one example: As a phase space B, one
can take the Banach space C∞(E) (see [10]), constituted of continuous functions
ψ : (−∞, 0] → E, such that limt→−∞ ψ(θ) exists, endowed with the sup-norm,

‖ψ‖C∞

= sup {‖ψ(θ)‖ : θ ∈ (−∞, 0]}.

Let us consider a semilinear differential equation in E with a small positive pa-
rameter ε, ε ∈]0, 1],

(Pε)

{

z′(t) = Az(t) + f( tε , zt), t ∈ [0, T ],

z0 = ϕ.

Now parallel to the problem (Pε), ε > 0, we consider the averaged problem

(P0)

{

z′(t) = Az(t) + f0(zt),

z0 = ϕ.

Suppose that the unbounded linear operator A satisfies the condition (A) and
the function f acts from R

+ × B to E. Assume the following hypotheses,

(f1) For all u ∈ B, the mapping t→ f(t, u) is measurable.

(f2) The function f is continuous in the second variable uniformly with respect
to first one, i.e., for every u ∈ B and for every δ > 0 there exists β > 0 such
that,

∀u′ ∈ B,
∥

∥u− u′
∥

∥ < β ⇒
∥

∥f(t, u)− f(t, u′)
∥

∥ < δ a.e. t ∈ [0,+∞).

(f3) There exists a constant C > 0 such that, for all u ∈ B,

(13) ‖f(t, u)‖ ≤ C(1 + ‖u‖B) a.e. t ∈ R
+.

(f4) There exists a positive constant p such that for every bounded D ⊂ B
and for any negligible subset N of [0,+∞) such that, f([0,+∞) \N , D) is
bounded,
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(14) χ (f([0,+∞) \N , D)) ≤ p sup
−∞<θ≤0

χ(D(θ)),

(see Remark 4.3).

(Af) There exist ∆0 > 0 and a continuous function f0 : B → E such that, for all
u ∈ B and t1, t2 ∈ [0, T ] with 0 ≤ t1 ≤ t2 ≤ t1 +∆0 ≤ T ,

(15) lim
ε→0+

∫ t2

t1

S(t2 − θ)

[

f

(

θ

ε
, u

)

− f0(u)

]

d θ = 0.

Theorem 4.1. Assume the hypotheses (A), (f1)–(f4) and (Af). Let (εk)k≥1 be a

sequence of positive numbers which converges to 0. Then, any sequence (zk)k≥1,

where zk is a mild solution to the problem (Pεk) (ε = εk) has a subsequence which

converges in C((−∞, T ];E) to a mild solution of the problem (P0).

Remark 4.2. Such a condition (Af) is directly inspired from [21, Theorem 3].
Note that here, we do not suppose that f or f0 is a Lipschitz function and the
uniqueness of the mild solutions to the problems (Pε)ε≥0 is not guaranteed.

Remark 4.3. The existence of such a negligible subset N in (f4) is guaranteed
by (f3). Since the right hand side in (14) does not depend on t ∈ [0,+∞) (on the
first argument of the function f), Inequality (14) is independent on the choice of
such a subset N .

Note that, if f(·, ·) is continuous then (13) is satisfied for all t ∈ R
+ and, (14)

can be written as

χ (f([0,+∞), D)) ≤ p sup
−∞<θ≤0

χ(D(θ)).

Remark 4.4. Since (S(t))t≥0 is a strongly continuous semigroup, there exists a
constant M > 0 such that

(16) ‖S(t)‖ ≤M, 0 ≤ t ≤ T.

(See e.g. [18, Theorem 2.2]).

Remark 4.5. Note that,

(i) Hypothesis (f2) implies that, for any compact subset W of B, the function
f is uniformly continuous for u ∈ W, uniformly with respect to a.e. t ∈
(−∞,+∞), i.e.,

∀ δ > 0 ∃ β > 0 ∀u, u′ ∈ W :
∥

∥u− u′
∥

∥ < β ⇒
∥

∥f(t, u)− f(t, u′)
∥

∥ < δ a.e. t ∈ [0,+∞).

This is due to the fact that W is a compact set.
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(ii) Under Hypothesis (Af), the estimation (15) is satisfied uniformly with re-
spect to u in compact sets.

One can easily show (ii) by bearing in mind (i), the fact that the restriction
of f0 to any compact subset of B is uniformly continuous, the estimation
(16) and the fact that the time T in (Af) is bounded, i.e., T < +∞.

Remark 4.6. If in addition, we suppose that the phase space satisfies the axiom:

(Bav) If ψ ∈ B then, for any ε > 0, ψ
( .

ε

)

∈ B,

then Remark 3.3 is valid. It is clear that the axiom (Bav) is obviously satisfied
by the space C∞(E).

Before giving the proof of Theorem 4.1, we need some auxiliary results. We
will use the same notations as in [6].

In the space C([0, T ], E), let us define the set

(17) D(ϕ, T ) = {x ∈ C([0, T ];E), x(0) = ϕ(0)} .

It is clear that D(ϕ, T ) is a closed convex subset in C([0, T ];E).
For every x ∈ D(ϕ, T ), let us define the function x[ϕ] ∈ C((−∞, T ];E) by

(18) x[ϕ](t) =

{

ϕ(t), −∞ < t ≤ 0,

x(t), 0 < t ≤ T.

Then

(19) x[ϕ]t(θ) =

{

ϕ(t+ θ), if −∞ < θ ≤ −t,

x(t+ θ), if − t < θ ≤ 0.

Let us fix a sequence (εk)k≥1 of positive numbers which converges to 0. Denote by
Φk, 1 ≤ k ≤ ∞, the mappings which, with every element x ∈ D(ϕ, T ) associate
the element Φk(x) ∈ D(ϕ, T ), given by, for 1 ≤ k <∞,

(20) Φk(x)(t) = S(t)ϕ(0) +

∫ t

0
S(t− s)f

(

s

εk
, x[ϕ]s

)

ds, 0 ≤ t ≤ T,

and, for k = ∞,

(21) Φ∞(x)(t) = S(t)ϕ(0) +

∫ t

0
S(t− s)f0(x[ϕ]s) ds, 0 ≤ t ≤ T.

Remark 4.7. According to Theorem 3.2, under hypotheses (f1)–(f4), for each
k ≥ 1, the problem (Pεk) has at least one mild solution. Note that, for each k ≥ 1,
a mild solution of (Pεk) has the form zk = xk[ϕ], for some fixed point xk ∈ D(ϕ, T )
of the operator Φk (i.e., xk = Φk(x

k)). Note that, if z∞ is a mild solution of the
problem (P0) then, z∞ = x∞[ϕ], for some fixed point x∞ ∈ D(ϕ, T ) of the
operator Φ∞.
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Lemma 4.8. Let (yk)k≥1 be a sequence in D(ϕ, T ). Assume that yk → y0, for
some y0 ∈ C([0, T ];E). Then, we have

lim
k→∞

sup
t∈[0,T ]

∥

∥

∥

∥

∫ t

0
S(t− θ)

[

f

(

θ

εk
, yk[ϕ]θ

)

− f0(y
0[ϕ]θ)

]

dθ

∥

∥

∥

∥

= 0.

In others words,

Φk(y
k) −→

k→∞
Φ∞(y0) in C([0, T ];E).

Proof. Since the set D(ϕ, T ) is closed, then y0 ∈ D(ϕ, T ). Moreover, by Axioms
(B3) and (B2), we have, lim

k→∞

∥

∥yk[ϕ](·) − y0[ϕ](·)
∥

∥

C([0,T ];B)
= 0. Denote by K the

compact subset of C([0, T ];B), given by, K = {yk[ϕ](·), k ≥ 0} and, by Q the
compact subset of B, given by

Q =
{

yk[ϕ]s, s ∈ [0, T ], k ≥ 0
}

.

The function f0 is uniformly continuous on Q and from Remark 4.5(i), the con-
tinuity of f is uniform for u ∈ Q, uniformly with respect to a.e. t ∈ (−∞,+∞).
Let δ > 0. There exists γ ∈ (0, δ] such that for all u, v ∈ Q with ‖u− v‖B ≤ γ,
one has

(22) ‖f0(u)− f0(v)‖ ≤ δ and ‖f(t, u)− f(t, v)‖ ≤ δ a.e. t ∈ (−∞,+∞).

Now, using Arzela-Ascoli Theorem, we can find a finite set V of step functions
with values in Q, corresponding to a partition 0 = t0 < t1 < · · · < tq = T of
[0, T ], which forms a finite γ-net of K. It is clear that one can assume that

(23) max{ti − ti−1, i = 1, . . . , q} ≤ min{δ, ∆0},

where ∆0 is defined in Hypothesis (Af). For each yk[ϕ](.) ∈ K, k ≥ 0, there exists
Ȳ ∈ V with Ȳ (ti−1) ∈ Q, i = 1, . . . , q and

(24)
∥

∥

∥
yk[ϕ]t − Ȳ (ti−1)

∥

∥

∥
≤ γ for all t ∈ [ti−1, ti[, i = 1, . . . , q.

Set τ(t) = max{i, ti ≤ t} and, ϑ(t) = tτ(t). We have, for every t ∈ [0, T ],

∫ t

0
S(t− θ)

[

f

(

θ

εk
, yk[ϕ]θ

)

− f0
(

y0[ϕ]θ
)

]

dθ

=

∫ t

ϑ(t)
S(t− θ)

[

f

(

θ

εk
, yk[ϕ]θ

)

− f0
(

y0[ϕ]θ
)

]

dθ

+

∫ ϑ(t)

0
S(t− θ)

[

f

(

θ

εk
, yk[ϕ]θ

)

− f0
(

y0[ϕ]θ
)

]

dθ = I1 + I2.
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Using (f3), (23) and the fact that f0 is continuous on the compact set Q, we get

‖I1‖ ≤M

∫ t

ϑ(t)

∥

∥

∥

∥

f

(

θ

εk
, yk[ϕ]θ

)

− f0
(

y0[ϕ]θ
)

∥

∥

∥

∥

dθ

≤M

∫ t

ϑ(t)

[∥

∥

∥

∥

f

(

θ

εk
, yk[ϕ]θ

)∥

∥

∥

∥

+
∥

∥f0
(

y0[ϕ]θ
)
∥

∥

]

dθ

≤M (t− ϑ(t))

[

C

(

1 + max
x∈Q

‖x‖

)

+max
x∈Q

‖f0(x)‖

]

≤M min{δ, ∆0}

[

C

(

1 + max
x∈Q

‖x‖

)

+max
x∈Q

‖f0(x)‖

]

≤M δ

[

C

(

1 + max
x∈Q

‖x‖

)

+max
x∈Q

‖f0(x)‖

]

.

It remains to estimate I2. For every t ∈ [0, T ], we have

I2 =

∫ ϑ(t)

0
S(t− θ)

[

f

(

θ

εk
, yk[ϕ]θ

)

− f

(

θ

εk
, Ȳ (θ)

)]

dθ

+

∫ ϑ(t)

0
S(t− θ)

[

f0(Ȳ (θ))− f0(y
0[ϕ]θ)

]

dθ

+

∫ ϑ(t)

0
S(t− θ)

[

f

(

θ

εk
, Ȳ (θ)

)

− f0
(

Ȳ (θ)
)

]

dθ = J1 + J2 + J3.

Using (24) and (22), we get

‖J1‖ ≤M

∫ ϑ(t)

0

∥

∥

∥

∥

f

(

θ

εk
, yk[ϕ]θ

)

− f

(

θ

εk
, Ȳ (θ)

)∥

∥

∥

∥

dθ

≤M

q
∑

i=1

∫ ti

ti−1

∥

∥

∥

∥

f

(

θ

εk
, yk[ϕ]θ

)

− f

(

θ

εk
, Ȳ (θ)

)
∥

∥

∥

∥

dθ

≤M

q
∑

i=1

∫ ti

ti−1

∥

∥

∥

∥

f

(

θ

εk
, yk[ϕ]θ

)

− f

(

θ

εk
, Ȳ (ti−1)

)
∥

∥

∥

∥

dθ ≤M T δ.

Again, using (24) and (22), we get

‖J2‖ ≤M

q
∑

i=1

∫ ti

ti−1

∥

∥f0(y
0[ϕ]θ)− f0(Ȳ (θ))

∥

∥ dθ

≤M

q
∑

i=1

∫ ti

ti−1

∥

∥f0(y
0[ϕ]θ)− f0(Ȳ (ti−1))

∥

∥ dθ ≤M T δ.
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It remains to estimate the term J3. Since q is finite and Q is a compact set,
using the hypothesis (Af) and Remark 4.5(ii), we get

‖J3‖ =

∥

∥

∥

∥

∥

∥

τ(t)
∑

i=1

∫ ti

ti−1

S(t− θ)

[

f

(

θ

ε
, Ȳ (θ)

)

− f0
(

Ȳ (θ)
)

]

dθ

∥

∥

∥

∥

∥

∥

≤M

q
∑

i=1

∥

∥

∥

∥

∥

∫ ti

ti−1

S(ti − θ)

[

f

(

θ

ε
, Ȳ (ti−1)

)

− f0
(

Ȳ (ti−1)
)

]

dθ

∥

∥

∥

∥

∥

≤M δ as ε→ 0,

uniformly with respect to Ȳ ∈ V.

Proof of Theorem 4.1. Let (zk)k≥1 be a sequence with, zk = xk[ϕ], where xk

is a fixed point of the operator Φk (see (20)). First, let us prove that the sequence
(xk)k≥1 is bounded in C([0, T ];E). Set

(25) λK = sup
0≤s≤T

K(s);

(26) λN = sup
0≤s≤T

N(s).

Let k ≥ 1. Using (f3) and Axiom (B2), we obtain, for any t ∈ [0, T ],

∥

∥xk(t)
∥

∥ =
∥

∥

∥
Φk(x

k)(t)
∥

∥

∥
≤M ‖ϕ(0)‖+M

∫ t

0

∥

∥

∥

∥

f

(

τ

εk
, xk[ϕ]τ

)
∥

∥

∥

∥

dτ

≤M ‖ϕ(0)‖+M

∫ t

0
C

(

1 + λK sup
0≤θ≤τ

∥

∥

∥
xk(θ)

∥

∥

∥
+ λN ‖ϕ‖B

)

dτ

≤M [‖ϕ(0)‖+ T C(1 + λN ‖ϕ‖B)] +MCλK

∫ t

0
sup

0≤θ≤τ

∥

∥

∥
xk(θ)

∥

∥

∥
dτ,

where M is the same as in (16). Since the last expression does not decrease,
setting

ω =M [‖ϕ(0)‖+ TC(1 + λN ‖ϕ‖B)] +MCλK ,

we get

sup
0≤τ≤t

∥

∥

∥
xk(τ)

∥

∥

∥
≤ ω + ω

∫ t

0
sup

0≤θ≤τ

∥

∥

∥
xk(θ)

∥

∥

∥
dτ.

Hence, by Gronwall Lemma, we obtain, for any t ∈ [0, T ],

sup
0≤τ≤t

∥

∥

∥
xk(τ)

∥

∥

∥
≤ ω eωt.
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Now, let us show that the sequence (xk)k≥1 is relatively compact.
For every k ≥ 1, set

(27) fk(t) = f

(

t

εk
, xk[ϕ]t

)

, a.e. t ∈ [0, T ].

It is clear that for each k ≥ 1 and, for every t ∈ [0, T ],

xk(t) = Φk

(

xk
)

(t) = S(t)ϕ(0) + Γ
(

fk
)

(t),

where Γ : L1([0, T ];E) → C([0, T ];E), is the Cauchy operator, defined by

Γ(g)(t) =

∫ t

0
S(t− s) g(s) ds.

Now, on bounded subsets of D(ϕ, T ), consider the following measure of non-
compactness,

Ψ(Ω) = max
D∈∆(Ω)

(

Θ(D), modc(D)
)

,

where ∆(Ω) is the collection of all denumerable subsets of Ω,

modc(D) = lim
δ→0

sup
x∈D

max
|t1−t2|≤δ

‖x(t1)− x(t2)‖;

Θ(D) = sup
t∈[0,T ]

e−L tχ(D(t)),

where L > 0, is chosen such that

(28) max
t∈[0,T ]

2M p

∫ t

0
e−L(t−s) ds ≤ J < 1,

with p taken from (f4).
The range of the measure of noncompactness Ψ is the cone R2

+, max is taken
in the sense of the ordering induced by this cone. The measure of noncompactness
Ψ is well defined, monotone, nonsingular, and regular (see [13, Example 2.1.4]).

Since the sequence (xk)k≥1 is bounded, by (B2), the set

(29) V =
{

xk[ϕ]t, t ∈ [0, T ], k ≥ 1
}

,

is bounded in B also. Let N1 be a negligible subset of [0,+∞) such that,
f([0,+∞) /N1, V ) is bounded in E (N1 exists by (f3)). Let N2 be a subset
of [0,+∞), defined by

N2 =

{

s

εk
∈ [0,+∞), s ∈ [0, T ] and k ≥ 1, such that, fk(s) 6= f

(

s

εk
, xk[ϕ]s

)}

,
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where fk, k ≥ 1 was defined in (27). Set

N =

{

s ∈ [0, T ] :
s

εk
∈ N1 ∪ N2 for some k ≥ 1

}

.

As a countable union of negligible subsets, the sets N2 and N are negligible.
By (f4), we have for every s ∈ [0, T ] /N and k ≥ 1,

χ
(

{fk(s)}+∞
k=1

)

= χ

(

{

f

(

s

εk
, xk[ϕ]s

)}+∞

k=1

)

≤ χ

(

f

(

[0,+∞[ /N1 ∪ N2,
{

xk[ϕ]s

}+∞

k=1

))

≤ p sup
−∞≤θ≤0

χ

(

{

xk[ϕ]s(θ)
}+∞

k=1

)

= p sup
−∞≤θ≤0

χ

(

{

xk[ϕ](θ + s)
}+∞

k=1

)

≤ p

[

sup
−∞≤θ≤−s

χ

(

{

xk[ϕ](θ + s)
}+∞

k=1

)

+ sup
−s≤θ≤0

χ

(

{

xk[ϕ](θ + s)
}+∞

k=1

)

]

= p

[

sup
−∞≤θ≤0

χ
(

{ϕ(θ)}+∞
k=1

)

+ sup
−s≤θ≤0

χ

(

{

xk[ϕ](θ + s)
}+∞

k=1

)

]

= p sup
−s≤θ≤0

χ

(

{

xk[ϕ](θ + s)
}+∞

k=1

)

= p sup
0≤θ≤s

χ

(

{

xk(θ)
}+∞

k=1

)

≤ p eLs e−Ls sup
0≤θ≤s

χ

(

{

xk(θ)
}+∞

k=1

)

≤ p eLs sup
0≤θ≤s

e−Lθχ

(

{

xk(θ)
}+∞

k=1

)

≤ p eLsΘ

(

{

xk
}+∞

k=1

)

.

Thus,

(30) χ

(

{

fk(s)
}+∞

k=1

)

≤ p eLsΘ

(

{

xk
}+∞

k=1

)

a.e. s ∈ [0, T ].

Using the last inequality and Lemma 2.3, we get

χ

(

{

Γ(fk)(t)
}+∞

k=1

)

≤ Θ

(

{

xk
}+∞

k=1

)

2M p

∫ t

0
eL(s)ds.

Hence,

Θ

(

{

xk
}+∞

k=1

)

= Θ

(

{

Φk(x
k)
}+∞

k=1

)

= sup
t∈[0,T ]

[

e−Ltχ

(

{

S(t)ϕ(0) + Γ(fk)(t)
}+∞

k=1

)]
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= sup
t∈[0,T ]

[

e−Ltχ

(

{

Γ(fk)(t)
}+∞

k=1

)]

≤ Θ

(

{

xk
}+∞

k=1

)

2M p

∫ t

0
e−L(t−s)ds ≤ J Θ

(

{

xk
}+∞

k=1

)

.

where J is from (28). Since J < 1, then we get Θ
(

{xk}+∞
k=1

)

= 0. From (30),
we have immediately that, χ

(

{fk(t)}+∞
k=1

)

= 0 a.e t ∈ [0, T ]. Now, since the set
V is bounded (see (29)), by (f3), the sequence (fk(·))k≥1 is integrably bounded
in L1([0, T ];E). Thus, the sequence {fk(·)}+∞

k=1 is semicompact. According to
Lemma 2.4, the sequence

(

Γ(fk)(·)
)∞

k=1
is relatively compact in C([0, T ];E). As

a consequence, the sequence (xk)k≥1 =
(

S(·)ϕ(0) + Γ(fk)
)

k≥1
is relatively com-

pact in C([0, T ];E) (recall that (S(t))t≥0 is a strongly continuous semigroup).
Therefore, the sequence (xk)k≥1 admits a subsequence, still denoted by (xk)k≥1,
which converges to some x∞ ∈ D(ϕ, T ) (recall that D(ϕ, T ) is closed). Now,
Lemma 4.8, ensures that Φk(x

k) converges to Φ∞(x∞) as k → ∞. But, for every
k ≥ 1, we have, Φk(x

k) = xk, thus x∞ = Φ∞(x∞), i.e., x∞ is a fixed point of
the operator Φ∞. Thus z∞ = x∞[ϕ] is a mild solution to the problem (P0). By
(B2), we have

zk = xk[ϕ] −→
k→∞

x∞[ϕ] = z∞.

The proof is complete.

By the symbol C(C((−∞, T ];E)) we denote the collection af all compact
subsets of C((−∞, T ];E) and for every ε ∈ [0, 1], by the symbol Σε

ϕ we denote
the set of all mild solutions of the problem (Pε).

Proposition 4.9. Assume the hypotheses of Theorem 4.1. Moreover, assume

that f0 satisfies the following additional hypotheses:

(f5) There exists a constant C0 > 0 such that, for all u ∈ B,

‖f0(u)‖ ≤ C0 (1 + ‖u‖B) a.e. t ∈ R
+;

(f6) There exists a positive constant p0 such that for every bounded D ⊂ B,

χ (f0(D)) ≤ p0 sup
−∞≤θ≤0

χ(D(θ)).

Then the map

(31)
Π : [0, 1] −→ C(C(]−∞, T ];E))

ε −→ Σε
ϕ,

is well defined and upper semicontinuous at the point ε = 0.
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Proof. Invoking Theorem 3.2, we deduce that Π is well defined. Note that, we
have added Hypotheses (f5)–(f6) in order to guarantee, by Theorem 3.2, that
Σ0
ϕ is a nonempty compact set. Under hypotheses of Theorem 4.1, the set Σ0

ϕ is
nonempty. Let as show that Π is upper semicontinuous at the point ε = 0. Let
(εk)k be a sequence such that εk → 0. Take zk ∈ Π(εk), k ≥ 1. Then, for each
k ≥ 1, zk = xk[ϕ], for some fixed point xk of the operator Φk. From the proof
of Theorem 4.1, we deduce that the sequence (xk)k≥1 is relatively compact. One
can assume without lose of generality that xk → x∞, which is a fixed point of
the operator Φ∞. By (B2), we have

zk = xk[ϕ] −→
k→∞

x∞[ϕ] = z∞ ∈ Π(0).

The proof is complete.

5. A variant of the classical averaging principle

As in the previous section, the phase space B is considered as a Banach space sat-
isfying Axioms (B1)–(B3). We aim to establish a variant of the classical averaging
principle for the problem (Pε).

Let us replace Hypothesis (Af) (see Theorem 4.1) by more natural one.

(Avf) For every u ∈ B, the limit,

(32) f0(u) = lim
t→+∞

1

t

∫ t

0
f(s, u) ds,

exists uniformly for u in compact sets.

Theorem 5.1. Assume Hypotheses (A), (f1)–(f4) and (Avf). Moreover, assume

that E is reflexive and, the semigroup (S(t))t≥0 is analytic. Then the map Π
defined by (31) is well defined and upper semicontinuous at the point ε = 0.

For the proof of Theorem 5.1 we need some lemmas.

Lemma 5.2. Assume Hypotheses (f1)–(f4) and (Avf). Then the function f0 is

continuous and satisfies Hypotheses (f5) and (f6).

Proof. Hypothesis (f5) follows easily from (f3) and (Avf). Note that, if a se-
quence (un)n≥1 in B is such that, un → u0, then W = {un, n ≥ 0} is a compact
set in B. The continuity of f0 follows easily from (Avf) and Remark 4.5(i).

Let us proof that f0 satisfies (f6). For a bounded subset Ω of B, we denote

∫ t

0
f(s,Ω) ds :=

{
∫ t

0
f(s, u) ds, u ∈ Ω

}

.
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For t > 0, let (xn)n ⊂ E be a countable subset of
∫ t
0 f(s,Ω) ds. Then,

xn =
1

t

∫ t

0
f(s, un) ds, for some un ∈ Ω.

Set,
fn(s) = f(s, un), a.e., s ∈ [0, t].

Let N be a negligible subset of [0,+∞), such that, f([0,+∞) /N ,Ω) is
bounded in E (N1 exists by (f3)). By (f4), we have for every s ∈ [0, t]/N ,

χ({fn(s)}
∞
n=1)) ≤ χ(f([0,+∞)/N ,Ω)) ≤ p sup

−∞<θ≤0
χ(Ω(θ)).

That is,
1

t
χ({fn(s)}

∞
n=1)) ≤

1

t
p sup

−∞<θ≤0
χ (D(θ)) a.e. s ∈ [0, t].

Using Lemma 2.3, (with A ≡ 0, (M = 1)), we get for every t > 0,

χ ({xn}
∞
n=1) = χ

({

1

t

∫ t

0
fn(s) ds

}∞

n=1

)

≤ 2 p sup
−∞<θ≤0

χ (D(θ)) .

Hence, for every t > 0,

χ

(

1

t

∫ t

0
f(s,Ω) ds

)

≤ 2 p sup
−∞<θ≤0

χ (D(θ)) .

Thus,

χ (f0(Ω)) = χ

(

lim
t→+∞

1

t

∫ t

0
f (s,Ω) ds

)

= lim
t→+∞

χ

(

1

t

∫ t

0
f (s,Ω) ds

)

≤ 2 p sup
−∞<θ≤0

χ (D(θ)) .

Now, invoking [21, Lemma 3], we deduce the following result

Lemma 5.3. Assume Hypotheses (f1), (f3). Moreover, assume that E is reflex-

ive and the semigroup (S(t))t≥0 is analytic. Then, under the hypothesis (Avf),
for every u ∈ B and t1, t2 such that 0 ≤ t1 ≤ t2 ≤ T ,

lim
ε→0+

∫ t2

t1

S(t2 − θ)

[

f

(

θ

ε
, u

)

− f0(u)

]

d θ = 0.

Note that, since E is reflexive the proof of Lemma 5.3 is exactly the same as
in [21, Lemma 3].
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From Lemmas 5.3 and 5.2, we have

Corollary 5.4. Under the hypotheses of Theorem 5.1, we have (Avf) ⇒ (Af).

Proof of Theorem 5.1. The proof is a consequence of Lemma 5.2, Corollary
5.4 and Proposition 4.9.

6. Example

In this section we give an example that illustrates the applicability of our abstract
results. Let us consider the following partial differential equation of :

(P̂ε)







































∂u(t, x)

∂t
=
∂2u

∂x2
(t, x)

+ F

(

t

ε
, Q(u(t, ·))(x),

∫ 0

−∞
a(θ)u(θ + t, x) d θ

)

a.e. on [0, 1] × [0, 1],

u(t, 0) = u(t, 1) = 0, t ∈ [0, 1],

u(t, x) = ϕ(t)(x), t ≤ 0, x ∈ [0, 1] a.e.,

where ε is small positive parameter, F : R+ × R × R → R, the initial condition
ϕ(·)(·) ∈ C∞(L2([0, 1])) (see Section 4) and Q is a linear compact operator from
L2([0, 1]) to L2([0, 1]). We assume that the following conditions hold:

(F1) · → F (·, x, y) is measurable for all x, y ∈ R;

(F2) (·, ·) −→ F (t, ·, ·) is continuous uniformly with respect to t ∈ R
+ a.e.;

(F3) there exists a constant c > 0 such that for all x, y ∈ R,

|F (t, x, y)| ≤ c (1 + |x|+ |y|), a.e. t ∈ R
+;

(F4) there exists a constant k > 0 such that for all y1, y2, x ∈ R,

|F (t, x, y1)− F (t, x, y2, )| ≤ k |y1 − y2| , a.e. t ∈ R
+;

(FT ) the map F is 1-periodic in the first argument, i.e., for a.e. t ∈ R
+

F (t+ 1, x, y) = F (t, x, y),

for all x, y ∈ R;

(Ha) a(·) : R− → R, is a non-negative measurable function such that

0 <

∫ 0

−∞
a(θ) dθ = q < +∞.
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Let E = L2([0, 1]) and B = C∞(L2([0, 1])). Set X(t) = u(t, ·), t ∈ (−∞, 1].

Consider the operator A = d2

dx2 , with domain

(33) D(A) =
{

h ∈ E : h′, h′′ ∈ E and h(0) = h(1) = 0
}

.

It is well know that A generates a strongly continuous analytic semigroup. With
the above data, the problem (P̂ε) can be reformulated as











X ′(t) ∈ AX(t) + f

(

t

ε
,Xt

)

,

X0 = ϕ,

where f : R+ × C∞(L2([0, 1])) → L2([0, 1]),

(34) f(t, ψ)(x) = F

(

t, Q(ψ(0)(·))(x),

∫ 0

−∞
a(θ)ψ(θ)(x) d θ

)

.

Note that

‖ψ‖C∞(L2([0,1])) = sup
θ≤0

(
∫ 1

0
|ψ(θ)(x)|2 dx

)

1

2

.

It is clear that for any bounded subset in C∞(L2([0, 1])), we have

χC∞(L2([0,1]))(Ω) = sup
θ≤0

χL2([0,1])(Ω(θ, ·)).

Parallely to the problem (P̂ε) we consider the averaged problem

(P̂0)







































∂u(t, x)

∂t
=
∂2u

∂x2
(t, x)

+ F0

(

Q(u(t, ·))(x) ,

∫ 0

−∞
a(θ)u(θ + t, x) d θ

)

a.e. on [0, 1] × [0, 1],

u(t, 0) = u(t, 1) = 0, t ∈ [0, 1],

u(t, x) = ϕ(t)(x), t ≤ 0, x ∈ [0, 1] a.e.,

where F0 : R× R → R is defined by

F0(x, y) =

∫ 1

0
F (t, x, y) dt.

The problem (P̂0) can be reformulated as

{

X ′(t) ∈ AX(t) + f0(Xt),

X0 = ϕ,
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where f0 : C∞(L2([0, 1])) → L2([0, 1]), is defined by

(35) f0(ψ)(x) = F0

(

Q(ψ(0)(·))(x),

∫ 0

−∞
a(θ)ψ(θ)(x) d θ

)

.

The mild solutions to the problem (P̂ε), ε ∈ [0, 1], are belong to the space
C((−∞, 1];L2([0, 1]) (see Section 3). By the symbol C(C((−∞, 1];L2([0, 1])) we
denote the collection af all compact subsets of C((−∞, 1];L2([0, 1]) and for ev-
ery ε ∈ [0, 1], by the symbol Σε

ϕ we denote the set of all mild solutions of the

problem (P̂ε).

Theorem 6.1. Under the hypotheses (F1)–(F4), (FT ) and (Ha) the map

Π : [0, 1] −→ C(C(]−∞, 1];L2([0, 1]))

ε −→ Σε
ϕ,

is well defined and upper semicontinuous at the point ε = 0.

Proof. We have only to prove that the map f given by (34) satisfies hypotheses
(f1)–(f4) of Theorem 5.1. Without loss of generality assume that

(36) ‖Q‖L(L2([0,1])) ≤ 1,

where L(L2([0, 1])) denotes the space of bounded linear operators from L2([0, 1])
to L2([0, 1]).

Note that the functions, x→ Q(ψ(0)(·))(x) and x→
∫ 0
−∞ a(θ)ψ(θ)(x)dθ, are

measurable.

Moreover, the linear maps:







Γ1 : C∞(L2(Ω)) −→ L2(Ω)

ψ −→ Q
(

ψ(0)(·)
)

(·)
and

{

Γ2 : C∞(L2(Ω)) −→ L2(Ω)

ψ −→
∫ 0
−∞ a(θ)ψ(θ)(·) dθ,

are continuous. Indeed, the map Γ1 is continuous because of

‖Γ1(ψ)‖L2([0,1]) =
∥

∥

∥
Q
(

ψ(0)(·)
)

(·)
∥

∥

∥

L2([0,1])

≤ ‖ψ(0)(·)‖L2([0,1]) ≤ ‖ψ(·)(·)‖C∞(L2(Ω)) .(37)

By Hypothesis (Ha), (36) and, applying Jensen’s inequality and Fubini’s theorem,
for every ψ ∈ C∞(L2(Ω)), we get
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∫ 1

0

∣

∣

∣

∣

∫ 0

−∞
a(θ)ψ(θ)(x)dθ

∣

∣

∣

∣

2

dx

=

∫ 1

0

∣

∣

∣

∣

q

∫ 0

−∞
ψ(θ)(x)

a(θ)

q
dθ

∣

∣

∣

∣

2

dx ≤ q2
∫ 1

0

∫ 0

−∞
|ψ(θ)(x)|2

a(θ)

q
dθ dx

≤ q

∫ 0

−∞

∫ 1

0
|ψ(θ)(x)|2 a(θ)dθ dx ≤ q

∫ 0

−∞

∫ 1

0
|ψ(θ)(x)|2 a(θ)dθ dx

≤ q sup
θ≤0

∫ 1

0
|ψ(θ)(x)|2 dx

∫ 0

−∞
a(θ) dθ = q2 ‖ψ‖2C∞(L2(Ω)) .

Hence,

(38) ‖Γ2(ψ)‖L2([0,1]) =

∥

∥

∥

∥

∫ 0

−∞
a(θ)Q(ψ)(θ)(·)

∥

∥

∥

∥

L2([0,1])

≤ q ‖ψ‖C∞(L2(Ω)) .

Therefore, the map Γ2 is continuous also. Arguing as in the proof of (iii) in [24,
Lemma A.6.1, p. 313], one can show that f is well defined and satisfies Hypotheses
(f1) and (f2).

Using Hypothesis (F3), (37) and (38), we obtain

|f(t, ψ)(·))|L2([0,1]) ≤ c

[

1 + ‖Q(ψ(0)(·))(·)‖L2([0,1]) +

∥

∥

∥

∥

∫ 0

−∞
a(θ)ψ(θ)(·)

∥

∥

∥

∥

L2([0,1])

]

= c
[

1 + ‖Γ1(ψ)‖L2([0,1]) + ‖Γ2(ψ)‖L2([0,1])

]

≤ c
[

1 + (1 + q) ‖ψ‖C∞(L2(Ω))

]

.

Thus, f satisfies Hypothesis (f3).
Note that the map

ψ → F

(

t, Q(ψ(0)(·))(·),

∫ 0

−∞
a(θ)ψ(θ)(·) d θ

)

,

can be presented as

F

(

t, Q(ψ(0)(·))(·),

∫ 0

−∞
a(θ)ψ(θ)(·) d θ

)

= G(t, ψ, ψ),

where G : R+ × B × B → L2([0, 1]) is defined by

G(t, ψ1, ψ2) = F

(

t, Q(ψ1(0)(·))(·),

∫ 0

−∞
a(θ)ψ2(θ)(·) d θ

)

.
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It is clear that G is 1-periodic with respect to its first argument and compact
with respect to second argument. Moreover G is k q Lipschitz with respect to the
third argument. Indeed, from Hypothesis (F4) and (38) (recall that Γ2 is a linear
map) we get

‖G(t, ψ, ψ1)−G(t, ψ, ψ2)‖L2([0,1] ≤ k ‖Γ2(ψ1)− Γ2(ψ2)‖L2([0,1]

≤ k q ‖ψ1 − ψ2‖C∞(L2(Ω)) , a.e. t ∈ [0, 1],

for all ψ, ψ1, ψ2 in C∞(L2([0, 1])).
Let Ω be a bounded subset in C∞(L2([0, 1]). Let N be a negligible subset in

[0, 1] and such that the set f([0, 1]/N ,Ω) is bounded in L2([0, 1]). Invoking [13,
Proposition 2.2.2], we get

χL2([0,1])

{

f
(

[0, 1]/N ,Ω
)}

= χL2([0,1])

{

F

(

[0, 1]/N , Q(Ω(0)(·))(·),

∫ 0

−∞
a(θ)Ω(θ)(·) d θ

)}

= χL2([0,1])

{

G
(

[0, 1]/N ,Ω,Ω
)}

≤ k q χC∞(L2([0,1]))

(

Ω
)

= k q sup
θ≤0

χL2([0,1])

(

Ω(θ)
)

.

Since f is 1-periodic we conclude that f satisfies Hypothesis (f4).
The proof of Theorem 6.1 is complete.
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