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Abstract

A linear operator is said to be a Schur-Cohn stable one if its spectral
radius is less than one. We consider the following problem: let A and B be
bounded linear operators in a Hilbert space, and A be Schur-Cohn stable.
What conditions provide the Schur-Cohn stability of AB? Our stability
conditions for AB are formulated in terms of the commutator AB — BA.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

Let H be a Hilbert space with a norm || - || and the unit operator I. By B(H) we
denote the algebra of bounded linear operators acting in H. For an A € B(H),
||A]| is the operator norm, o(A) denotes the spectrum, A* is the adjoint operator,
rs(A) is the spectral radius. For A, B € B(H) put [A, B] := AB — BA.

A is called a Schur-Cohn stable operator if

(1.1) ro(A) < 1.

We consider the following problem: if A is Schur-Cohn stable, what conditions
provide the Schur-Cohn stability of AB?

Spectral radiuses of products of operators have been investigated by many
mathematicians, cf. [2-5, 9-13] and references given therein, but mainly the
products of finite dimensional operators have been explored. In particular, the
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papers [3, 4, 9] consider the spectral radius of a product of nonnegative matri-
ces, the paper [5] deals with products of diagonal and nonnegative matrices, the
paper [10] is devoted to the spectral radius of a product of companion matri-
ces; products of block-matrices are investigated in [11]. In the papers [2] and
[12] infinite dimensional operators are explored. Besides, in [12] it is shown that
submultiplicative inequalities for spectral radii often imply supermultiplicative
inequalities. In [2] relations between the spectral radius and numerical radius of
the product of operators are investigated.

In this paper we do not assume that the considered operators are finite di-
mensional.

As it is well-known, under condition (1.1), the discrete Lyapunov equation

(1.2) W — AWA=1

has a unique positive definite solution W representable by

(1.3) W= 3 (A*)k 4F
k=0

(see for instance [7, Theorem 7.1.2] and references therein). Denote by || A||jow the
lower norm of A: ||A||jow = infyey ||Av]|/||v]|. If A is singular, we put ||A]|jow = 0.
Obviously, (1.1) yields the inequality [[Alow < 1. Now we are in a position to
formulate our main result.

Theorem 1. Let condition (1.1) hold and W be defined by (1.3). If, in addition,
1

(14 1512 (1= g ) + VBN BL (1= 412, < 1.

then the operator AB is Schur-Cohn stable.

This theorem is proved in the next section. It is sharp: if A and B commute
and are normal, then ||A]| = rs(A), ||B|| = rs(B) and

3 (A A
k=0

Now Theorem 1.1 implies rs(AB) < 1, provided r4(B)rs(A) < 1. So in the con-
sidered case Theorem 1.1 is attained. Below we also suggest estimates for ||[IV||
and ||[W, B]|.

Since the calculations of ||A[|jow is a not easy task, instead of (1.4) one can
use the less sharp inequality

Wil = = |1 = A =1/ (1 - 72(4)) -

(15) 1B (1 - W) - 1B] W, Bl < 1.
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2. PROOF OF THEOREM 1.1

For two selfadjoint operators S and S the inequality S < S7 (S < S7) means
(Sh,h) < (Sih,h) ((Sh,h) < (S1h,h)) (h € H). In particular, the inequality
S <0 (S > 0) means that S is strongly negative (strongly positive) definite. As
it is well know, A is a Schur-Cohn stable operator, if and only if there exists a
positive definite linear operator X, such that

(2.1) A*XA<X

(for instance [1], [7, Section 7.1]). According to (2.1) rs(AB) < 1, provided
B*A*W AB < W. But due to (1.2), this inequality can be rewritten as

(2.2) B*(W —-1)B<W.
Since
(W—-I)B=BW —1I)+ [B,W —1I] and [B,W —I| = [B,W],

inequality (2.2) is equivalent to the following one: B*B(W —1I)+ B*[W,B] < W,
or

(2.3) B*B(I-W ') +B*W,BjW ' <I
This condition is provided by the inequality
(2.4) IB*B||||I = W] + | B* W, B]|| [W™] < 1.

So rs(AB) < 1, if (2.4) holds. It is clear that W > I. So W~! < I,

(1 =W ™a,z) = 1= (W) 1= o (o € ol = 1)

and therefore,

1
(2.5) 1I-—w<1-—.
W]

In addition, for all v € H we have
- [&

3 v
Wo,0) = > (40, 4%0) = 3 JARAIIP = 7=y
= = AT
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Thus,
(2.6) IWHE < 1= (Al
Therefore, from (1.4), according to (2.5) and (2.6) we have (2.4) and consequently,

rs(AB) < 1. This proves the theorem. ]

3. AN INEQUALITY FOR THE COMMUTATOR [W, B|

We have
W, B| = i((A*)kAkB — B(A")*AY)
k=0
- i ((A*)’“BA’“ +(AFYR[AF, B]) - ((A*)kBA’“ +[B, (A*)’“]A’“) .
k=1
So

W5 = 3 (A 1A% B + [(47), BJ4Y)
k=1

and consequently,

(3.1) lIw, Bl < > 145 (HA*, BIJ + IIfA%, B))
k=1

As it is checked in [8, formula (2.4)],

m—1
(3.2) [A™,B] = A"B— BA™ =) AJ[A,BJA" 7! (m=1,2,...).
j=0

Hence (3.1) implies our next result.

Lemma 2. Under condition (1.1) one has

1w, BlIl < (114, Bl + [IA, B]Il) s0(A),

00 k—1
(3.3) so(A) ==Y AR Dl A7[ | AR
k=1 7=0
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From the well-known representation

L Rl — A lde (k=1,2,...),

211 \z\:rA

for any ra > r4(A) it follows that ||A¥|| < cark (ca = const > 1). With r4(A) <
rq < 1, we have

00 3
(3.4) s0(A) < & Zrik_lk = ch“.
k=1 (1 —7%)

Furthermore, from (3.3) it follows

00 k 9] 00
so(A) =D AR D AT AR = D0 AT 1AR AR
k=1 m=1 m=1 k=m

= D NATTHD AT AT < Y AT Y 1A A™Y-
m=1 Jj=0 m=1 =0

So so(A) < ||A||¢2(A), where
C(A) = |47,
7=0

Due to Corollary 3.1 we thus arrive at the following result.

Corollary 3. Let condition (1.1) hold. Then
1w, BIIl < (I[A, Bl + [I[A4, BTIDIIANIC*(A).
Note that according to (1.3),

(3.5) W1 < ¢(A).

4. PARTICULAR CASES

4.1. The finite dimensional operators

In this subsection A and B are n X n-matrices. The following quantity (the
departure from normality of A) plays a key role in this subsection:

n 1/2
o) = [Nala = S0 PP
k=1
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where A\, (A) are the eigenvalues of A, Ny(A) = (trace (AA*))Y/? is the Hilbert-
Schmidt (Frobenius) norm of A. The following relations are checked in [6, Section
2.1]:
N2(A - A*)

2
If A is a normal matrix: AA* = A*A, then g(A) = 0. If A; and Ay are commuting
matrices, then g(A4; + A2) < g(A41)+g(Asg). By the inequality between geometric
and arithmetic mean values we have

(gimmw)" > (kH !Ak(A)\>2 ~ | det AP,

and consequently,

G2(4) < N(A) — |trace (42)] and ¢*(4) <

G?(A) < N2(A) — n|det A]>/™.

Furthermore, by Corollary 2.7.2 from [6] we have

— m k A
!AmHSZ ) 3(/2) (m=1,2,...).
k=0

Note that 1/(k!) =0 for £ < 0. Thus ((A) < (,(A), where

> nlk ym!r? A ’
Cn(A Z(ngw/zm ;i))>

m=0

Consequently, [|[IW]| < (,(A). Moreover, due to Corollary 3.1,
1w, Bl < [AllGE (A UILA, Bl + 1A, B ]]).
Now we can directly apply Theorem 1.1. If A is normal, then

GulA) = 7 12m(4) = %.

S

4.2. The infinite dimensional operators

In this subsection A, B € B(H) and, in addition, SA = (A — A*)/2i is a Hilbert-
Schmidt operator, i.e., No(SA) = (trace (FA4)?)1/2 < oo. As it is shown in [6,
Example 7.15.5],

m m k A
A < Z o ;/2) (m=1.2,..),
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where u(A) = v/2Ny(SA). Thus ¢(A) < {(A), where

e [k (A)ymlrm R (A) i
C(A) -—mZ:l (1; (KN3/2(m — k)! ) ’

and therefore, ||W| < ¢(A). Due to Corollary 3.1,

W B]Il < 2[|A]|(1 + {(A))¢(A)I[A. Bl

Now we can directly apply Theorem 1.1. If A is selfadjoint, then ¢ (A)=1/(1-

s

[10]

r3(A)).
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