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1. Introduction

Theory and application of the controllability of integrodifferential equations play
an important role in the mathematical modeling of many fields (Physical, bio-
logical phenomena, engineering sciences, etc.) in which it is necessary to take
into account the effect of real world problems. In physical, to model the heat
conduction of a memory material, Lodge and al. have got the following integrod-
ifferential equation

∂

∂t
u(t, x) = (∆ + c)

∫ t

−∞

L(t− s)u(s, x)ds + L0u(t, x) + F (t, x) for t > 0.

In fact, Górniewicz, Ntouyas and O’Regan in [11] established controllability of
some integrodifferential equations by using the semigroups theory. Note that the
semigroups law T (t+s) = T (t)T (s), plays an important role. However, for any re-
solvent operator R(t), R(t+s) = R(t)R(s) is not true. Balachandran and Kumar
in [3] have studied the existence of the solutions of nonlocal integrodifferential
evolution equations with time varying delays in Banach spaces using Schaefer’s
fixed point Theorem. Ezzinbi, Toure and Zabsonre in [9] estabilished existence
and regularity of mild and strict solutions for some partial functional integrodif-
ferential equations with finite delay in Banach spaces by assuming the Lipschitz
condition of the nonlinear term. Liang, Liu and Xiao in [19] investigated exis-
tence of mild solutions of nonlocal integrodifferential equations in Banach spaces
without the Lipschitz condition on nonlinear and nonlocal terms. Bouzahir and
Fu in [4] established controllability of neutral functional differential equations
with infinite delay, where the linear part is not necessarily densely defined but
satisfies the Hille-Yosida condition. Kumar and Kumar in [15] have established
controllability results for some impulsive integrodifferential systems. In [16] Ku-
mar, Kumar and Kartnataka have studied controllability of general class of non
linear evolution equation but all their hypotheses are satisfied only for bounded
operators.

The purpose of this work is to study the controllability of the following semi-
linear integrodifferential equation



















x′(t) = Ax(t) +

∫ t

0
B(t− s)x(s)ds

+ f(t, x(t)) + Pu(t) for t ∈ J = [0, b],

x(0) = x0,

(1)

where

• A generates a c0-semigroup on a Banach space E, x0 ∈ E,

• B : J → E is a closed linear operator with domain D(B(t)) ⊇ D(A),
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• f : J × E → E is a function that will be defined later,

• u is a control function given in L1(J,U) which is the Banach space of admis-
sible control functions, where U is a Banach space,

• P is a bounded linear operator from U to E.

Using Schaefer’s fixed point Theorem and the resolvent operator we prove the
existence of a mild solution of integrodifferential equation (1).

The organization of this work is as follows, in Section 2 we give some prelim-
inary results, in Section 3 we show the existence of a mild solution of equation
(1). Finally in Section 4, we study an example to illustrate our abstract result.

2. Preliminaries

In this section, we recall some results on the resolvent operators and the measures
of noncompactness. We also introduce Hausdorff’s measure of noncompactness
to prove our main result. For more details, we refer to [1] and [12].

Firstly, we consider the following Cauchy problem






x′(t) = Ax(t) +

∫ t

0
B(t− s)x(s)ds for t ≥ 0,

x(0) = x0.
(2)

Let Y be the Banach space D(A) equipped with the graph norm defined by
|y| = ||y|| + ||Ay||, where || · || is the norm in E. C([0,+∞), Y ), L(Y ) stand for
the space of all continuous functions from [0,+∞) to Y and the set of all bounded
linear operators on Y , respectively.

Definition 1. Equation (1) is said to be controllable on the interval J if for every
x0, x1 in E, there exists a control u ∈ L1(J,U) such that

x(b) = x1.

Definition 2 [19]. A family (R(t))t≥0 of continuous linear operators on E is
called a resolvent operator for equation (2) if

1. R(0) = IdE and |R(t)| ≤ Meαt for some constants M and α,

2. for each x ∈ E, t → R(t)x ∈ E is strongly continuous for t ≥ 0,

3. R(t) ∈ L(Y ) for t ∈ J . For x ∈ Y , R(·)x ∈ C(J, Y ) ∩ C1(J,E) and

R′(t)x = AR(t)x+

∫ t

0
B(t− s)R(s)xds

= R(t)Ax+

∫ t

0
R(t− s)B(s)xds.
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The existence of a resolvent operator has been discussed in [12]. In what
follows we suppose the following assumptions in order to get the existence of the
resolvent operator.

(H1) : A is an infinitesimal generator of a c0-semigroup (T (t))t≥0 on E.

(H2) : For each t ∈ [0, b], B(t) is a closed linear operator from D(A) to E,
B(t) ∈ B(Y,E). Moreover for all y ∈ Y , the application t 7→ B(t)y is in
W 1,1(J,E) and there exists c ∈ L1(J,R+) such that

‖B′(t)y‖ ≤ c(t)|y| for all y ∈ Y and t ∈ J.

Proposition 1 [9]. Assume that (H1) and (H2) hold. Then there exists a unique

resolvent operator for the Cauchy problem (2).

To prove our main result, we need the following propositions.

Proposition 2 [19]. Let the assumptions (H1) and (H2) be satisfied. Then for

all a > 0, there exists C = C(a) such that

‖R(t+ h)−R(t)R(h)‖ ≤ Ch for all 0 < h ≤ t ≤ a.

Proposition 3 [19]. Let the assumptions (H1) and (H2) be satisfied. Assume

that (T (t))t≥0 is compact for t > 0. Then the corresponding resolvent operator

(R(t))t≥0 of equation (2) is compact and uniformly continuous for t > 0.

Definition 3 [1]. Let B be a family of bounded subsets of E. For every Ω ∈ B,
we define Hausdorff’s measure of noncompactness α by

α(Ω) = inf

{

ε > 0 : Ω ⊂
n
⋃

i=1

B(xi, ri), xi ∈ E, ri < ε for i = 1, . . . , n

}

.

The Hausdorff’s measure of noncompactness satisfies the following properties

Proposition 4 [1].

(i) Regularity: φ(Ω) = 0 ⇐⇒ Ω is compact,

(ii) monotonicity: if Ω1 ⊂ Ω2, then φ(Ω1) ≤ φ(Ω2) for all Ω1 and Ω2 in B,

(iii) semi-homogeneity: φ(λΩ) = |λ|φ(Ω) for all λ in K and Ω in B,

(iv) algebraic semi-additivity: φ(Ω1 + Ω2) ≤ φ(Ω1) + φ(Ω2) for all Ω1 and Ω2

in B,

(v) invariance under translation: φ(Ω + x) = φ(Ω) for all Ω in B and x in E.

Proposition 5 [1]. Let B(0, 1) be the unit ball in E. Then α(B(0, 1)) = 1.
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3. Controllability of equation (1)

Definition 4. A continuous function x : [0; b] → E is called a mild solution of
equation (1) if x satisfies the following equation







x(t) = R(t)x0 +

∫ t

0
R(t− s)

[

f(s, x(s)) + Pu(s)
]

ds for t ∈ J,

x(0) = x0 ∈ E.
(3)

We further assume the following assumptions:

(H3) : For all t ∈ J , the function f(t, ·) : E → E is continuous.
For each x ∈ E, the function f(·, x) : J → E is strongly measurable.

(H4) : The linear operator W : L1(J,U) → E satisfies the following condition:
W defined by

W (u) =

∫ b

0
R(b− s)Pu(s)ds

is surjective so that it induces an isomorphism between L1(J,U)/ kerW
and E again denoted by W with inverse W−1 taking values in L1(J,U)/
kerW (see e.g., [21]) and there exists a positive constant M1 such that

‖PW−1‖ ≤ M1.

(H5) : There exists a positive function g ∈ L1(J,R+) such that

‖f(t, x)‖ ≤ (1 + ‖x‖)g(t) for all x ∈ E and t ∈ J

and
b
(

M‖g‖L1 +M2M1‖g‖L1

)

< 1,

where M = sup{‖R(t)‖, t ∈ J}.

Theorem 6. Assume that the hypotheses (H1)–(H5) are satisfied and (T (t))t≥0

is compact for t > 0. Then equation (1) is controllable on J .

To prove Theorem 6, we use the following fixed point Theorem.

Theorem 7 [1] (Scheafer’s fixed point Theorem). Let E be a Banach space and

F : E → E be continuous and compact. Then either:

1. F has at least one fixed point, or

2. the set

σF = {x ∈ E : x = λFx, λ ∈]0, 1[}

is unbounded.
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Proof of Theorem 6. Using hypothesis (H4) for an arbitrary function x, we
define the control by

ux(t) = W−1

[

x1 −R(b)x0 −

∫ b

0
R(b− s)f(s, x(s))ds

]

(t) for t ∈ J.

Let us consider the function

N : C(J,E) → C(J,E)

defined by

Nx(t) = R(t)x0 +

∫ t

0
R(t− s)[Pux(s) + f(s, x(s))]ds,

where C(J,E) is the space of continuous functions from J to E equipped with the
uniform norm. To prove Theorem 6, we have to show that the map N has at least
one fixed point. For this purpose, we check that the function N is continuous,
compact and that the set

σN = {x ∈ C(J,E) : x = λN(x), λ ∈]0, 1[}

is bounded. In fact, we define the function

G(t) = Pux(t) = PW−1

[

x1 −R(b)x0 −

∫ b

0
R(b− s)f(s, x(s))ds

]

(t).

Let

Bk = {x ∈ C(J,E) : ‖x‖ ≤ k}

for some k ≥ 1. Then for x ∈ Bk, we have that

‖G(t)‖ ≤ M1

[

‖x1‖+M‖x0‖+M(1 + k)‖g‖L1

]

:= G0(4)

and

‖Nx(t)‖ ≤ M‖x0‖+ bMG0 +M(1 + k)‖g‖L1 .

Let us establish that N is compact.

For this purpose, we use the Ascoli-Arzela’s Theorem to show that, for each
t ∈ J fixed, the set N(Bk) = {Nx : x ∈ Bk} is relatively compact in C(J,E). It
suffices to show that for each t ∈ J , the set Y (t) = {Nx(t) : x ∈ Bk} is relatively
compact in E and N(Bk) = {Nx : x ∈ Bk} is equicontinuous.
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We claim that

Y (t) = {Nx(t) : x ∈ Bk}

=

{

R(t)x0 +

∫ t

0
R(t− s)[Pux(s) + f(s, x(s))]ds : x ∈ Bk

}

is relatively compact in E. Let ε > 0. Then

Nx(t) = R(t)x0 +

∫ t−ε

0
R(t− s)[Pux(s) + f(s, x(s))]ds

+

∫ t

t−ε

R(t− s)[Pux(s) + f(s, x(s))]ds,

and

∥

∥

∥

∥

∫ t

t−ε

R(t− s)[Pux(s) + f(s, x(s))]ds

∥

∥

∥

∥

≤ Mε (G0 + k‖g‖L1) = O(ε).

On the other hand, we have

∫ t−ε

0
R(t− s)[Pux(s) + f(s, x(s))]ds

= R(ε)

∫ t−ε

0
R(t− s− ε)[Pux(s) + f(s, x(s))]ds

+

∫ t−ε

0
[R(t− s)−R(ε)R(t− s− ε)] [Pux(s) + f(s, x(s))]ds.

Using Theorem 2 in the second term of the right hand side and taking the Haus-
dorff’s measure of noncompactness α, we get

α(Y (t)) ≤ O(ε) for all ε > 0.

This means

α(Y (t)) = 0

and Y (t) is relatively compact in E.

We claim that {Nx : x ∈ Bk} is equicontinuous. Let h be positive and small
enough and t0 ∈ [0, b[ such that 0 < t0 + h < b. Then
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Nx(t0 + h)−Nx(t0)

= R(t0 + h)x0 +

∫ t0+h

0
R(t0 + h− s)[Pux(s) + f(s, x(s))]ds

− R(t0)x0 −

∫ t0

0
R(t0 − s)[Pux(s) + f(s, x(s))]ds

= [R(t0 + h)x0 −R(t0)x0] +

∫ t0

0
R(t0 + h− s)[Pux(s) + f(s, x(s))]ds

+

∫ t0+h

t0

R(t0 + h− s)[Pux(s) + f(s, x(s))]ds

−

∫ t0

0
R(t0 − s)[Pux(s) + f(s, x(s))]ds.

That is

Nx(t0 + h)−Nx(t0) = [R(t0 + h)x0 −R(t0)x0]

+

∫ t0

0
[R(t0 + h− s)−R(t0 − s)][Pux(s) + f(s, x(s))]ds

+

∫ t0+h

t0

R(t0 + h− s)[Pux(s) + f(s, x(s))]ds

Thus

|Nx(t0 + h)−Nx(t0)‖ ≤
∥

∥

∥
R(t0 + h)x0 −R(t0)x0

∥

∥

∥

+

∫ t0

0

∥

∥

∥
R(t0 + h− s)−R(t0 − s)

∥

∥

∥
[G0 + (1 + k)g(s)]ds

+ M

∫ t0+h

t0

[G0 + (1 + k)g(s)]ds.

Using Definition 2 (Property 2), ‖R(t0 + h)x0 − R(t0)x0‖ → 0 as h → 0. By
Theorem 3 and the dominated convergence Theorem, we deduce that:

∫ t0

0

∥

∥

∥
R(t0 + h− s)−R(t0 − s)

∥

∥

∥
[G0 + (1 + k)g(s)]ds → 0(5)

as h → 0 for s 6= t0. Then

sup
x∈Bk

‖Nx(t0 + h)−Nx(t0)‖ → 0 as h → 0.

We get the same estimate when t0 ∈ J, h < 0 such that t0+h ∈ J . Which allows
us to conclude that N(Bk) is equicontinuous. Thus the operator N is compact.
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Let us establish that N is continuous.
Let (xn)n∈N ⊂ C(J,E) be such that xn → x in C(J,E), then there exists an
integer k such that ‖xn‖ ≤ k for all n ∈ N and t ∈ J , then xn ∈ Bk and x ∈ Bk.
Since f(t, ·) is continuous, it follows that

lim
n→+∞

f(s, xn(s)) = f(s, x(s)).

Moreover,
‖f(s, xn(s))− f(s, x(s))‖ ≤ 2(1 + k)g(t).

We have

Nxn −Nx = R(t)x0 +

∫ t

0
R(t− s)[Puxn

(s) + f(s, xn(s))]

− R(t)x0 +

∫ t

0
R(t− s)[Pux(s) + f(s, x(s))]

=

∫ t

0
R(t− s)P [uxn

(s)− ux(s)]

+

∫ t

0
R(t− s)[f(s, xn(s))− f(s, x(s))]ds

=

∫ t

0
R(t− s)PW−1

[
∫ b

0
R(b− τ)[f(τ, x(τ)) − f(τ, xn(τ))]dτ

]

(s)ds

+

∫ t

0
R(t− s)[f(s, xn(s))− f(s, x(s))]ds.

By the dominated convergence theorem, we deduce that

‖Nxn −Nx‖ ≤

∫ b

0
MM1

[
∫ b

0
M‖f(s, xn(s))− f(s, x(s))‖ds

]

dτ

+ M

∫ b

0
M‖f(s, xn(s))− f(s, x(s))‖ds → 0 when n → +∞.

Thus N is continuous.
Finally, let us establish that σN is bounded.
Let λ ∈ (0, 1) be such that x = λNx. Then for all t ∈ J

x(t) = λR(t)x0 + λ

∫ t

0
R(t− s)[Pux(s) + f(s, x(s))]ds

= λR(t)x0 + λ

∫ t

0
R(t− s)PW−1

{

x1 −R(b)x0 −

∫ b

0
R(b− τ)f(τ, x(τ))dτ

}

(s)ds

+ λ

∫ t

0
R(t− s)f(s, x(s))ds
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and we have

‖x‖ ≤ M‖x0‖+ bMM1[‖x1‖+M‖x0‖+M(1 + ‖x‖)‖g‖L1 ] + bM(1 + ‖x‖)‖g‖L1

‖x‖(1 − bM‖g‖L1 − bM2M1‖g‖L1)

≤ M‖x0‖+ bMM1(‖x1‖+M‖x0‖) + bM(MM1 + 1)‖g‖L1 .

Since

‖x‖ ≤
M‖x0‖+ bMM1(‖x1‖+M‖x0‖) + bM(MM1 + 1)‖g‖L1

1− bM‖g‖L1 − bM2M1‖g‖L1

then

bM‖g‖L1 + bM2M1‖g‖L1 < 1.

It means that σN is bounded and by Sheafer’s fixed point Theorem we deduce
that N has at least one fixed point that is the mild solution of equation (1) and

(Nx)(b) = x1.

4. Application

For illustration, we consider the following partial integrodifferential equation































∂

∂t
u(t, z) = ∂2

∂z2
u(t, z) +

∫ t

0
γ(t− s)

∂2

∂z2
u(s, z)ds

+ α(t)φ(u(t, z)) + pv(t) for t ∈ [0, b] and z ∈ [0, π],

u(t, 0) = u(t, π) = 0,

u(0, z) = u0(z),

(6)

where p ∈ R+, γ ∈ C1([0, b],R), α : R+ → R is continuous, v is a function control
in L1(0, b), and φ : R → R is continuous and such that |φ(x)| ≤ a1|x| + a2;
a1, a2 > 0 and x ∈ R. To rewrite the equation (6) in the abstract form, we
introduce the space E = L2(0, π).

Let A : D(A) → E be defined by

{

D(A) = H1
0 (0, π) ∩H2(0, π)

Ay = y
′′

.
(7)

Let B(t) : D(A) → E be defined by B(t)y = γ(t)Ay.
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Let f : [0, b] × E → E be defined by f(t, v)(z) = α(t)φ(v(z)) for t ∈ [0, b]
and z ∈ [0, π]. Let us suppose x(t) = u(t, z), the equation (6) takes the following
abstract form







d

dt
x(t) = Ax(t) +

∫ t

0
B(t− s)x(s)ds+ f(t, x(t)) + pv(t) for t ∈ [0, b],

x(0) = x0.
(8)

It is well known that A generates a c0-semigroup on L2(0, π) that is compact
for t > 0, which implies that (H1) is satisfied. Moreover (H2) is true, it follows
that the linear equation (2) has a resolvent operator (R(t))t≥0. Then there exists
M > 0 such that ‖R(t)‖ ≤ M .

Claim that the application f : [0, b] × E → E defined by f(t, v)(z) =
α(t)φ(v(z)) for t ∈ [0, b] and z ∈ [0, π] is continuous. Let (vn)n≥0 ⊂ L2(0, π)
be such that vn → v in L2(0, π). Then

‖f(t, vn)− f(t, v)‖L2(0,π) =

(
∫ π

0
|f(t, vn)(z)− f(t, v)(z)|2dz

)
1

2

=

(
∫ π

0
|α(t)φ(vn(z)) − α(t)φ(v(z))|2dz

)
1

2

= |α(t)|

(
∫ π

0
|φ(vn(z))− φ(v(z))|2dz

)
1

2

.

Lemma 8 [11]. Let (fn) ⊂ L2(0, π) and f ∈ L2(0, π) be such that fn → f in

L2(0, π). Then there exists a subsequence (fnk
) of (fn) and a function ρ ∈ L2(0, π)

such that

(i) fnk
(z) → f(z) as k → +∞ a.e. z ∈ [0, π]

(ii) |fnk
(z)| ≤ ρ(z) for all k and for a.e. z ∈ [0, π].

By Lemma 8 there exists a subsequence vnk
of vn such that vnk

(z) → v(z)
for a.e. z ∈ [0, π] and ρ ∈ L2((0, π),R+) such that |vnk

(z)| ≤ ρ(z) for a.e.
z ∈ [0, π]. By the continuity of φ, |φ(vnk

(z)) − φ(v(z))| → 0 for a.e. z ∈ [0, π]
and |φ(vnk

(z))| ≤ a1|vnk
(z)| + a2 ≤ a1ρ(z) + a2 ∈ L2(0, π). By the dominated

convergence theorem φ(vnk
(·)) → φ(v(·)) in L2(0, π) for any subsequence vnk

(·)
of vn(·). Then φ(vn(·)) → φ(v(·)) in L2(0, π) thus ‖f(t, vn) − f(t, v)‖L2(0,π) → 0
as n → ∞ hence (H3) is satisfied.

Now for z ∈ [0, π], the operator W is given by

(Wu)(z) = p

∫ b

0
R(b− s)u(s, z)ds.

Assuming that W is surjective, W satisfies (H4). We have
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‖f(t, v)‖L2(0,π) =

(
∫ π

0
|f(t, v(z))|2dz

)
1

2

=

(
∫ π

0
|α(t)φ(v(z))|2dz

)
1

2

≤ |Cα(t)|

(
∫ π

0
|v(z)|2dz

)
1

2

= |Cα(t)|‖v‖L2(0,π)

and we choose b enough small such that

b3

2

(

M +M2M1

)

< 1,

then (H5) hold. Then by Theorem (6), we deduce that the equation (6) is con-
trollable on [0, b].
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[5] H. Brezis, Opérateurs Maximaux Monotones et Semi-groupes de Contraction Dans
les Espaces de Hilbert (Elsevier, 1973).

[6] T. Cardinali and P. Rubbioni, Impulsive semilinear differential inclusions: topolog-

ical structure of the solution set and solutions on noncompact domains , Nonlinear
Anal. 69 (2008) 73–84. doi:10.1016/j.na.2007.05.001

[7] W. Desch, R. Grimmer and W. Scharppacher, Some considerations for linear inte-

grodifferential equation, J. Math. Anal. Appl. 104 (1984) 219–234.
doi:10.1016/0022-247X(84)90044-1

[8] Q. Don, G. Li and L. Zhu, Impulsive differential equations with nonlocal condition

in general Banach spaces , Adv. Diff. Equ. 2012 (2012) 1–11.
doi:10.1186/1687-1847-2012-1

[9] K. Ezzinbi, et al., Existence and regularity of solutions for some partial functional

integrodifferential equations in Banach spaces , Nonlinear Anal. 70 (2008) 2761–2771.
doi:10.1016/j.na.2008.04.001

http://dx.doi.org/10.1016/S0252-9602(11)60209-9
http://dx.doi.org/10.1016/j.na.2007.05.001
http://dx.doi.org/10.1016/0022-247X(84)90044-1
http://dx.doi.org/10.1186/1687-1847-2012-1
http://dx.doi.org/10.1016/j.na.2008.04.001


Controllability for some integrodifferential evolution ... 81

[10] M. Frigon, A. Granas and Z.E.A. Guennoun, Alternative non linéaire pour les ap-
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