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1. INTRODUCTION

Let H be a separable Hilbert space with the norm ||-|| and the scalar product (-, -).
For any segment I in R, we denote by C(I, H) the Banach space of continuous
functions from I to H equipped with the norm ||z(-)||oo := sup{||x(¢)||;¢ € I}. For
all positive number a, we put C, := C([—a,0], H) and for any ¢t € [0, 7], 7 > 0, we
define the operator T'(t) from C([—a, ], H) to C, by (T'(t)x)(s) = z(t + s). For a
given nonempty subset K of H, we introduce the set g := {ap €Cu;p(0) e K }

The aim of this paper is to prove the existence of solutions for the following

nonconvex differential inclusions
x(t) € F(T(t)x) a.e. on [0,7];
(1.1) z(s) = ¢(s), Vs € [—a,0];
z(t) € P(z(s)), Vs € [0,7], Vt € [s, 7],

8.
=
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m

G(t,T(t)z) a.e. on [0, 7];
(1.2 2(5) = ¢(s), Vs € [—a,0];
x(t) € P(z(s)), Vs € [0,7], Vt € [s,7],


http://dx.doi.org/10.7151/dmdico.1190

102 M. AITALIOUBRAHIM

where F' and G are set-valued maps with closed values, P is a lower semicontin-
uous set-valued map and ¢ € C,.

Existence result of local solution, in finite dimensional space, for noncon-
vex differential inclusions with upper semicontinuous right hand-side, was first
established by Bressan, Cellina and Colombo (see [9]). We refer the reader
to [2,3,6-8,12,16, 18] and the references therein, for the extension of the main
result in [9].

On the other hand, Kannai and Tallos [17] and Cernia [11] proved the
existence of solutions to the following differential inclusion #(t) € F(t,z(t)),
z(t) € K, where K is a convex subset and F' is measurable with respect to
the first argument and upper semicontinuous with respect to the second argu-
ment. The proof in [11,17] bases on Scorza-Dragoni type results for upper semi-
continuous maps and the results are obtained under the following assumption
F(t,z) N Tk (z) N 0.V (x) # 0, where V is lower regular in [17] and is convex
in [11]. Tg(x) is the Bouligand tangent cone of K at x and 0.V denotes the
Clarke subdifferential. In addition, in [1], we have established a viable solutions
of the problem of Bressan, Cellina and Colombo, but with weaker hypotheses,
namely, F' is upper semicontinuous and such that

F)noV(x)NTk(z) #0, VzeK,

and V is regular.

This paper is devoted to extend the results from [1-3,6-8,12,16, 18] to au-
tonomous and nonautonomous functional differential inclusions, assuming weaker
tangential conditions.

One remark deserves mentioning, the result in this paper extends the ones
in [11] but there is no relation between Theorem 2.2 in this paper and Theorem
2 in [17]. Indeed, in [17], the convexity of K (see above) is widely used in the
proof. On the other hand, in the case where P(p) = K, for all ¢ € C,, the
assumption (H3) in Theorem 2.2 becomes F(t,) N Tk (0(0)) N 9.V (¢(0)) # 0
with K is not convex and V' is regular. However, the principal hypothesis in [17]
is F(t,z) N T (x) NIV (x) # 0 with K is convex and V is lower regular.

The paper is organised as follows. In Section 2, we recall some notions used
in this paper. In Section 3, we give some auxiliary results that we need in the
sequel. In Section 4, we prove the existence of solutions for (1.1). In Section 5,
we prove the existence of solutions for (1.2).

2. NOTATIONS, DEFINITIONS AND THE MAIN RESULT

For x € H and r > 0, let B(z,r) := {y € H;|ly — z[| < r} be the open ball
centered at = with radius r and B(x,r) be its closure and let B = B(0,1). For
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@ € Cy let By(p,7) := {1 € Cu; |¥ — ¢llo < 7} and By(p,r) be its closure. For
x € H and for nonempty subset A C H we denote d4(x) the distance from x to
A given by da(z) == inf {|ly — z||;y € A}.

We shortly review some notions used in this paper (see [13,14,19] as refer-
ences).

Let V : H — R be a lower semi-continuous function and x be any point
where V is finite. The generalized Rockafellar directional derivative VT(z,.) is

/ no_ ’
Viz,v) = lim sup inf Vi’ +tv) = Vi )

' =,V (z')—=V (z),t—01 o' = t

The upper generalized Clarke directional derivative V°(z,.) is

Vv hv) =V
Vo (z,v) := limsup (y + hv) (y)
h—0t y—z h

Analogously the lower generalized Clarke directional derivative V,(x,-) is

V,(z,v) := liminf Viy +ho) - V(y).

h—0t y—x h

If V is Lipschitz around x, then V'(z,v) coincides with V°(z,v) for all v € H.
We also recall that the Clarke subdifferential of V' at x is defined by

oV (x) = {y € H : (y,v) < Vx,v), foralve H}

In the following proposition we summarize some useful properties of Clarke
generalized directional derivatives.

Proposition 2.1 [13,14]. Let V : H — R be locally Lipschitz. Then the following
conditions hold:

(i) 0.V (z) = {p € H:V°z,v) > (p,v),Vv € H}
= {p € H:Vy(z,v) < (p,v),Yv € H};

(i) Vo(z,v) = max{(p,v>,p € acV(x)} and
Vo(z,v) = min{(p,v>,p € acV(x)} = -V°(z,—v).

Let us recall the definition of the concept of the regularity (in the sense of
Clarke).
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Definition 2.1 [13]. Let V : H — R be a locally Lipschitz function. We say that
V is regular at z if for all v € H, the usual directional derivative V'(z,v) exists

and V'(z,v) = V°(z,v). We say that V is regular over a set S if it is regular at
any point in S.

If S is a bounded set of H, then the Kuratowski’s measure of noncompactness
of S, B(9), is defined by

B(S) = inf{d >0
S can be covered by a finite number of sets with diameter less than d}.

In the following lemma we recall some useful properties for the measure of non-
compactness /3. For instance see Proposition 9.1 in [15].

Lemma 2.1. Let X be an infinite dimensional real Banach space and D1, Do be
two bounded subsets of X.
(i) B(D1) =0 < Dy is relatively compact.
(i) B(AD1) = |A|B(D1); A € R.
(iii) Dy C Dy = B(D1) < B(Dy).
(iv) B(D1+ D2) < B(D1) + B(Ds2).
(v) If o € X and r is a positive real number then B(B(xq,r)) = 2r.

—

Now let us introduce the following hypotheses which we shall use throughout
this paper.

(H1) (a) K is a nonempty compact subset in H and V : H — R is a locally
Lipschitz function which is regular over K,

(b) P: H — 2% is a lower semicontinuous set-valued map satisfying
(i) The graph of the restriction of P on K is closed,

(ii) For all z € K, z € P(x),
(iii) For all € K and all y € P(x) we have P(y) C P(z);

(H2) F: Ko — 2H is an upper semicontinuous set-valued map with closed values
satisfying

F(p) N Tp(e(0)) (¢(0)) NIV (p(0)) # 0 for all ¢ € Ko.

(H3) G :R x Ko — 2 is a set-valued map with closed values satisfying
(1) For all ¢ € Ky, t — G(t,p) is measurable,
(2) For all t € R, ¢ — G(t, ) is upper semicontinuous,
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(3) For all ¢ € Ko, and every t € R,

G(t, ) N Tpu(0)) (¢(0)) N0V (p(0)) # 0.

We are now ready to state the main result of the paper.

Theorem 2.1. If assumptions (H1) and (H2) are satisfied, then there exist T > 0
and a continuous function x(-) : [—a, 7] — H which is absolutely continuous on
[0, 7] and is a solution of (1.1).

Theorem 2.2. If assumptions (H1) and (H3) are satisfied, then there exist 7 > 0
and a continuous function x(-) : [—a, 7] — H which is absolutely continuous on
[0, 7] and is a solution of (1.2).

In whole paper, we suppose that the assumptions (H1) are satisfied, we fix
¢ € Ko and we choose r > 0 such that K C B(y(0),7) and V is Lipschitz
continuous on B(p(0),2r) with Lipschitz constant A > 0. Then 9.V (z) C AB for
every x € B((0),2r). For £ > 0 set

n(e) := sup {p €]0,¢] : |le(t1) — p(p2)| < € and /2()\ +a)ds| <e
(2.1) n
if [t1 — o] < P}-
Set

3. PRELIMINARY RESULTS

Lemma 3.1. If S : K — 28 is an upper semicontinuous multifunction with
closed values satisfying

S(x) N Tpey(z) NoV(x) #0, VreK,
then for all 0 < € < a, there exists n > 0 (n < ¢) such that Vo € K, 3h, €
[n,inf{n(e), Z}], yo € K, u € (S(z)+eB) N (9.V(yz) +eB) and b, € B such that

(1) Iz = yell < eha,
(i) (z 4 hgu) € P(z),
(i) V(z + hgu) — V(z) > <hxu, u— 5bz> — achy, where o = 4) + 1.
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Proof. Let © € K be fixed and let 0 < ¢ < a. Since S is u.s.c. on z, there exists
0z > 0 such that S(y) C S(z) + §B, for all y € B(x,d,). Now, let y € K and
select v € S(y) N Tpy)(y) N OV (y). There exists 0 < p < 1 such that for all
O0<h<p

V(y+ hv) = V(y) > hV'(y,v) — eh.

By the regularity of V, we rewrite last inequality as
(3.1) V(y+hv) —V(y) > h{v,w) —eh, Yw e d.V(y).
Moreover, since v € S(y) NTp(,)(y), there exists hy €]0,inf{p, n(e), 5 }] satisfying
€
dp(y) (y + hyv> < hyZ.
Next, consider the subset
€
N(y) = {z € B(¢(0),2r) : dp(z) (z + hyv) < hyz} .
Since P is lower semicontinuous, by Corollary 1.2.1 in [3], the function
z = dp() (z + hyv)
is upper semicontinuous. Consequently N(y) is open. Moreover, since y belongs
to N(y), there exists a ball B(y,n,) of radius n, < inf{eh,, d,} contained in N (y),
therefore, the compact subset K can be covered by ¢ such balls B(y;,ny,). For

simplicity, we set h; := hy, and n; :==n,, forall i =1,...,¢. Put n = min{h;/1 <
i <q}andletie{l,...,q} such that z € B(y;,n;), hence z € N(y;). Then

dp(z) (SC + hivz') < hii,

where v; € S(y;) N 9.V (y;). Thus there exists z; € P(z) such that

1 1 €
Obviously, we have
‘ T, — T < g
— v e
h; 2

and if we set u = %%, we get z; = (z + hsu) € P(z), u € S(y;) + 5B
and u € 9.V(y;) + eB. By construction one has ||z — y;|| < n; < 0, then
S(y;) € S(x)+ 5B, which implies that u € S(z)+eB. So the first part of Lemma
3.1 is proved. Now, choose b; € B such that (u — 5bi) € 0.V (y;). Taking account
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of (3.1), we have
(3.2) V(yz =+ hz"l)z‘) — V(yz) > hz‘ <vz~,u — Ebi> — €hi.

To complete the proof of Lemma 3.1, we need the following Claim
Claim 3.1. We have

(Cl) V(z+ hju) — V(y; + hijvi) > —2Xeh;;

(C2) V(z) = V(yi) = —Achs;

(C3) <vi,u — abi> > —de+ <u,u — zsbi>.

Proof. From the inequalities
Hx + hiju — <p(0)” < r+ %()\ +a) < 2r

and r

llyi + hivi — 0(0)|| < r+ 5)\ < 2r,
we get (z+hiu) € B((0),2r) and (y;+hiv;) € B(¢(0),2r). Since V is A-Lipschitz
over B(¢(0),2r), we conclude that

V(z + hiu) — V(y; + hiv;)

< A(lle = will + hllu = wi] )
< )\(m + h%) < Meh; + ehy) < 2Xeh;.
So (C1) is checked. (C2) follows from

V(z) = V(y:)| < Alz — yill < Ani < Aeh;.

In order to prove (C3) we observe that

<vi,u — 5bi> = <vi — U, U — 5bi> + <u,u — 5bi>.
‘<vi —u,u—ebi>

<vi —u, U — €bi> > —Je.

Since
<

v; — uHHu —eb;|| < %)\ < e,

we have

Consequently, we have
<vi,u — abi> > —de+ <u,u — Ebi>.

Thus (C3) is verified. 0
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Next, using Claim 3.1 and Relation (3.2) we obtain
Vi(z + hiu) = V(z) = V(e + hiu) = V(yi + hivi) + V(yi + hivi) = V(yi)

+ V(yi) — V(z)
—9\eh; + hi<vi, w— 5bz~> —chy — Aeh;

Y

Y

—3Xeh; — Aeh; + hi<u, u — ebi> —eh;

Y

h<u w— 5bi> (AN + 1) > <hu w— 5bi> — aeh;.
The proof of Lemma is complete. [ |

In the next section, we need the following proposition.

Proposition 3.1. If S : K — 2" is an upper semicontinuous multifunction with
closed values satisfying

S(x)NTpey(x)NoV(z) #0, VrekK

then for all e € (0,a) and xop € K there exmist a sequence (t;)o<i<s+1 C RT, a
continuous function x(-) : [to, +oo[— H, a function y(-) : [to,+00) — H and step
functions 0(-),0(:) : [to, +00[— [to, +00| such that

(i) ts < to+ in(s) <tgrr < to+ 217(1) x(tg) = xg, x(ts+1) € P(x(tg)) and
x(0(t)),y(t) € K for allt € [tg, +00);

t(t) € ( (x (()))+€B>ﬂ( V(y ())+€B) a.e. ont € [tg, +00);
z(0(t)) —y(t)|| < e(0(t) — 6(t)), for all t € [to, +00);

0§t—0(t)<i (—) 0<0(t)—t < In() for allt € [ty, +00);

Vi(z(tst1)) — ) > [t [la(s)[2ds — (a + a+ Ne(tspr — to)-

H

Proof. Let 0 < € < a and 9 € K. By Lemma 3.1, there exist n > 0, hg €
[, 3n(£)], o € K, by € B and ug € (S(zo) +eB) N (8:V (yo) + eB) such that

(i) llwo — woll < eho,
(i) (zo + houo) € P(zo),
(iii) V(.%'() + hQUQ) — V(xo) <h0U0, ug — €b()> — eahy.

Set x1 = xg + houg and t; = tg + hg. We reiterate this process for constructing

sequences (hp)p>0 C [, 70(5)], (tp)pz0, (2p)pz0 C K, (wp)pz0, (yp)pzo C K and
(bp)p>0 C B such that for all p > 1
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We have proved that for p = 1 the assertions (a)—(d) are fulfilled. Assume that
(a)—(d) are satisfied for any p = 1,...,¢. By Lemma 3.1, there exist n > 0,
he € [0,31(5)], yq € K, by € B and uq € (S(z4) +eB) N (8:V (yq) + €B) such
that

(i) llzq — yqll < ehy,
(i) (zq + hquq) € P(zq),
(iii) V(zq + hquq) — V(xq) > (hqug, uq — ebg) — cathy.

Set 441 = x4 + hquq and ty1 =ty + hy. Now, since h, > 1 > 0 there exists an
integer s such that

1 /e
ts <tg+ Z?? (Z) < tst1-

Since ts11 = ts + hs and hy < %n(%) we get

Lo < to+ © <€><t <ty (5)
s 0 4774 > Ug+41 0 2774 .

Define on [tg, +00) the functions z(-), y(-), #(-) and 0(-) as follows:
2(t) = xq1 + (t — tg—1)ug-1, 0(t) = tg-1, y(t) = yg—1 and 0(t) = tq,
for all t € [tg—1,1q).
On the other hand, we have z,11 € P(xp) for all p=0,...,s. Then by (H1),
P(zp41) C P(xp). Consequently, we conclude that
Zst1 € P(xg) C P(xs-1) C -+ C P(x0).
Hence x(ts4+1) € P(z(tp)). In addition, we have

V(a(tpi1)) = V(x(ty))

> (2(ty1) = w(ty), #(t) = eby) — altpn — ty)

([ st = { [ stopanty) ~<otir 1)

P P

Y
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tpt+1 ) 9 tptr1 )
> [ ) Pds = [ Gas) b )ds — caltyr 1)

tp tp

tpt1 )
> [ ) Pds — (@ a4 Veltyer 1)
t

P

because

/t " i (5), eby)ds| <

P

o [Tl < o Nty — 1)

tp

By adding we obtain

Via(tern)) = Viatto) = [ 3(5)[Pds = (a-+ a+ Neltasr — to)

to

Hence the proof is complete. [ |

4. PROOF OF THEOREM 2.1

Set ¢(0) = xy. We shall show the following proposition. It will be used in order
to obtain a sequence of approximated solutions.

Proposition 4.1. If assumptions (H1) and (H2) are satisfied, then for all 0 <
£ < a there exist a sequence (t;)o<i<s+1, @ continuous map z(-) : [—a,+00) —
H, functions T'(-) : [0,400) — Ca, y(-) : [0,400) — H and step functions
0(-),0(-),0(-) : [0,400) — [0, +00) such that

(i) z(0(¢t)),y(t) € K for allt € [0,7], x = ¢ on [—a,0] and x(ti+1) € P(z(t;)),
(i) @(t) € (F(T(t)) +eB) N (8:.V (y(t)) + eB) for almost all t € [0, 7];
(i)

ts <7 <tep1, 0 <t—0(t) < in(2),0<t—0(t) <in(s) and 0 < O(t)—t <
In (%) for all t € [0, 7];

(iv) lz(0(t) — y()] < e(0(t) - 0(1)), for all t € [0,7];
(v) Forallt € 0,7]

(vi) Vi@(tivr) = V() = [ lé(s)|Pds = (@ +a+ Neltipr —ti).
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Proof. Let 0 < € < a, set tg = 0 and put z(t) = (t) for all t € [—a, 0]. Consider
the function I'g : H — C, defined as follows: for all z € H

@ (to+ 1n(3) +9) —a <5 < —In(5)
Fo(2)(s) = 1
—ahe(t )+<1+<)) —an(3) < s <0.

The set-valued map Sy : K — 2/ defined by Sp(z) = F(I'o(x)) satisfies all
assumptions of Proposition 3.1. Then there exist 1 € [to + In(£),t0 + in(%)), a
continuous map x(+) : [tg, +00) — H, a function yo(-) : [to, +00) — H and step
functions 0y(-), 0o (-) : [to, +00) — [to, +00) such that

(i) zo(00(t)), yo(t) € K for allt € [to, +00), zo(t1) € P(zo(to)) and zo(to) = zo;

(i) @o(t) € (F(To(zo(fo(t)))) + eB) N (8:V (yo(t)) + eB) for almost all ¢ €
[to, +00);

(i) [70(00()) — yo(®)] < =(@o(t) — Bo(t)), for all t € [tg, +00);
(iv) 0<t—0p(t) < In(%) and 0 < Op(t) —t < Ln(¢) for all t € [tg, +00);
(v) V(zo(tr)) = V(wo(to)) = [i lEo(s)l|Pds — (o + a + Ne(ts — to).

Set x(t) = wo(t) for all t € [to,t1]. We reiterate this process for constructing
sequences (ti)OSiSS-I—lv xl(),yl() : [ti,—i-OO) — H, T; : H — C,, 01(),01() :
[ti, +00) = [ti, +00) and continuous function z(-) : [—a,t;+1] — H satisfying the
following assertions for ¢ > 0 :

() tisn € [t + 23t + 1(5)), miltinn) € Plailt), 2:(0:(1)), ) € K for
all t € [t;,400) and x(t) = x;(t), for all t € [t;, t;i11];

(b) @i(t) € (F(Ti(x:(0:(t)))) + eB) N (8.V(yi(t)) + eB) for almost all ¢ €
[ti, +00);

() llzs(05(t)) — wi(t)|] < e(Bi(t) — 0:(t)) for all t € [t;, +00);
(d) 0<t—0;(t) < In(5) and 0 < 0;(t) —t < gn(§) for all t € [t;, +00);
(e) Forall z€ H

(i + 3n(5) +5) —a<s<—n(%)

et + (1+58) 2 —n(§) <s <0,

() V(@i(tiyr) = V(i(ti)) = [ [2i(s)|2ds — (o + a + Neltivr — ).
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The assertions (a)—(f) are fulfilled for ¢ = 0. Let now ¢ > 1. Assume that
(a)—(f) are satisfied for any ¢ = 1,...,q. If 7 < t,41, then we stop this process
of iterations and we get (a)—(f) satisfied with t; < 7 < t441. In the other case:
tg+1 < 7, consider the function I'yy1 : H — C, defined as follows: for all z € H,

n(§)

IN
RN

o (tger + n(5) + 9 o<
Lot1(2)(s) =

IN

—%$(tq+1) + (1 + n?%)) z —1in(2) <s<0,

The set-valued map Sy11 : K — 2 defined by Sy11(z) = F(Ty11(z)) satisfy all
assumptions of Proposition 3.1. Then, there exist tgio € [tgr1 + 31(5), tgr1 +
31(3)s Tg+1()sYg+1() ¢ [tg1,+00) = H, Tgpr 0 H = Cq and O411(-), 0411 () :
[tq+1,+00) = [tg41,+00) satisfying (a)-(f) for ¢ = g + 1. Set z(t) = xq41(t) for
all t € [tg41,t4+2]. Thus the conditions (a)-(f) are satisfied for ¢ = ¢ + 1. Since
tiv1 —t; > in( ), there exists an integer s such that t; < 7 < ty;. Further on,
we define the functions 6(-),0(-),0(-) : [0,400) — [0,+00), y(-) : [0,400) = H
and T : [0, +00) — C, as follows: for all t € [ty ter1], O(t) = 04(t), O(t) = ,(t),
0(t) = tg, y(t) = yo(t) and T(t) = Ty(24(04(t))). Hence the proof of Proposition
4.1 is complete. [ |

Now we are ready to prove our Theorem 2.1. Let & € N* such that k >
=. By Proposition 4.1, we can define sequences s € N*, (t];)()gqgsk_l,_l, xp(s) -

1
[a a,+00) = H, yp(-) : [0,400) = H, 0i(-),0x(-), 01(-) : [0, +00) = [0,400) and
I'k(+) : [0,400) = C, such that

(1) zk(0k(t)),yx(t) € K for all t € [0,7] and x = ¢ on [—a,0] and xk(tfjﬂ) €
P(xi(th));

(2) @x(t) € (F(Tk(t)) + £B) N (9.V (y(t)) + 1 B) for almost all ¢ in [0,7];

(3) 0<t—0k(t) < dm(F), 0 <t —0(t) < 3n(F) and 0 < Ox(t) — t < dn(F)
for all t € [0, 7];

(4) |lz(0r(t)) — yr(t)]| < %(ék.(t) — 0k (t)) for almost all ¢ € [0, 7];
(5) For all t € [0, 7]

_ 41 xk(ék( t)) + (1 + (4k))xk(9k( )) —in(ﬁ) <s<0;

ata+A
(6) V(z(tyir)) = V(xx(ty)) >ftq+1 ik ()] 2ds — LLEEED (k| — k),



EXISTENCE OF MONOTONE SOLUTIONS 113

Claim 4.1. (i) ||z (t) — 2 (¢)|| < 2p for all ¢,t € [—a, 7] such that [t —t] < n(p).
(i) |T(t)zk — Ti(t)]| 400 < £ for all ¢ € [0,7].
Proof. Let t,t € [—a, 7] be such that [t —t] < n(p). If ¢, € [0,7] and ¢ < ¢, by

(2) we have

fon(®) =@ < [ lns)lds < / (At a)ds < p.

If t,t € [~a,0], by construction, |lzx(t) — zx ()| = [o(t) — (Bl < p. If t € [0, 7]
and ¢ € [—a,0], one has |t| < n(p) and |t| < n(p). Then

lex(t) —ax @ < llzx(t) — 2 0) + () = L (0)] < 2p.

Hence we conclude that for all ¢, € [—a, 7] such that |t —t] < n(p), we have

lzx(8) — 2k (D) < 2p.
For the second assertion, let t € [0,7]. If —a < s < —1n(5%) we have

< 16k =tl+3 77(41k) S% <4lk:)+ 77(41k)

ek(t)+1 (4k)+5 t—s

Then

o)

IT(Or(s) = PO = e+ 5) = (61000 + () +5) 1 < g

If —n(f5) < s <0 we get

=] 2412 () + ) <a(3)

5)

and

0u(0) — B0 < 100(0) 1+ 10(6) — 1] < n(5) + 2n(5) <
So
IT (1) (s) — T(t)(s)]

xk<t+s>+n48 k(B4 (t)) — <1+ - >xk<ek<t>>

Thus ||T(t)zk — Ti(t)]| 400 < # for all ¢ € [0, 7]. |
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Now we are prove Theorem 2.1. By (2) the sequence (x(-))x is equicontin-
uous. In order to apply Arzela-Ascoli theorem, we are going to show that for
every t € [0,7], the set S(t) = {xk(t) : k > ko}, where ky > 1/a, is relatively
compact in H. By (1), for all ¢t € [0,7], x(0k(t)) € K. Thus for all ¢t € [0, 7],
the set {zk(0x(t)) : k > ko} is relatively compact in H, hence by property (i) of

Lemma 2.1, ﬁ({xk(ﬂk(t)) tk > k:o}) = 0. Next, for all ¢ € [0, 7]

BS() = B({zn(t) : k> ko}) = B({wr(t) — 2k(0k(1) + 21(04(8)) : £ > Ko} ).

Then by properties (iii), (iv) and (v) of Lemma 2.1, we obtain

BS(®) < B({ww(t) = 2x(04(1)) : k = ko}) + B({aa(04(0) : b = ko})

< ﬁ({xk(t) —xp(O0k(t)) 1 k> k;o}> _ ﬁ({ /ot(t) Tp(s)ds : k> ko})
< ﬁ(B (0, /et(t)()\+a)ds>> :2/9t(t)()\+a)ds.

Since fotk(t)()\ + a)ds converges to 0 as k — oo, f(S(t)) = 0. Hence S(t) is
relatively compact in H. Therefore, by Arzela-Ascoli’s theorem (see [4]), we can
select a subsequence, again denoted by (zx(-))r which converges uniformly to an
absolutely continuous function z(-) on [0, 7], moreover i(-) converges weakly to
#(-) in L2([0,7], H). Also, since all functions zj(-) agree with ¢(-) on [—a, 0],
we can obviously say that (x(-))x converges uniformly to z(-) on [—a, 7], if we
extend z(-) in such a way that z(-) = ¢(+) on [—a,0]. Now, let ¢t € [0, 7]. Since

i [la(t) — 500 = 0,
zi(0x(t)) € K and K is closed we obtain x(t) € K. By (H1), we conclude that
x(t) € P(z(t)) for all t € [0,7]. It remains to prove that if ¢ < ¢ then x(t) €
P(xz(t")). Let t',t € [0,7] be such that ¢ < ¢. Then for k large enough we can
find p,q € {0,...,sx} such that ¢ = p+ ¢ where 0 < i < s, ¢/ € [tk tp+1]
te [t’;,tqﬂ] hmkHJroot =t and hmkﬁﬂx,t = t’. Note that, by construction,
one has :ck(t’;, ) € P(:ck(t’;fz)) which together with (H1) gives

P (xk(tq ))cP (xk(t';,Q)) .

Similarly, P(x ( 5)) € Pz (t"C 3)). If we continue for i — 1 steps, we obtain
P(ack(tq 1) € P(xk.(t];))) Since x4 (th) € P(xk(tq 1)), then we conclude that



EXISTENCE OF MONOTONE SOLUTIONS 115

x(tF) € P(ay(th)). By letting k — +o00, we get (t) € P(x(t')). Remark that,
from Claim 4.1, we deduce that

(4.1) T'k(t) converges to T'(t)x
in C, and T'(t)z € K.
Proposition 4.2. For almost allt € [0, 7], ©(t) € 0.V (x(t)).

Proof. The weak convergence of i(-) to @(-) in L([0,7], H) and the Mazur’s
Lemma entail &(t) € (), co{dm(t) : m > k}, for almost all ¢ € [0,7]. Fix any
t € [0, 7] such that ¢ # t’; for all integer k > ko and all ¢ € {0,...,s; + 1}. Now,
for all integer k > ko, there exists ¢ € {1,...,sp+1} such that ¢ E]t’;fl, Té“[. Since
limg_s 400 t’; — ch_l = 0, we have limg_ o0 ch_l =1t. Then for all y € H,

(y,(t)) < inf sup(y,dx(t))

m E>m

which together with @ (¢) € (9.V (yx(t)) + £ B) gives for all m

(o) < s (1.0 ) + £5)

from which we deduce that

. , 1
(v, 2()) < lim sup 7 <yaacV(yk;(7f)) + EB) :

On the other hand, by construction, one has for all € [0, 7]
() — @) < 2(t) — 2O ()] + 20k () — yr )]

< Jlz(t) — zr(Oc (@) + %(t%(t) — Ok(t)

(t = 0k(t))

< llo(e) = on @O + 5257 < l2(6) = 2B + oz

< Jlr(t) — B + 1 B(r) — 1) +

Since xy(-) converges to z(+), the second member of the above inequality converges
to 0, hence yg(+) converges to z(-). Next, by Proposition 6.4.9 in [5], the function
z +— o(y,d:V(x)) is u.s.c. and hence we get (y,2(t)) < o(y,d:.V(z(t))). So, the
convexity and the closedness of the set 0.V (x(t)) ensure &(t) € 0.V (x(t)). |

Now, we use the regularity of the function V' to prove the following proposi-
tion.
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Proposition 4.3. The set {(p,i(t)),p € 0.V (x(t))} is reduced to the singleton
{%V(x(t))} for almost every t € [0, 7].

Proof. Since z(-) is absolutely continuous function and V' is locally Lipschitz
continuous. The function Vox(-) is absolutely continuous and then for almost
all ¢ there exists 2V (2(t)). Let ¢ € [0,7] be such that there exists both #(¢) and
LV (2(t)). There is § > 0 such that for every |h| < §

z(t+ h) € B(xg,r), (z(t) + hi(t)) € B(xg, )

and
z(t + h) — x(t) — hi(t) = r(h) where %1_)1% |r(h)||/h = 0.

Since V' is Lipschitz continuous on B(zg,r) with Lipschitz constant A > 0, we
have
[V(@(t+h)) = V(x@) + hi(t)| < Allr(h)],

whenever |h| < §. Consequently, the function h — V (z(¢)+h(t)) is differentiable
at h = 0, and its derivative is the same as the derivative of h — V(z(t + h)) at
h = 0. Hence

d V(x(t) + hi(t)) — V(x(t))

(4.2) SV(a(®) = lim -

Since V is regular over K and z(t) € K, we obtain

(43) Vo(a(t), (1)) = fim VA IEO) 2 VD),

In addition, one has

Vo(a(t), —2(t)) = lim

h—0

By Proposition 2.1, V°(z(t), —z(t)) = —Vo(x(t), ©(t)), then

(4.4) Vale(t), #(1)) = lim V(z(t) + hs‘c(}f)) — V()

By (4.2), (4.3) and (4.4), we deduce that

VOalt) #(1) = TV (0(t)) = Vola(t), #(1).
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It means, by Proposition 2.1, that for almost all ¢ the set

{p.3(),p € 0.V (2(1)) }
reduces to the singleton {4V (z(t))}. |
The function z(-) has the following property.

Proposition 4.4. The application z(-) is a solution of the problem (1.1).

Proof. First by using Proposition 4.2 and Proposition 4.3, we obtain

d . .
SV @) = (0,4(0), ae on[0,7]

Therefore, by integrating on [0, 7], we get

(4.5) V(a(r) - Vo) = /0 i (s)|ds.

On the other hand, by construction, for all ¢ =0,...,s; — 1, we have

fsr a+a+ A
1% (mk (t’;H)) —v (sck(t];)> > / () [2ds — “———= (t’;H - t’;) .
tg
By adding, one has

tk
sk at+a+ A
V (welth)) = Vi) = [ an(o) s - SR

Then

[ laulPds + Virtr) = Vo) +V (s(8)) = Vion(r)

tk

Sk
T a+a+ N1
> [t pas - LHLENT
0
By (2) and 7 — & <n(3), we get
T T A
/ lin(s)|[2ds < / (a+N2ds < A
tk, tk, k

and by the fact that V is Lipschitz on B((0),2r), we obtain
[V (w0 (5)) = V()| < Alar () = an(r)]

3 anllds < [ (@ nds < 3.
tk tk k

Sk Sk

IN
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So, the above relation becomes

(4.6)  V(x(7)) = V(20) > ; ek (s)[|*ds — ———— - —

By passing to the limit for k — oo in (4.6) and using the continuity of the function
V on the ball B((0),2r), we obtain

Via(r) - Vizo) > limsup/OTHa'ck(s)H2dS.

k—+o00

Moreover, by (4.5), we have ||4[|3 > limsup;,_, o |@x[3 and by the weak .s.c of
the norm ensures ||#]|3 < liminfy_, || ||3. Hence we get |23 = limy_s 4 oo |3 [|3-
Finally, there exists a subsequence of (ix(-))x (still denoted (&j(-))x) converges
pointwisely to i(-). Since iy (t) € F(I'x(t)) + £ B, we have

Ay (Tu(0), 6(0)) < 7,

hence
lim dgTF(Fk(t),:bk(t)) =0,

k——4o00

from which we conclude that dg,p(x(t), (t)) = 0 and so, as F" has a closed graph,
we obtain %(t) € F(T(t)z) for almost every t € [0, 7]. The proof is complete. =

5. PROOF OF THE MAIN RESULT 2.2
Lemma 5.1. If assumptions (H1) and (H3) are satisfied, then for all e > 0 there
exists a set valued map G. : [0, 7] x Ko — 2 with closed values which satisfies
(1) (t,¢) — Ge(t,p) is upper semicontinuous,
(2) for all p € Ky and every t € [0, 7],

(17 G- (tv (P)) N j—v[O,T]XP(gO(O)) (tv (P(O)) N 60‘7(75, 90(0)) # @,

where V is a reqular function over [0,7] x K defined by V(t,z) =t + V(z)
for all (t,x) € [0,7] x K,

(3) If x() : [0,7] = Ko and y(-) : [0,7] — H are measurable functions, then
y(t) € Ge(t,x(t)) a.e. & y(t) € G(t,z(t)) a.e.

Proof. Let € > 0. By Theorem 1 in [20], we can find a countable collection of
disjoint open subintervals ]a;, b;[C [0,7], j > 1 such that the length of

D =[0,7]\ | J(a;,b))

Jj=1



EXISTENCE OF MONOTONE SOLUTIONS 119

is less then ¢, and a set valued map G. : D x Ko — 2 with closed values and
such that

(i) (t,¢) — Ge(t, ) is upper semicontinuous,
(il) Ge(t, @) C G(t, @) for all p € Ky and t € D,
(iii) if 2(-) : D — Ko and y(-) : D — H are measurable functions, then

y(t) € G(t,z(t)) a.e. & y(t) € Ge(t,z(t)) a.e.

Now we extend G. to the whole [0, 7] x Ky as in [17]. Define

Ge(t, ) if t € D;
_ G.(aj,1 if a; <t < %t
G.(t = g
() G- (bj, %) if b < ¢ <
Ge(aj, ) UGe(bj,0), ift= 230,

It is clear that G is upper semicontinuous on [0, 7] x K with closed values. On
the other hand, one has

V'((t,2),(s,v)) = s+ V'(z,v) = s+ V°(x,v) = V°((t, x), (s,v)),
then V is regular over [0, 7] x K. In addition, it is obvious that
(1,v) € 0V (t,9(0)) & v € 0.V (1(0))

and
(1,v) € Tjorx P(e(0)) (£, 9(0)) < v € Tpey(oy) ((0))

for all (¢,1) € [0, 7] x Ko. So, we can conclude from

G(t, ) N Tpy(oy) (¥(0)) N AV (1(0)) # 0,

that

(1, Ge(t, ) N Tio 1% ps(oy) (£, 1(0)) N OV (t,4(0)) # 0,
for all ¢ € Ky and every t € [0, 7]. |

Now, by Theorem 2.1, there exists an absolutely continuous function z. :
[—a, 7] — H such that

o (1,2:(t) € (1,Ge(t, T(t)z:)) N OV (t,2.(t)) a.e. on [0, 7],
o x.(t) = p(t) for all t € [—a,0],
o x.(t') € P(xc(t)) for all t € [0,7] and ¢’ € [t,7].
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It follows that

(a) @.(t) € G-(t, T(t)x:) NIV (z(t)) a.e. on [0, 7],
(b) x(t) = p(t) for all ¢t € [—a,0],

(c) z(t') € P(x(t)) for all t € [0,7] and ' € [t, T].

In the following, set & = L. Then [|@,(t)|| < A for almost every ¢ € [0,7] and
z,(t) € K for all t € [0,7]. By Arzela-Ascoli’s theorem, we can select a subse-
quence, again denoted by (z,(-)), which converges uniformly to an absolutely
continuous function x(-) on [0, 7], moreover #,(-) converges weakly to z(-) in
L?([0,7], H). Also, since all functions x,(-) agree with ¢(-) on [—a,0], we can
obviously say that (x,(-)), converges uniformly to z(-) on [—a,T], if we extend
z(+) in such a way that x(-) = ¢(-) on [—a,0]. On the other hand by (c), we have
zn(t') € P(xn(t)) for all t € [0,7] and ¢’ € [t,7]. So we get z(t') € P(x(t)) for
all t € [0,7] and ¢’ € [t,7]. In addition, by the same arguments as in the proof
of Proposition 4.2, we get #(t) € 9.V (x(t)). Hence, by using Proposition 4.3, we
obtain

d

. . d . .
%V(x(t)) = (z(t), (t)), %V(xn(t)) = (Zn(t), Zn(t)), a.e. on [0,7].

Therefore by integrating on [0, 7], we get

V() - V(xo) = /0 " #(s)Pds and V(aa(r)) — V(zo) = /0 " Ntn(s)|Pds.

By the continuity of V' we obtain

n—-+o0o

/0 l(s)|%ds = V(x(r)) — V(o) = lim /0 i (5)]2ds.

As in Section 3, there exists a subsequence of (&,(-))n (still denoted (& (-))n)
converges pointwisely to &(-). Moreover, since &, (t) € G(t,T(t)z,) for almost all
t € [0, 7], we conclude that z(t) € G(t,T(t)z) for almost all ¢ € [0, 7].
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