Discussiones Mathematicae
Differential Inclusions, Control and Optimization 37 (2017) 83-99
doi:10.7151/dmdico.1189

UNBOUNDED PERTURBATION FOR A CLASS
OF VARIATIONAL INEQUALITIES

DORIA AFFANE
AND

MusTAPHA FATEH YAROU

LMPA Laboratory, Jijel University, Algeria

Abstract

In this paper, we prove the existence of solutions of a class of variational
inequalities known as the so-called second order ”sweeping process” with
perturbations. We deal with the nonconvex case using some definition of
uniformly prox regular sets. Moreover, the perturbation is not necessary
bounded nor with compact values.
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1. INTRODUCTION

The so-called ”sweeping process” is an evolution differential inclusion that in-
cludes, as a special case, a class of variational inequality and plays an important
role in elastoplasticity, quasistatics, planning procedures in mathematical econ-
omy, game theory, dynamics, etc.; it has the following form

(0(t),u —v(t)) > (g(t),u —v(t)) VYuel,v(t)el, v0) =,

where I' C H is a closed convex set of a Hilbert space H. If we set

one obtain the general form of the sweeping process

—.i'(t) S NK(t)(x(t)), a.e. t€ [O,T];
z(t) € K(t), vt € [0,T], z(0) =a,
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where K () is a time dependent subset of H and Ng ) (x(t)) is the normal cone
to K (t) at z(¢). Such problems were introduced and thoroughly studied in the
70’s by Moreau in the setting where the sets K(t) were assumed to be convex
(see [15]). Generalizations of the sweeping process have been the object of many
studies, see e.g. [2, 3, 9, 11, 17, 18, 19] and the references therein. Recently,
it was also shown that quite similar formalisms apply to nonsmooth electrical
networks as well as some problems of absolute stability [5, 13].

Moreau introduced some evolution problems called measure differential in-
clusions and given by

—dv € Nv(q(t))(v(t)), U(t) € V(Q(t))a

where v(+) is the first derivative of ¢(-). Such type second order problem is an
extension of the sweeping process for Lagrangian system to frictionless unilateral
constraints (see [16]). In the same period, Castaing proved some existence results
for second order convex sweeping processes [6], then various extensions have been
obtained by many authors [1, 4, 7, 8, 10, 15]. In [8], the authors established an
existence result for the perturbed second order sweeping process

—#(t) € Ng(a@y) (®(t) + F(t, 2(t), (1)), a.e. te€[0,T]
(P) z(t) € K(x(t)), vVt € [0,T
z(0) =b; #(0) = a,

where N (1)) (#(t)) denotes the normal cone of K (x(t)) at the point i(t), the
sets K (z) are closed convex in R% and F : [0,T] x R% x RY — R? is a closed
convex valued scalarly upper semicontinuous multifunction such that

F(t,xy) C (L4 [lz] + [yl 2

for some convex compact set Z in RY.

The main purpose in this paper is to study, in the setting of infinite dimen-
sional Hilbert space H, the perturbed sweeping process (P), and to show how
the approach from [8] can be adapted to yield the existence of solutions for (P)
with uniformly prox regular sets K (z) and closed convex valued perturbation F'
unnecessarily bounded and without any compactness condition on F. The pa-
per is organized as follows: in Section 2, we introduce notation and concepts of
set-valued and nonsmooth analysis which will be used throughout the paper.
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In Section 3, we prove the main result in the nonconvex case and extend the
result to the whole interval [0, 4+00). Further, we weaken the assumptions in the
convex case.

2. NOTATION AND PRELIMINARIES

We denote by By the unit closed ball of the Hilbert space H, L1 ([0,7]) the
space of all Lebesgue-Bochner integrable H-valued mappings defined on [0,77,
Cr([0,T]) the Banach space of all continuous mappings « : [0,7] — H endowed
with the norm of uniform convergence.

For a nonempty closed subset S of H, we denote by d(-,S) the usual distance
function associated with S, i.e., d(u, S) = infyeg ||[u—yl|, Projs(u) the projection
of u onto S defined by

Projs(u) ={yeS: d(u,5)=|u—yl}

and H the Hausdorff distance defined by

H(C,C') = max{ sup d(u, C"), sup d(v, C)}
ueC veC’
where C and C’ are two subsets of H.

We denote by ¢o(S) the closed convex hull of S, characterized by
(1) co(S)={z € H: Va' e H, (z,z) <5, 9)}.

where 0% (', S) = sup,cg(2’,y) stands for the support function of S at 2’ € H.
Recall that for a closed convex subset S we have

d(z,S) = sup [(a,z) — 6" (2',9)].

J?’EEH

We need in the sequel to recall some definitions and results that will be used
throughout the paper. Let A be an open subset of H and ¢ : A — (—o0, +00] be
a lower semicontinuous function, the proximal subdifferential 9" ¢ (z), of ¢ at =
(see [12]) is the set of all proximal subgradients of ¢ at x, any £ € H is a proximal
subgradient of ¢ at x if there exist positive numbers 1 and ¢ such that

o(y) — (@) +nlly — z|* > (£, y — x), Yy € x + <Buy.

Let x be a point of S C H, we recall (see [12]) that the proximal normal cone to
S at x is defined by N (S, x) = 0765 (x), where s denotes the indicator function
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of S, ie., dg(x) =0if z € S and +oo otherwise. Note that the proximal normal
cone is also given by

NP(x)={¢ € H: 30>0 st. x € Projg(z+ 0f)}.

If ¢ is a real-valued locally-Lipschitz function defined on H, the Clarke subdif-
ferential 9% p(z) of ¢ at x is the nonempty convex compact subset of H given
by

() ={¢ € H: ¢°(x;0) 2 (§,v), Vv € H},

where
t —
©°(x;v) = lim sup oy +tv) — ¢ly)

is the generalized directional derivative of ¢ at z in the direction v (see [12]).
The Clarke normal cone NY(S,z) to S at x € S is defined by polarity with T,
that is,

N§(z)={¢€ H: (£,v) <0, VweT§},

where T, g denotes the Clarke tangent cone and is given by
TS ={ve H: d°(x,S;v) =0}

Recall now, that for a given p €]0,+oc] the subset S is uniformly p-prox-
regular (see [14]) or equivalently p-proximally smooth if every nonzero proximal to
S can be realized by a p-ball, this means that for all T € S and all 0 # £ € NZ'(z)

one has
1
(Tepe-7) < glle -7,
€]l 2p

for all x € S. We make the convention % = 0 for p = +00. Recall that for p = +oc0
the uniform p-prox-regularity of S is equivalent to the convexity of S.

The following proposition summarizes some important consequences of the
uniform prox-regularity needed in the sequel. For the proof of these results we
refer the reader to [2] and [14].

Proposition 2.1. Let S be a nonempty closed subset of H and x € S. The
following assertions hold:
(1) oFd(z,S) = N (z) NBy;
(2) if the subset S is uniformly p-proz-regular with p €]0,+00|, then
(i) the proximal subdifferential of d(-,S) coincides with its Clarke subdif-
ferential at all points © € H satisfying d(z,S) < p. So, dd(x,S) =
oPd(x,S) = 0%d(x, S) is weakly compact set;
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(i) the prozimal normal cone to S coincides with all normal cones contained
in the Clarke normal cone at all points x € H, i.e., Ng(z) = NE(z) =
N§(z). Here and above 9°d(x,S) and N§(x) denote the Clarke sub-
differential of d(-,S) and the Clarke normal cone to S respectively (see
[12]);

(i) for all x € H with d(z,S) < p, Projg(x) is a nonempty singleton subset
of H.

The following is an important closeness property of the subdifferential of the
distance function associated with a multifunction (see [2]).

Theorem 2.2. Let p € (0, +0c], Q be an open subset in Hilbert space H, and K :
Q — H be a Hausdorff-continuous multifunction. Assume that K(z) is uniformly
p-prox-reqular for all z € Q. Then for a given 0 < o < p, the following holds:
for any z € O,z € K(Z)+ (p — 0)By, Tn — T,z — Z with 2z, € Q (z,
not necessarily in K(z,)) and &, € 0d(zn, K(2,)) with &, —* & one has £ €
d(z,K(z)), here =" means the weak convergence in H.

Remark 2.3. As a direct consequence, we have the following property: for every
p € (0,+00], for a given 0 < o < p and for every set-valued mapping K :
) — H with uniformly p-prox regular values, the set-valued mapping (z,z) —
Odd(x, K (z)) is upper semicontinuous from {(z,z) € Q@ x H : z € K(2) + (p —
0)By} into H; in other words, the mapping (z,z) — §*(p, dd(z, K(2))), is upper
semicontinuous on {(z,7) € A x H:x € K(2)+ (p — 0)By} for any p € H.

3. MAIN RESULTS

Now we are able to prove our main result for uniformly prox-regular sets.
Theorem 3.1. Let p €]0,+00| and let K : H — H be a set-valued mapping with
nonempty closed uniformly p-prox reqular values satisfying:

(Hy) there is a constant A > 0 such that, for all z,y € H

H(K (2), K(y)) < Allz —yl],

(Hs) for any x € H, K(x) is contained in a compact set C.

(Hp) Let F:[0,T]x Hx H— H be a set-valued mapping with nonempty closed
convex values such that F is scalarly upper semicontinuous, that is for
every y € H, the scalar function 6*(y, F(+)) is upper semicontinuous, and
for some real k > 0,

d(0,F(t,x,y)) <k

for all (t,z,y) € [0,T] x H x H.
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Then, for every b € H and for every a € K(b) there exist two absolutely
continuous mappings u : [0,T] — H and v : [0,T] — H such that

([ —i(t) € Ny (ut) + F(t, u(t),v(t), ae. te[0,T]
mpw+éu@@vmmjL

u(t) =a+ /Ota(s)ds, vt € (0,77,

u(t) € K(u(t)), Yt € [0,T],

with ||4(t)|| < AL + 2k a.e. t € [0,T].

Proof. Let L > 0 be such that K (z) € C C LBy, and choose ng > 1 satisfying

T
—(AL+ k) < p.
o

For each (t,z,y) € [0,T] x H x H, denote by m(,-,-) the element of minimal
norm of the closed convex set F(t,x,y) of H, that is

m(t’ Z, y) = ProjF(t,x,y) (0)

For every n > ng, we consider a partition of [0, 7] by the points ¢} = ke, e, = %,
k=0,1,2,...,n.

Step 1. Construction of approximate solutions. For each ¢ € [t],t}], we define

up(t) =b+ (t —ty)a

et t—tn

1) = n 0,.n

un( ) en Lo en Ty,
where 2} = a € K(b) and

(2) 2y = Projg v, @) (5 — enm(tg, a, b)),

so that vy, () = b and u,(tj) = a. Although the absence of the convexity of the
images of K, the inequality (2) is well defined. Indeed, we have

d(zg — enmn(ty, un(tg), va(t5))), K (v(t1)))

S H(K (va(t5)), K (v (7)) + enllm(ty, un(tg), va(t6))l
T

(AL + k) < p.
o

T n
< g(AHun(to)H +rK) <
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Since K has uniformly p-prox regular values, so by Proposition 2.1, there exists
a point zf = Projg () (25 — eam(ty,a,b)). Hence for ¢ €if, 7], we have
Un(t) = a and

3) i (1) = L0

o € ~Nk@aap) (1) = m(ty, un(t), va(t5))-

Further, we have
n

n
L1 — Tg

< AL + 2k.

€n

For t € [t7,t5], we define
Un(t) = vn(t1) + (¢t — 17 )un(ty)

and

(t) T+ LA

U = T T
n n 1 en 25

where
zy = Projg (s, (1)) (21 — enm(tT, un (1), v (11))).

As v, (t5) = v () + enun(t)) we have
(@t — enm(ty, un(t7), v (87)); K (va(t2)))
S H(K (on(t7)), K (vn(t2))) + enllm(tY, un(t7), vn (t1)))]]

< en(Mlun ()] +5) <

The uniformly p-prox regularity of K (v, (t5)) ensure by Proposition 2.1 that 8 =
Projg (v, (ip)) (21 — eam(t], un(t}), vn(t7))) is well defined. Then for ¢ €]ty 5], we
have 0y, (t) = u, (t}) = 27 and

. xy —af n n n n
Uy (1) = : L e —NK(vn(tg))(wz) = m(t, un(t7), vn (7))

€n

Further

n n
Lo — T

‘SAL—i—Qn.

€n

Suppose that (vy), (u,) are well defined on [tg, ¢}] and recall that
v (t7) = b+ epa,

v (ty) = b+ epa + epay,

un(ty) =b+ena+exl + - + ez
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with u,(t}) =z} and
n n
o
€n

<AL + 2k.

For each t € [t}!, ]! ], we define
on(t) = vn(ty) + (¢ = tp)un(ty)

and

o=t t— 1t
(1) = FE—ap + —&

n
U x
én én k1o

where

Th1 = Projre, i, ) (@) = enm(tr, un(ty), vn(ty)))-

As vyt 1) = va(t}) + enun(ty) we have
d(wy — enm(ty, un(ty), va(t)); K (va(tii1)))
< HK (0n(t;)), K (n(t11)) + enllm(tg, un(ty), vn(t))|

T
< en(Afun ()] +#) < ~—(AL +8) < p.
0

Since K (v, (t},)) is uniformly p-prox regular, by Proposition 2.1

Th1 = Projre, p, ) (@ — enm (i, un (i), vn (1))

is well defined. Then for ¢ €]t} [ we have 0, (t) = un(t}}) and

Ny xn — xn n n n n
(4 nt) = = € =N, @) = MU un (1), va (1))

with the estimate
(5)

n _n
L1 — Tk
€n

<AL + 2k..

For each t € [0,T] and each n > nyg, let define the functions

i e [t
o i =T,

n—1

Pn (t) =

) thpr  3FE e[t
Gn(t) =
" T if t="T.
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So by (4) we get

6)  un(t) € =Nk (n(ga (1)) (un(@n(t))) = m(pn(t), un(Pn(t)), vn(Pa(t)))

for a.e. ¢t € [0,T]. It is obvious that, for all n > 1 and for all ¢t € [0,7T], the
following hold:

(7) [[m2(pn (£), un (pn (1)), v (pn (D)) < &

(8) un(pn(t)) € K(vn(pn(t)) and un(gn(t)) € K(vn(ga(t)))
(9) vp(t) = b+/0 Un(pn(s))ds, ¥Vt el[0,T]

(10) nh_)ngopn(t) = nh_{go an(t) =t, Vtel[0,T]

Step 2. The convergence of (i,) and (m(pn(-), un(Pn(*)), vn(pn(:)))). For k =
1,...,n, it result from (4) and (5) that for a.e. t € [0, 7]

(11) [un(®)|| < AL+ 2k

and
un(gn(t)) = i1 € K(va(ga(t))) C LB

As |Jun(gn(t)) — un(t)|| < (AL + 2k)(gn(t) — t), we have

Tim fn (g0 (1)) — un(8)] = 0.
Then (u,(t)) is equi-Lipschitz with constant AL + 2k, and by construction
un (qn(t)) is relatively compact in H, for all ¢ € [0,T7], so is (uy(t)). Thus, (uy(-))
is relatively compact in Cy ([0, 77), and since |4y, (t)|| < AL+2k, a.e. on [0,T], we
may suppose that there exists a subsequence (again denote by) (uy,(-)) converg-
ing to an absolutely continuous mapping u(-) from [0,7] to H in Cg([0,77), and
(1, (+)) converges o (L}, ([0,T1), L35 ([0, 7)) in L}, ([0, T]) to w with |Jw| < AL+2k
a.e. t € [0,7]. Fixing t € [0, 7] and taking any & € H, the above weak conver-
gence in L}, ([0,77) yields

Tim_ <§,u0+/0t un(s)ds> = <£,u0 +/Otw(5)ds>.

This means, for each ¢ € [0,T], that w,(t) converges to ug + fot w(s)ds weakly
in H. Since the sequence (uy(t)) also converges strongly to u(t) in H, it ensures
that & = w.
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From (9), (10) and the convergence of (u,) we deduce that (v,) converges
uniformly to an absolutely continuous function v with

t
v(t) ="b +/ u(s) ds.
0
In the other hand we have

|m(pn(£), un (Pr(t)), vn (pn (1))]] < &

for all n > ng and for all ¢ € [0,T], we put

(m(Pa(); tn(pn (), vn (P () = (fa(-))

so (fn(+)) is bounded, taking a subsequence if necessary, we may conclude that
( n(+)) converges J(L1 ([0,77), L% ([0,T7])) to some mapping f € L} ([0,T]) with
IF @I < &.

Step 3. u(t) € —Ng (v (u(t)) — F(t,u(t),v(t)) ae. t €[0,T]. By (8) we have
d(un(t), K(v(t))) < lun(t) = un(gn(@)] + Alva(gn(t)) —v(@)]-

Since limp, o0 [[tn (@ () = un(£) || = 0; limp o0 [|vn(gn(£)) —v(t)]] = 0 and K (v(t))
is closed, by passing to the limit in the preceding inequality, we get u(t) € K (v(t)).
Now, we have

[ () + [ (O < [lan @ + [/l < AL+ 3K =7,
that is, o
Un(t) + fu(t) € vBh.
Since
Un(t) + fo(t) € _NK(vn(qn(t)))(un(Qn(t)))
we get by (1) of Proposition 2.1

Un () + fu(t) € =70d(un(gn(t)), K (vn(qn(t))))-

Note that (i, + fn, fn) weakly converges in Lk ;([0,T]) to (& + f, f). An ap-
plication of the Mazur’s Theorem to (i, + fy, fn) provides a sequence (wp, ;)
with

Wy € co{lpm + fm: m>n} and (, € co{fm: m>n}

and such that (wy,(,) converges strongly in Ll ;([0,7]) to (@ + f, f). We can
extract from (wy, () a subsequence which converges a.e. to (i+ f, f). Then, there
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is a Lebesgue negligible set S C [0, 7] such that for every ¢ € [0, 7]\ S

(12) a(t) + f(t) € ({wm(®) : m>n} C (@0l (t) + fm(t) : m >n}

n>0 n>0

and

(13) F) € NTGu® = m=n} € (eolful) : m=>n}.

n>0 n>0

Fix any t € [0,T] \ S,n > ng and pu € H, then the relation (12) gives

() + f () < limsupd™ (u, —y(£)9d(un(t), K (v(t))))

n—0o0

< 8" (u, =y(H)dd(u(t), K (v(1)))),

where first inequality follows from (1), and second one follows from Theorem 2.2

and Remark 2.3. Taking the supremum over u € H, we deduce that
6(u(t) + f(t), =y (t)dd(u(t), K (v(t))))
=07 (u(t) + (1), =y (£)0d(u(t), K (v(t)))) <0,
which entails
u(t) + f(t) € =y (t)dd(u(t), K (v(t))) C —No(u) (ull)).

Further, the relation (13) gives

(e, f(t)) < limsup 6™ (p, F (pn(t), un(pn(t)), vn(pn(t)))).

n—oo

Since 6* (1, F(-,-,-)) is upper semicontinuous on [0,7] x H x H, then
(1, f(8)) < 67 (s, F' (2, u(t), v(t))),
so, we get d(f(t), F(t,u(t),v(t))) <0, consequently
F(t) € F(t,u(t),v(t)) ae. tel0,T]

This completes the proof of the Theorem.

Remark 3.2. Note that, obviously, Theorem 3.1 yields for any finite interval
[Ty, T], Ty > 0, consequently, the following theorem proves on the whole interval

R :=[0,+00), the existence of solution for the above problem.
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Theorem 3.3. Let p € (0,400 and let K : H — H be a set-valued mapping
with nonempty closed uniformly p-prox regular values satisfying (Hi) and (Hs).
Let F: Ry x Hx H — H be a scalarly upper semicontinuous set-valued mapping
with nonempty closed conver values and such that for some real Kk > 0

d(0,F(t,z,y)) <k

forallt € Ry and (z,y) x H x H.

Then, for every b € H and for every a € K(b) there exist two absolutely
continuous mappings v : Ry — H and v: Ry — H such that

—’[L(t) S NK(v(t)) (u(t)) + F(t,u(t),v(t)), ae teRy
v(t) =10 —i—/o u(s)ds, Vt € Ry,

(PR+) t
u(t) =a +/ u(s)ds, YVt € Ry,
0

u(t) € K(v(t)), vVt € Ry.

Proof. We subdivide R into sub-intervals of length T" by putting T} = kT for
all k € N. It will suffice to apply Theorem 3.1 in each interval [T}, Tk1].

For k = 0, applying Theorem 3.1 on the interval [Ty, T1] = [0, 7], there exist
two absolutely continuous mappings u° : [To, Ty] — H and v° : [Ty, Ty] — H such
that

- 'O(t) S NK(UO(t))(UO(t)) + F(t, uo(t), Uo(t)), a.e. te [To, Tl]
VO(t) = b+ /tuo(s)ds, vt € [Ty, Th],
0

t
u(t) = a +/ u°(s)ds, Vt € [Ty, T1),
0

ul(t) € K(vO(t)), Vt € [Tp, Th).

Suppose u0, ..., u*F and v°,...,v* have been constructed such that, for i =

0,....,k—1,u": [T;,Tiy1) — H and v* : [T;, Tj 1] — H, with v'(T;) = '~ 1(T;),
v (T}) = v~ 1(T;), such that

—ui(t) € NK(vi(t))(ui(t)) + F(t,ui(t), v (t)), a.e. t€ [T;,Tiyl;

u'(t) € K(vi(t)) for all t € [T}, Tjy1).

In an analogous way as above, it follow from Theorem 3.1 that there are two
absolutely continuous mappings u* : [Ty, Thy1] — H and v* : [Ty, Thyt] — H
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such that
[ iR (t) € Ni(or ey (uF (1) + F(t,uF(2),05 (1)), ae. t € [Ty, Tt

t
vk (t) =b +/ uP(s)ds, Yt € [Tx, Tri1],
0

t
uk(t) = a +/ ¥ (s)ds, Yt € [Ti, Tht1],
0

uk(t) € K(vF(t)), Vt € [Th, Tpt1)-

Then, we obtain by induction u*,v* for all k € N with the above properties.
Let w: Ry — H and v : Ry — H be the mapping defined by

u(t) == u*(t) and v(t) = v¥(t) for all t € [Ty, Thy1] with k € N.
Then by (Py) it result that u and v satisfy (Pr, ). This finishes the proof. [

Remark 3.4. In the particular case when the sets K (z) are convex, we weaken
the assumptions on these sets in the following result by taking instead of (Hs)
the following condition:

(H}) either H is finite dimensional or K is ball compact, that is K (z,,) () 8B
is relatively compact for any bounded sequence (z,,) of H and > 0.

Theorem 3.5. Let K: H — H and F : [0,T) x H x H— H be set-valued map-
pings with nonempty closed conver values satisfying (Hy), (H}) and (Hp). Then,
for every b € H and for every a € K(b) there exist two absolutely continuous
mappings u : [0,T] — H and v : [0,T] — H such that

([ —u(t) € Ny (ut)) + F(t,u(t),v(t), ae. tel0,T]
o(t) = b+ /0 u(s)ds, ¥t € [0,T],

u(t) =a+ /Ota(s)ds, vt € (0,77,

u(t) € K(v(t)), Vt € [0,T],
with ||a(t)|| < AL + 2k a.e. t € [0,T].

Proof. The proof is similar to that of Theorem 3.1; the difference lies in Step 2
for the convergence of (i) and (m(py(+), un(Pn()), vn(Pr(-)))), since the values
of K(x) are not contained in a compact set. By adopting the same discretization
and construction, we obtain (4) with the estimate

Tii — Ty
(14) ——= | < Afjun ()| + 2k.

n
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Using (14), we get

[k — 2ol < enA(lun ()| + -+ - + llun(e_1) ) + 2kren

< enA(llall + |27 + - - + [k _1]]) + 2kren,
then
(15) 2]l < 2Tk + [lal] + AT el + Aen([l2T | + - - + lzg_1)I])-
Set o = (2k + Al|a||)T + ||a|| and o, = Ae,,, then

(16)

el < ot onlllzy || + - + g1,

foralln >1and forall k=1,2,...,n.

For

Let show that, for all n > 1 and for all k =1,2,....,n
2]l < et + o)1

k =1, we have

T
ot — ol < (26 + Allal)— < a.

Assume that (16) is true for 1 < i < k, then

The

ol < a+on(lla?] + [Jag]] + - 4 2] + lz3]])
<a+to, (a +a(l4+o,) +a(l +o,) 4+ +a(l+ Un)(iﬂ))

= a+ ao, (1—1—(1—1-0”)_|_(14_0”)2_,_...4_(1_’_0”)(1'71))

(1+0,) 1

:a+aan<(1+an)_1

) =a+a((l+ Un)i —1)=a(l+ O-n)i-

n for all n > 1 and for all k =1,2,...,n, we get

MWSau+mm%”gaQ+——> ga0+_—>.
n n

Hence,

(17)

and

[un(tp)l] = llzg || < cvexp(AT) = B,

i, —a}
R < Aflun (5] + 25 < AB + 25

n
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So, for all n > 1 and for a.e. t € [0,T]

(18) ||, (t)]] < AB + 2k.

As
[tn(an(t)) = un(t)]| < AB + 26(qn(t) — 1)

we will have

(19) Jim {Jun(gn(t)) — un(t)]| = 0,
(20) [un(®)l < B+ (AB +26)T
and

(21) [on ()] < b+ BT.

If dim H < oo, the sequence (u,(pn(t))) is relatively compact; otherwise fix any
t € [0,7] and consider, for any infinite subset Ny C N, the sequence (un (t))nen,-
It follows from (8) that u,(gn(t)) € K (vn(gn(t))) () B, which implies by (H3)
that the sequence (uy(gn(t))) is relatively compact, so there is an infinite subset
N; C N such that (u,(gn(t)))nen, converges to some vector [(t) € H. Putting
hn,(t) = un(qn(t)) — un(t) for all n € Ny, from (18), we obtain

an(t)
[ ()] < /t [a(s)|[ds < (AB + 2r)(gn(t) —t) — 0.

Then, (un(t))nen, converges to I(t), thus the set {u,(t) : n € N} is relatively
compact in H. The sequence (uy,)neN being in addition equicontinuous according
o (18), the sequence (uy)nen is relatively compact in C(0,7"), so we can extract
a subsequence of (up)nen (that we do not relabel) which converges uniformly
to w on [0,7]. By the inequality (18) again there is a subsequence of (U )nen
(that we do not relabel) which converges o (L}, L) in LL(0,T) to a mapping
w € L} (0,T) with [|w(t)|| < AB + 2k a.e. t € [0,T]. Fixing t € [0,T] and taking
any £ € H, the above weak convergence in L1 (0,7) yields

T T
fim [ (Lo in() ds = [ (Lo ()6 () ds

n—0o0

or equivalently

Tim <§,u0+/0Tun(s)ds> _ <§,u0+/0Tw(s)ds>.
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This means, for each ¢ € [0,7], that lim,_, un(t) = up + fOTw(s)ds weakly in
H. Since the sequence (u,(t))nen also converges strongly to u(t) in H, it ensures
that w(t) = uo + fOTw(s)ds, so the mapping u(-) is absolutely continuous on
[0,7] with & = w. The mapping u(-) is even Lipschitz on [0,7] with AS + 2k
is a Lipschitz constant therein (since [|w| < AS + 2k). From (9), (19) and the
convergence of (u,) we deduce that (v,) converges uniformly to an absolutely
continuous function v with v(¢) = b+ fg u(s) ds. In the other hand we have

[[m2(pn (£), un (pn (1)), v (P (D)) < &

for all n > ng and for all ¢ € [0,T], we put

(m(Pa(); tn (P (), vn (P () = (fa(-))

so (fn(+)) is bounded, taking a subsequence if necessary, we may conclude that
(fn(*)) converges o(LL([0,T]), L ([0,T])] to some mapping f € L},(0,T) with
t

If @) < &
The Step 3 is the same and the proof is complete. [ |
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