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Abstract

In this paper, we prove the existence of solutions of a class of variational
inequalities known as the so-called second order ”sweeping process” with
perturbations. We deal with the nonconvex case using some definition of
uniformly prox regular sets. Moreover, the perturbation is not necessary
bounded nor with compact values.
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1. Introduction

The so-called ”sweeping process” is an evolution differential inclusion that in-
cludes, as a special case, a class of variational inequality and plays an important
role in elastoplasticity, quasistatics, planning procedures in mathematical econ-
omy, game theory, dynamics, etc.; it has the following form

〈v̇(t), u− v(t)〉 ≥ 〈g(t), u − v(t)〉 ∀u ∈ Γ, v(t) ∈ Γ, v(0) = v0,

where Γ ⊂ H is a closed convex set of a Hilbert space H. If we set

x(t) = v(t)−

∫ t

0
g(s)ds, K(t) = Γ−

∫ t

0
g(s)ds; a = v0

one obtain the general form of the sweeping process
{

−ẋ(t) ∈ NK(t)(x(t)), a.e. t ∈ [0, T ];

x(t) ∈ K(t), ∀t ∈ [0, T ], x(0) = a,
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where K(t) is a time dependent subset of H and NK(t)(x(t)) is the normal cone
to K(t) at x(t). Such problems were introduced and thoroughly studied in the
70’s by Moreau in the setting where the sets K(t) were assumed to be convex
(see [15]). Generalizations of the sweeping process have been the object of many
studies, see e.g. [2, 3, 9, 11, 17, 18, 19] and the references therein. Recently,
it was also shown that quite similar formalisms apply to nonsmooth electrical
networks as well as some problems of absolute stability [5, 13].

Moreau introduced some evolution problems called measure differential in-

clusions and given by

−dv ∈ NV (q(t))(v(t)), v(t) ∈ V (q(t)),

where v(·) is the first derivative of q(·). Such type second order problem is an
extension of the sweeping process for Lagrangian system to frictionless unilateral
constraints (see [16]). In the same period, Castaing proved some existence results
for second order convex sweeping processes [6], then various extensions have been
obtained by many authors [1, 4, 7, 8, 10, 15]. In [8], the authors established an
existence result for the perturbed second order sweeping process

(P )











−ẍ(t) ∈ NK(x(t))(ẋ(t)) + F (t, x(t), ẋ(t)), a.e. t ∈ [0, T ]

ẋ(t) ∈ K(x(t)), ∀t ∈ [0, T ]

x(0) = b; ẋ(0) = a,

where NK(x(t))(ẋ(t)) denotes the normal cone of K(x(t)) at the point ẋ(t), the

sets K(x) are closed convex in Rd and F : [0, T ] × Rd × Rd ⇁ Rd is a closed
convex valued scalarly upper semicontinuous multifunction such that

F (t, x, y) ⊂ (1 + ‖x‖+ ‖y‖)Z

for some convex compact set Z in Rd.

The main purpose in this paper is to study, in the setting of infinite dimen-
sional Hilbert space H, the perturbed sweeping process (P ), and to show how
the approach from [8] can be adapted to yield the existence of solutions for (P )
with uniformly prox regular sets K(x) and closed convex valued perturbation F

unnecessarily bounded and without any compactness condition on F . The pa-
per is organized as follows: in Section 2, we introduce notation and concepts of
set-valued and nonsmooth analysis which will be used throughout the paper.
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In Section 3, we prove the main result in the nonconvex case and extend the
result to the whole interval [0,+∞). Further, we weaken the assumptions in the
convex case.

2. Notation and preliminaries

We denote by BH the unit closed ball of the Hilbert space H, L1
H([0, T ]) the

space of all Lebesgue-Bochner integrable H-valued mappings defined on [0, T ],
CH([0, T ]) the Banach space of all continuous mappings u : [0, T ] → H endowed
with the norm of uniform convergence.

For a nonempty closed subset S of H, we denote by d(·, S) the usual distance
function associated with S, i.e., d(u, S) = infy∈S ‖u−y‖, P rojS(u) the projection
of u onto S defined by

ProjS(u) = {y ∈ S : d(u, S) = ‖u− y‖}

and H the Hausdorff distance defined by

H(C,C ′) = max

{

sup
u∈C

d(u,C ′), sup
v∈C′

d(v,C)

}

where C and C ′ are two subsets of H.

We denote by co(S) the closed convex hull of S, characterized by

co(S) = {x ∈ H : ∀x′ ∈ H, 〈x′, x〉 ≤ δ∗(x′, S)}.(1)

where δ∗(x′, S) = supy∈S〈x
′, y〉 stands for the support function of S at x′ ∈ H.

Recall that for a closed convex subset S we have

d(x, S) = sup
x′∈BH

[〈x′, x〉 − δ∗(x′, S)].

We need in the sequel to recall some definitions and results that will be used
throughout the paper. Let A be an open subset of H and ϕ : A → (−∞,+∞] be
a lower semicontinuous function, the proximal subdifferential ∂Pϕ(x), of ϕ at x
(see [12]) is the set of all proximal subgradients of ϕ at x, any ξ ∈ H is a proximal
subgradient of ϕ at x if there exist positive numbers η and ς such that

ϕ(y)− ϕ(x) + η‖y − x‖2 ≥ 〈ξ, y − x〉, ∀y ∈ x+ ςBH .

Let x be a point of S ⊂ H, we recall (see [12]) that the proximal normal cone to
S at x is defined by NP (S, x) = ∂P δS(x), where δS denotes the indicator function
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of S, i.e., δS(x) = 0 if x ∈ S and +∞ otherwise. Note that the proximal normal
cone is also given by

NP
S (x) = {ξ ∈ H : ∃̺ > 0 s.t. x ∈ ProjS(x+ ̺ξ)}.

If ϕ is a real-valued locally-Lipschitz function defined on H, the Clarke subdif-
ferential ∂Cϕ(x) of ϕ at x is the nonempty convex compact subset of H given
by

∂Cϕ(x) = {ξ ∈ H : ϕ◦(x; v) ≥ 〈ξ, v〉,∀v ∈ H},

where

ϕ◦(x; v) = lim
y→x,

sup
t↓0

ϕ(y + tv)− ϕ(y)

t

is the generalized directional derivative of ϕ at x in the direction v (see [12]).
The Clarke normal cone NC(S, x) to S at x ∈ S is defined by polarity with TC

S ,

that is,

NC
S (x) = {ξ ∈ H : 〈ξ, v〉 ≤ 0, ∀v ∈ TC

S },

where TC
S denotes the Clarke tangent cone and is given by

TC
S = {v ∈ H : d◦(x, S; v) = 0}.

Recall now, that for a given ρ ∈]0,+∞] the subset S is uniformly ρ-prox-
regular (see [14]) or equivalently ρ-proximally smooth if every nonzero proximal to
S can be realized by a ρ-ball, this means that for all x ∈ S and all 0 6= ξ ∈ NP

S (x)
one has

〈

ξ

‖ξ‖
, x− x

〉

≤
1

2ρ
‖x− x‖2,

for all x ∈ S. We make the convention 1
ρ
= 0 for ρ = +∞. Recall that for ρ = +∞

the uniform ρ-prox-regularity of S is equivalent to the convexity of S.

The following proposition summarizes some important consequences of the
uniform prox-regularity needed in the sequel. For the proof of these results we
refer the reader to [2] and [14].

Proposition 2.1. Let S be a nonempty closed subset of H and x ∈ S. The

following assertions hold:

(1) ∂P d(x, S) = NP
S (x) ∩BH ;

(2) if the subset S is uniformly ρ-prox-regular with ρ ∈]0,+∞], then

(i) the proximal subdifferential of d(·, S) coincides with its Clarke subdif-

ferential at all points x ∈ H satisfying d(x, S) < ρ. So, ∂d(x, S) =
∂P d(x, S) = ∂Cd(x, S) is weakly compact set;
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(ii) the proximal normal cone to S coincides with all normal cones contained

in the Clarke normal cone at all points x ∈ H, i.e., NS(x) = NP
S (x) =

NC
S (x). Here and above ∂Cd(x, S) and NC

S (x) denote the Clarke sub-

differential of d(·, S) and the Clarke normal cone to S respectively (see
[12]);

(iii) for all x ∈ H with d(x, S) < ρ, ProjS(x) is a nonempty singleton subset

of H.

The following is an important closeness property of the subdifferential of the
distance function associated with a multifunction (see [2]).

Theorem 2.2. Let ρ ∈ (0,+∞], Ω be an open subset in Hilbert space H, and K :
Ω ⇁ H be a Hausdorff-continuous multifunction. Assume that K(z) is uniformly

ρ-prox-regular for all z ∈ Ω. Then for a given 0 < σ < ρ, the following holds:

for any z̄ ∈ Ω, x̄ ∈ K(z̄) + (ρ − σ)BH , xn → x̄, zn → z̄ with zn ∈ Ω (xn
not necessarily in K(zn)) and ξn ∈ ∂d(xn,K(zn)) with ξn →w ξ̄ one has ξ̄ ∈
d(x̄,K(z)), here →w means the weak convergence in H.

Remark 2.3. As a direct consequence, we have the following property: for every
ρ ∈ (0,+∞], for a given 0 < σ < ρ and for every set-valued mapping K :
Ω ⇁ H with uniformly ρ-prox regular values, the set-valued mapping (z, x) 7→
∂d(x,K(z)) is upper semicontinuous from {(z, x) ∈ Ω × H : x ∈ K(z) + (ρ −
σ)BH} into H; in other words, the mapping (z, x) 7→ δ∗(p, ∂d(x,K(z))), is upper
semicontinuous on {(z, x) ∈ Ω×H : x ∈ K(z) + (ρ− σ)BH} for any p ∈ H.

3. Main results

Now we are able to prove our main result for uniformly prox-regular sets.

Theorem 3.1. Let ρ ∈]0,+∞] and let K : H ⇁ H be a set-valued mapping with

nonempty closed uniformly ρ-prox regular values satisfying:

(H1) there is a constant Λ > 0 such that, for all x, y ∈ H

H(K(x),K(y)) ≤ Λ‖x− y‖,

(H2) for any x ∈ H, K(x) is contained in a compact set C.

(HF ) Let F : [0, T ]×H×H ⇁ H be a set-valued mapping with nonempty closed

convex values such that F is scalarly upper semicontinuous, that is for

every y ∈ H, the scalar function δ∗(y, F (·)) is upper semicontinuous, and

for some real κ > 0,
d(0, F (t, x, y)) ≤ κ

for all (t, x, y) ∈ [0, T ] ×H ×H.
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Then, for every b ∈ H and for every a ∈ K(b) there exist two absolutely

continuous mappings u : [0, T ] → H and v : [0, T ] → H such that

(P )







































−u̇(t) ∈ NK(v(t))(u(t)) + F (t, u(t), v(t)), a.e. t ∈ [0, T ]

v(t) = b+

∫ t

0
u(s)ds, ∀t ∈ [0, T ],

u(t) = a+

∫ t

0
u̇(s)ds, ∀t ∈ [0, T ],

u(t) ∈ K(v(t)), ∀t ∈ [0, T ],

with ‖u̇(t)‖ ≤ ΛL+ 2κ a.e. t ∈ [0, T ].

Proof. Let L > 0 be such that K(x) ⊂ C ⊂ LBH , and choose n0 ≥ 1 satisfying

T

n0
(ΛL+ κ) < ρ.

For each (t, x, y) ∈ [0, T ] × H × H, denote by m(·, ·, ·) the element of minimal
norm of the closed convex set F (t, x, y) of H, that is

m(t, x, y) = ProjF (t,x,y)(0).

For every n ≥ n0, we consider a partition of [0, T ] by the points tnk = ken, en = T
n
,

k = 0, 1, 2, . . . , n.

Step 1. Construction of approximate solutions. For each t ∈ [tn0 , t
n
1 ], we define

vn(t) = b+ (t− tn0 )a

un(t) =
tn1 − t

en
xn0 +

t− tn0
en

xn1 ,

where xn0 = a ∈ K(b) and

xn1 = ProjK(vn(tn1 ))
(xn0 − enm(tn0 , a, b)) ,(2)

so that vn(t
n
0 ) = b and un(t

n
0 ) = a. Although the absence of the convexity of the

images of K, the inequality (2) is well defined. Indeed, we have

d(xn0 − enm(tn0 , un(t
n
0 ), vn(t

n
0 ))),K(v(tn1 )))

≤ H(K(vn(t
n
0 )),K(vn(t

n
1 ))) + en‖m(tn0 , un(t

n
0 ), vn(t

n
0 ))‖

≤
T

n
(Λ‖un(t

n
0 )‖+ κ) ≤

T

n0
(ΛL+ κ) < ρ.
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Since K has uniformly ρ-prox regular values, so by Proposition 2.1, there exists
a point xn1 = ProjK(vn(tn1 ))

(xn0 − enm(tn0 , a, b)). Hence for t ∈]tn0 , t
n
1 [, we have

v̇n(t) = a and

u̇n(t) =
xn1 − xn0

en
∈ −NK(vn(tn1 ))

(xn1 )−m(tn0 , un(t
n
0 ), vn(t

n
0 )).(3)

Further, we have
∥

∥

∥

∥

xn1 − xn0
en

∥

∥

∥

∥

≤ ΛL+ 2κ.

For t ∈ [tn1 , t
n
2 ], we define

vn(t) = vn(t
n
1 ) + (t− tn1 )un(t

n
1 )

and

un(t) =
tn2 − t

en
xn1 +

t− tn1
en

xn2 ,

where
xn2 = ProjK(vn(tn2 ))

(xn1 − enm(tn1 , un(t
n
1 ), vn(t

n
1 ))).

As vn(t
n
2 ) = vn(t

n
1 ) + enun(t

n
1 ) we have

d(xn1 − enm(tn1 , un(t
n
1 ), vn(t

n
1 ));K(vn(t

n
2 )))

≤ H(K(vn(t
n
1 )),K(vn(t

n
2 ))) + en‖m(tn1 , un(t

n
1 ), vn(t

n
1 )))‖

≤ en(Λ‖un(t
n
1 )‖+ κ) ≤

T

n0
(ΛL+ κ) < ρ.

The uniformly ρ-prox regularity of K(vn(t
n
2 )) ensure by Proposition 2.1 that xn2 =

ProjK(vn(tn2 ))
(xn1 −enm(tn1 , un(t

n
1 ), vn(t

n
1 ))) is well defined. Then for t ∈]tn1 , t

n
2 [, we

have v̇n(t) = un(t
n
1 ) = xn1 and

u̇n(t) =
xn2 − xn1

en
∈ −NK(vn(tn2 ))

(xn2 )−m(tn1 , un(t
n
1 ), vn(t

n
1 )).

Further
∥

∥

∥

∥

xn2 − xn1
en

∥

∥

∥

∥

≤ ΛL+ 2κ.

Suppose that (vn), (un) are well defined on [tn0 , t
n
k ] and recall that

vn(t
n
1 ) = b+ ena,

vn(t
n
2 ) = b+ ena+ enx

n
1 ,

· · ·

vn(t
n
k) = b+ ena+ enx

n
1 + · · ·+ enx

n
k−1
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with un(t
n
k) = xnk and

∥

∥

∥

∥

xnk − xnk−1

en

∥

∥

∥

∥

≤ ΛL+ 2κ.

For each t ∈ [tnk , t
n
k+1], we define

vn(t) = vn(t
n
k) + (t− tnk)un(t

n
k)

and

un(t) =
tnk+1 − t

en
xnk +

t− tnk
en

xnk+1,

where

xnk+1 = ProjK(vn(tnk+1
))(x

n
k − enm(tnk , un(t

n
k), vn(t

n
k))).

As vn(t
n
k+1) = vn(t

n
k ) + enun(t

n
k ) we have

d(xnk − enm(tnk , un(t
n
k), vn(t

n
k));K(vn(t

n
k+1)))

≤ H(K(vn(t
n
k)),K(vn(t

n
k+1))) + en‖m(tnk , un(t

n
k), vn(t

n
k)))‖

≤ en(Λ‖un(t
n
k )‖+ κ) ≤

T

n0
(ΛL+ κ) < ρ.

Since K(vn(t
n
k+1)) is uniformly ρ-prox regular, by Proposition 2.1

xnk+1 = ProjK(vn(tnk+1
))(x

n
k − enm(tnk , un(t

n
k), vn(t

n
k)))

is well defined. Then for t ∈]tnk , t
n
k+1[ we have v̇n(t) = un(t

n
k) and

u̇n(t) =
xnk+1 − xnk

en
∈ −NK(vn(tnk+1

))(x
n
k+1)−m(tnk , un(t

n
k), vn(t

n
k))(4)

with the estimate
∥

∥

∥

∥

xnk+1 − xnk
en

∥

∥

∥

∥

≤ ΛL+ 2κ.(5)

For each t ∈ [0, T ] and each n ≥ n0, let define the functions

pn(t) =

{

tnk if t ∈ [tnk , t
n
k+1[

tnn−1 if t = T,

qn(t) =

{

tnk+1 if t ∈ [tnk , t
n
k+1[

T if t = T.
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So by (4) we get

u̇n(t) ∈ −NK(vn(qn(t)))(un(qn(t)))−m(pn(t), un(pn(t)), vn(pn(t)))(6)

for a.e. t ∈ [0, T ]. It is obvious that, for all n ≥ 1 and for all t ∈ [0, T ], the
following hold:

‖m(pn(t), un(pn(t)), vn(pn(t)))‖ ≤ κ(7)

un(pn(t)) ∈ K(vn(pn(t))) and un(qn(t)) ∈ K(vn(qn(t)))(8)

vn(t) = b+

∫ t

0
un(pn(s))ds, ∀t ∈ [0, T ](9)

lim
n→∞

pn(t) = lim
n→∞

qn(t) = t, ∀t ∈ [0, T ].(10)

Step 2. The convergence of (u̇n) and (m(pn(·), un(pn(·)), vn(pn(·)))). For k =
1, . . . , n, it result from (4) and (5) that for a.e. t ∈ [0, T ]

‖u̇n(t)‖ ≤ ΛL+ 2κ(11)

and

un(qn(t)) = xnk+1 ∈ K(vn(qn(t))) ⊂ LBH .

As ‖un(qn(t))− un(t)‖ ≤ (ΛL+ 2κ)(qn(t)− t), we have

lim
n→∞

‖un(qn(t))− un(t)‖ = 0.

Then (un(t)) is equi-Lipschitz with constant ΛL + 2κ, and by construction
un(qn(t)) is relatively compact in H, for all t ∈ [0, T ], so is (un(t)). Thus, (un(·))
is relatively compact in CH([0, T ]), and since ‖u̇n(t)‖ ≤ ΛL+2κ, a.e. on [0, T ], we
may suppose that there exists a subsequence (again denote by) (un(·)) converg-
ing to an absolutely continuous mapping u(·) from [0, T ] to H in CH([0, T ]), and
(u̇n(·)) converges σ(L

1
H([0, T ]), L∞

H ([0, T ])) in L1
H([0, T ]) to w with ‖w‖ ≤ ΛL+2κ

a.e. t ∈ [0, T ]. Fixing t ∈ [0, T ] and taking any ξ ∈ H, the above weak conver-
gence in L1

H([0, T ]) yields

lim
n→∞

〈

ξ, u0 +

∫ t

0
u̇n(s)ds

〉

=

〈

ξ, u0 +

∫ t

0
w(s)ds

〉

.

This means, for each t ∈ [0, T ], that un(t) converges to u0 +
∫ t

0 w(s)ds weakly
in H. Since the sequence (un(t)) also converges strongly to u(t) in H, it ensures
that u̇ = w.
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From (9), (10) and the convergence of (un) we deduce that (vn) converges
uniformly to an absolutely continuous function v with

v(t) = b+

∫ t

0
u(s) ds.

In the other hand we have

‖m(pn(t), un(pn(t)), vn(pn(t)))‖ ≤ κ

for all n ≥ n0 and for all t ∈ [0, T ], we put

(m(pn(·), un(pn(·)), vn(pn(·)))) = (fn(·))

so (fn(·)) is bounded, taking a subsequence if necessary, we may conclude that
(fn(·)) converges σ(L

1
H([0, T ]), L∞

H ([0, T ])) to some mapping f ∈ L1
H([0, T ]) with

‖f(t)‖ ≤ κ.

Step 3. u̇(t) ∈ −NK(v(t))(u(t))− F (t, u(t), v(t)) a.e. t ∈ [0, T ]. By (8) we have

d(un(t),K(v(t))) ≤ ‖un(t)− un(qn(t))‖ + Λ‖vn(qn(t))− v(t)‖.

Since limn→∞ ‖un(qn(t))−un(t)‖ = 0; limn→∞ ‖vn(qn(t))−v(t)‖ = 0 and K(v(t))
is closed, by passing to the limit in the preceding inequality, we get u(t) ∈ K(v(t)).
Now, we have

‖u̇n(t) + fn(t)‖ ≤ ‖u̇n(t)‖+ ‖fn(t)‖ ≤ ΛL+ 3κ = γ,

that is,
u̇n(t) + fn(t) ∈ γBH .

Since
u̇n(t) + fn(t) ∈ −NK(vn(qn(t)))(un(qn(t)))

we get by (1) of Proposition 2.1

u̇n(t) + fn(t) ∈ −γ∂d(un(qn(t)),K(vn(qn(t)))).

Note that (u̇n + fn, fn) weakly converges in L1
H×H([0, T ]) to (u̇ + f, f). An ap-

plication of the Mazur’s Theorem to (u̇n + fn, fn) provides a sequence (wn, ζn)
with

wn ∈ co{u̇m + fm : m ≥ n} and ζn ∈ co{fm : m ≥ n}

and such that (wn, ζn) converges strongly in L1
H×H([0, T ]) to (u̇+ f, f). We can

extract from (wn, ζn) a subsequence which converges a.e. to (u̇+f, f). Then, there
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is a Lebesgue negligible set S ⊂ [0, T ] such that for every t ∈ [0, T ] \ S

u̇(t) + f(t) ∈
⋂

n≥0

{wm(t) : m ≥ n} ⊂
⋂

n≥0

co{u̇m(t) + fm(t) : m ≥ n}(12)

and

f(t) ∈
⋂

n≥0

{ζm(t) : m ≥ n} ⊂
⋂

n≥0

co{fm(t) : m ≥ n}.(13)

Fix any t ∈ [0, T ] \ S, n ≥ n0 and µ ∈ H, then the relation (12) gives

〈µ, u̇(t) + f(t)〉 ≤ lim sup
n→∞

δ∗(µ,−γ(t)∂d(un(t),K(v(t))))

≤ δ∗(µ,−γ(t)∂d(u(t),K(v(t)))),

where first inequality follows from (1), and second one follows from Theorem 2.2
and Remark 2.3. Taking the supremum over µ ∈ H, we deduce that

δ(u̇(t) + f(t),−γ(t)∂d(u(t),K(v(t))))

= δ∗∗(u̇(t) + f(t),−γ(t)∂d(u(t),K(v(t)))) ≤ 0,

which entails

u̇(t) + f(t) ∈ −γ(t)∂d(u(t),K(v(t))) ⊂ −NC(v(t))(u(t)).

Further, the relation (13) gives

〈µ, f(t)〉 ≤ lim sup
n→∞

δ∗(µ, F (pn(t), un(pn(t)), vn(pn(t)))).

Since δ∗(µ, F (·, ·, ·)) is upper semicontinuous on [0, T ]×H ×H, then

〈µ, f(t)〉 ≤ δ∗(µ, F (t, u(t), v(t))),

so, we get d(f(t), F (t, u(t), v(t))) ≤ 0, consequently

f(t) ∈ F (t, u(t), v(t)) a.e. t ∈ [0, T ].

This completes the proof of the Theorem.

Remark 3.2. Note that, obviously, Theorem 3.1 yields for any finite interval
[T0, T ], T0 ≥ 0, consequently, the following theorem proves on the whole interval
R+ := [0,+∞), the existence of solution for the above problem.
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Theorem 3.3. Let ρ ∈ (0,+∞] and let K : H ⇁ H be a set-valued mapping

with nonempty closed uniformly ρ-prox regular values satisfying (H1) and (H2).
Let F : R+×H×H ⇁ H be a scalarly upper semicontinuous set-valued mapping

with nonempty closed convex values and such that for some real κ > 0

d(0, F (t, x, y)) ≤ κ

for all t ∈ R+ and (x, y)×H ×H.

Then, for every b ∈ H and for every a ∈ K(b) there exist two absolutely

continuous mappings u : R+ → H and v : R+ → H such that

(

PR+

)







































−u̇(t) ∈ NK(v(t))(u(t)) + F (t, u(t), v(t)), a.e. t ∈ R+

v(t) = b+

∫ t

0
u(s)ds, ∀t ∈ R+,

u(t) = a+

∫ t

0
u̇(s)ds, ∀t ∈ R+,

u(t) ∈ K(v(t)), ∀t ∈ R+.

Proof. We subdivide R+ into sub-intervals of length T by putting Tk = kT for
all k ∈ N. It will suffice to apply Theorem 3.1 in each interval [Tk, Tk+1].

For k = 0, applying Theorem 3.1 on the interval [T0, T1] = [0, T ], there exist
two absolutely continuous mappings u0 : [T0, T1] → H and v0 : [T0, T1] → H such
that







































−u̇0(t) ∈ NK(v0(t))(u
0(t)) + F (t, u0(t), v0(t)), a.e. t ∈ [T0, T1]

v0(t) = b+

∫ t

0
u0(s)ds, ∀t ∈ [T0, T1],

u0(t) = a+

∫ t

0
u̇0(s)ds, ∀t ∈ [T0, T1],

u0(t) ∈ K(v0(t)), ∀t ∈ [T0, T1].

Suppose u0, . . . , uk and v0, . . . , vk have been constructed such that, for i =
0, . . . , k − 1, ui : [Ti, Ti+1] → H and vi : [Ti, Ti+1] → H, with ui(Ti) = ui−1(Ti),
vi(Ti) = vi−1(Ti), such that

{

−u̇i(t) ∈ NK(vi(t))(u
i(t)) + F (t, ui(t), vi(t)), a.e. t ∈ [Ti, Ti+1];

ui(t) ∈ K(vi(t)) for all t ∈ [Ti, Ti+1].

In an analogous way as above, it follow from Theorem 3.1 that there are two
absolutely continuous mappings uk : [Tk, Tk+1] → H and vk : [Tk, Tk+1] → H
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such that

(Pk)







































−u̇k(t) ∈ NK(vk(t))(u
k(t)) + F (t, uk(t), vk(t)), a.e. t ∈ [Tk, Tk+1]

vk(t) = b+

∫ t

0
uk(s)ds, ∀t ∈ [Tk, Tk+1],

uk(t) = a+

∫ t

0
u̇k(s)ds, ∀t ∈ [Tk, Tk+1],

uk(t) ∈ K(vk(t)), ∀t ∈ [Tk, Tk+1].

Then, we obtain by induction uk, vk for all k ∈ N with the above properties.
Let u : R+ → H and v : R+ → H be the mapping defined by

u(t) := uk(t) and v(t) = vk(t) for all t ∈ [Tk, Tk+1] with k ∈ N.

Then by (Pk) it result that u and v satisfy (PR+
). This finishes the proof.

Remark 3.4. In the particular case when the sets K(x) are convex, we weaken
the assumptions on these sets in the following result by taking instead of (H2)
the following condition:

(H ′
2) eitherH is finite dimensional orK is ball compact, that isK(xn)

⋂

βBH

is relatively compact for any bounded sequence (xn) of H and β > 0.

Theorem 3.5. Let K : H ⇁ H and F : [0, T ]×H ×H ⇁ H be set-valued map-

pings with nonempty closed convex values satisfying (H1), (H
′
2) and (HF ). Then,

for every b ∈ H and for every a ∈ K(b) there exist two absolutely continuous

mappings u : [0, T ] → H and v : [0, T ] → H such that

(P )







































−u̇(t) ∈ NK(v(t))(u(t)) + F (t, u(t), v(t)), a.e. t ∈ [0, T ]

v(t) = b+

∫ t

0
u(s)ds, ∀t ∈ [0, T ],

u(t) = a+

∫ t

0
u̇(s)ds, ∀t ∈ [0, T ],

u(t) ∈ K(v(t)), ∀t ∈ [0, T ],

with ‖u̇(t)‖ ≤ ΛL+ 2κ a.e. t ∈ [0, T ].

Proof. The proof is similar to that of Theorem 3.1; the difference lies in Step 2
for the convergence of (u̇n) and (m(pn(·), un(pn(·)), vn(pn(·)))), since the values
of K(x) are not contained in a compact set. By adopting the same discretization
and construction, we obtain (4) with the estimate

∥

∥

∥

∥

xnk+1 − xnk
en

∥

∥

∥

∥

≤ Λ‖un(t
n
k)‖+ 2κ.(14)
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Using (14), we get

‖xnk − xn0‖ ≤ enΛ(‖un(t
n
0 )‖+ · · ·+ ‖un(t

n
k−1)‖) + 2kκen

≤ enΛ(‖a‖+ ‖xn1‖+ · · · + ‖xnk−1‖) + 2kκen,

then

‖xnk‖ ≤ 2Tκ+ ‖a‖+ ΛT‖a‖+ Λen(‖x
n
1‖+ · · ·+ ‖xnk−1)‖).(15)

Set α = (2κ+ Λ‖a‖)T + ‖a‖ and σn = Λen, then

‖xnk‖ ≤ α+ σn(‖x
n
1‖+ · · ·+ ‖xnk−1‖),(16)

for all n ≥ 1 and for all k = 1, 2, . . . , n.

Let show that, for all n ≥ 1 and for all k = 1, 2, . . . , n

‖xnk‖ ≤ α(1 + σn)
k−1.

For k = 1, we have

‖xn1 − a‖ ≤ (2κ+ Λ‖a‖)
T

n
≤ α.

Assume that (16) is true for 1 ≤ i ≤ k, then

‖xni+1‖ ≤ α+ σn(‖x
n
1‖+ ‖xn2‖+ · · ·+ ‖xni−1‖+ ‖xni ‖)

≤ α+ σn

(

α+ α(1 + σn) + α(1 + σn)
2 + · · ·+ α(1 + σn)

(i−1)
)

= α+ ασn

(

1 + (1 + σn) + (1 + σn)
2 + · · ·+ (1 + σn)

(i−1)
)

= α+ ασn

(

(1 + σn)
i − 1

(1 + σn)− 1

)

= α+ α((1 + σn)
i − 1) = α(1 + σn)

i.

Then for all n ≥ 1 and for all k = 1, 2, . . . , n, we get

‖xnk‖ ≤ α(1 + σn)
(k−1) ≤ α

(

1 +
ΛT

n

)(k−1)

≤ α

(

1 +
ΛT

n

)n

.

Hence,

‖un(t
n
k)‖ = ‖xnk‖ ≤ α exp(ΛT ) = β,(17)

and
∥

∥

∥

∥

xnk+1 − xnk
en

∥

∥

∥

∥

≤ Λ‖un(t
n
k )‖+ 2κ ≤ Λβ + 2κ.
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So, for all n ≥ 1 and for a.e. t ∈ [0, T ]

‖u̇n(t)‖ ≤ Λβ + 2κ.(18)

As

‖un(qn(t))− un(t)‖ ≤ Λβ + 2κ(qn(t)− t)

we will have

lim
n→∞

‖un(qn(t))− un(t)‖ = 0,(19)

‖un(t)‖ ≤ β + (Λβ + 2κ)T(20)

and

‖vn(t)‖ ≤ b+ βT.(21)

If dimH < ∞, the sequence (un(pn(t))) is relatively compact; otherwise fix any
t ∈ [0, T ] and consider, for any infinite subset N0 ⊂ N, the sequence (un(t))n∈N0

.
It follows from (8) that un(qn(t)) ∈ K(vn(qn(t)))

⋂

βBH , which implies by (H ′
2)

that the sequence (un(qn(t))) is relatively compact, so there is an infinite subset
N1 ⊂ N such that (un(qn(t)))n∈N1

converges to some vector l(t) ∈ H. Putting
hn(t) = un(qn(t)) − un(t) for all n ∈ N1, from (18), we obtain

‖hn(t)‖ ≤

∫ qn(t)

t

‖u̇(s)‖ds ≤ (Λβ + 2κ)(qn(t)− t) → 0.

Then, (un(t))n∈N1
converges to l(t), thus the set {un(t) : n ∈ N} is relatively

compact in H. The sequence (un)n∈N being in addition equicontinuous according
to (18), the sequence (un)n∈N is relatively compact in CH(0, T ), so we can extract
a subsequence of (un)n∈N (that we do not relabel) which converges uniformly
to u on [0, T ]. By the inequality (18) again there is a subsequence of (u̇n)n∈N
(that we do not relabel) which converges σ(L1

H , L∞
H ) in L1

H(0, T ) to a mapping
w ∈ L1

H(0, T ) with ‖w(t)‖ ≤ Λβ + 2κ a.e. t ∈ [0, T ]. Fixing t ∈ [0, T ] and taking
any ξ ∈ H, the above weak convergence in L1

H(0, T ) yields

lim
n→∞

∫ T

0

〈

1[0,t](s)ξ, u̇n(s)
〉

ds =

∫ T

0

〈

1[0,t](s)ξ, w(s)
〉

ds

or equivalently

lim
n→∞

〈

ξ, u0 +

∫ T

0
u̇n(s)ds

〉

=

〈

ξ, u0 +

∫ T

0
w(s)ds

〉

.
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This means, for each t ∈ [0, T ], that limn→∞ un(t) = u0 +
∫ T

0 w(s)ds weakly in
H. Since the sequence (un(t))n∈N also converges strongly to u(t) in H, it ensures

that u(t) = u0 +
∫ T

0 w(s)ds, so the mapping u(·) is absolutely continuous on
[0, T ] with u̇ = w. The mapping u(·) is even Lipschitz on [0, T ] with Λβ + 2κ
is a Lipschitz constant therein (since ‖w‖ ≤ Λβ + 2κ). From (9), (19) and the
convergence of (un) we deduce that (vn) converges uniformly to an absolutely
continuous function v with v(t) = b+

∫ t

0 u(s) ds. In the other hand we have

‖m(pn(t), un(pn(t)), vn(pn(t)))‖ ≤ κ

for all n ≥ n0 and for all t ∈ [0, T ], we put

(m(pn(·), un(pn(·)), vn(pn(·)))) = (fn(·))

so (fn(·)) is bounded, taking a subsequence if necessary, we may conclude that
(fn(·)) converges σ(L1

H([0, T ]), L∞
H ([0, T ])] to some mapping f ∈ L1

H(0, T ) with
‖f(t)‖ ≤ κ.

The Step 3 is the same and the proof is complete.
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