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E(y) = Xβ, E(ε) = 0, cov(y) = cov(ε) = σ
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BLUE(Xβ) = X(X′V−1X)−X′V−1y.



� V H	��N P MLQ I�R�MTS1U���X$YLZ	Q I�ZL[�Z4I�ZL� � � X_� �*��U	Q���I�Z

R!
C��% 4�0 
 � % � ��	�
 0 
<� 	$0 
 
C� 
 ��
 0 % ��0 
 >$0 
 � 
 ��� % � � � ���<� � 0;� 	�

BLUE(Xβ)

8

BLUE(Xβ) = Hy −HVM(MVM)−My := G1y,
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BLUE(Xβ) = y −VM(MVM)−My := G2y,
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W = V + XUX′

, C (W) = C (X : V).
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cov[BLUE(Xβ)] = HVH−HVM(MVM)−MVH
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= V −VṀV
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= X(X′W−X)−X′ −XUX′
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PVṀPV = PVM(MVM)−MPV := M̈

� �;� � 
 % 0 � 4�� ��? % 0 � % ���;� � 0<% ��4�� 	�� � � 
�� �
(MVM)−

/$� ' 
 ' /

 @$' @�"
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*+	�
)��% � 0 � � 
 �
Ṁ
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¸ ��� �B¹�� � �L� � � ¹1�9� ¯�� ��� Á
V
� ���?� ® �$�_� � � � °$��� � � � � À �y¿ � � � � � �

n × n�_� � � � Í�� � ��¿ (X : Z) � �T����� � � � � � � � � ¿y� � � ¯ � ± � ��� � n × n
�_� � � � Í�� � ¯ � �

� � �
(X′V−1X)−1 = X′VX−X′VZ(Z′VZ)−1Z′VX.

¸ �?� ¯ � �1��� ��� �1¹��$� ¯ � ¹�¯ � ¹���� � Á � ��¹��B¯�� À �BÁ � � ��¿y� ¯ ��Á � � �$� � � (∗) ��� ��¿� �?��� � � � ° � � � �1� � ��À � � � � � �

� � � �
Z(Z′VZ)−1Z′ = V−1 −V−1X(X′V−1X)−1X′V−1 := Ṁ,

� ��¿E� � � � � � ��� � À � � � �$� � � � � � ¿EÁ � � �$� � � � �_� ��¹�� � �y� ��� � �_��± � � � � � � � ¼ � ¿
À � � � � � ��� ���9�$� � � �$� ��° � ��¿ �$� � À � � � ��� � � � � � � � ° � ��� � � � � ° � � � � ��� �
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Z(Z′VZ)−Z′ = V−1/2P
V1/2Z

V−1/2 = V−1/2P
V1/2M

V−1/2

= M(MVM)−M.
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M = I−PX, Ṁ = M(MVM)−M, M̈ = PVṀPV.
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M̈ = PVM(MVM)−MPV = V+ −V+X(X′V+X)−X′V+
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C (X : V) = C (W) ,

 � "
rank(X : V) = rank(W) ,

 ��"
X′W−X


 � 
 �'& � 
 
 � �'��� � 
#� ��	�! ��� 
 ! ��� �
W− ,

 
 "
C (X′W−X)


 � 
 �'& � 
 
 � �'�'� � 
)� ��	�! ��� 
 ! �#� �
W− ,

 � "
C (X′W−X) = C (X′)

� � 
)� �'	�! ��� 
 ! ��� �
W− ,

 ��"
rank(X′W−X) = rank(X)


 
 
 � � �	� ! � 
 & ��� � � ���#! ��� 
 ! �#� �
W− �

� � 
 � � & � 
 , � � ! � � � � ��� � � � � � � � ��� �'� � 
 �#� $ %	
 & � � � ��� � �
 %

′
"

C (X) ⊂ C (W′) ,
� �'� ��� ��! � � $ %	
 & � � � �'� � � � ����� � � � � ��� �'� �  G

′
" �� �

′
" � + � � 
 ��� �#� 
 � �  G	" �	 ��" , + 	� %�+ � � 
 � %	� 
 �	�

W′
� � 


W �
*+	�
�>$0 ��� �+� �
��
 ����%�@�' ,C� �;� � ? 
 �=G 4
7�% �$� % � % 0 4 /9 #"$� � % ��
 �!% ���=� � 4�% �E , � � H�/
*+	�
 � 0 
 �L��"$ � 
 
C% � � ���<% 0 ?�� � � 
 /�, � � .�/$>�'$V�A -�" '��;��>�% � 
�� - V�/�7�% �$� % � % 0 4 /� #"$�$S
� % ��
 �=% ���
� � 4�% �4 , � � H�"�� � % � 
C� 	�
<� � � � � ��� �$�� � �=� "$0;��� � % � � � �	" 8

' ' ' �<
 0 
���
�� �$� 4!��
 � � � � �6� 	�% �)� �)��� "$� �2G9
�� � � 
 0 
 � � � �$�!� �
����� �
��	�
 � 	�
 0�� 	�

� � % � 
 ��
 ��� ��� ��D ��
 �)��%2@$' , EC% 0 
=
 U "$� ? % � 
 � �
% � � �!� �
� 	�
)0 % �$�!� � ����� � � � �!0 
 � % O$
 �=� ��� 	�
)0 
 U "$� 0 
 ��
 � ��� 	�% �

r(X′W−X)� ��� � ? % 0 � % � �<��� � 	
0 
 � >�
 � ��� �)� 	�
C� 	�� � � 
�� �
W−

'
*+	$� �;��% �C%)0 
 � 
 0 
 ��� 
C� �)� 	�
C� 
 � � 
 0;� 0 � �L7�% �$� % � % 0 4� -�1 "$� 4!, � - -�"�� 0 � �J I� � � � S
G$"$0 � 	6� � � 
 �!
 % 0 � � 
 0 /I�;	�
 0 
�:�' ' ' � 	�
�� >9
 �2>$0 � G$� 
 � 0 % � � 
 �!� ����
 � � � � �6��� �����
� � �$� 
 0�� >9
 �6' ' ' T '�*�	�
)� � � "$� � � �!��% �<>$"$G$� � � 	�
 �=� �!%�>�% >9
 0CG 4=7�% �$� % � % 0 4=% ���
�
% � 	�
 ���� , � � H�/�*�	�
 � 0 
 �L��";% ���
� �C� � % � 
 �
� 	�% �<� 	�
C� � � � � ��� �$�
� � ����� � � � �2� % �
G9
C% �$�$
 ��� ��� �)� 	�
C� 
 �<� �#
 U "$� ? % � 
 ���<� � ����� � � � ���<� � ��
 �)��%�@�' , 8
 @$' -�"

rank(X′W−X)
� ��� � ? % 0 � % � �<� � 0<% ��4�� 	�� � � 
C� �

W−
.

� �Lä�ê 
 ë â è á ä è ì � � �	ã���ê � ��ã æ ì è á æ*ì í ê ì�� ã â � �
	Bî��	ê � ä ê � ê â � �Lê ä�êyâ ã 	 ã â ã ã_á 	�
�í á ��ê ä
� ê ì í ã ��� ä���í�î �BîLç è ä ä ã â ì ê ì è á æ�è æ�� � � � � �Lí è � ã�
	í á �$ê ä � ê ì í ã � �	ê äyê?â ã 	 ã â ã ã?á 	�� ê â � � á
� ä á ì ê � á � ä���í î �Tî ç è ä ä ã â ì ê ì è á æ�� ë ä ìLâ ã 
 ã æ ì � ��è æ�� � � � î



�?[$�	M�W���M�P V ZL� W�I�QLJLV �	[�P���V Q��4H�[�J�� �	����
$I�K�P I�R I�J � , H �

�<
 O�����
�>$0 
 � 
 � ��%=��
 ��
 0 % � � 3 
 �6?�
 0 � � � �N� �C*�	�
 � 0 
 � @�' ,
% ��%!� � 0 � � � % 0 49P<� 
 

� � � � % � �$/� I"$��� % ��
 �=% ���=� � 4 % �4 � H H -�/ ��� 0 � � � % 0 4
��' � " '

� ��� ��� � � �  � � 
 ����� ��� 
 � � 
�� ��� � 
 �'� � 
 ��� � � �
M = {y, Xβ, V} � � � � U + �#� ��	

p × p
��� � 
 
 ��� %�! � � ��� ��� ���)��� � 
 
 �

W = V + XUX′
� � � 
 � )�� � � ���#! � �'� 
 � 
 � �

 @$' ��"
C (W) = C (X : V).

� ��� �

 @$' , H "
PWM(MWM)−MPW = W+ −W+X(X′W−X)−X′W+

,

� ��� ��
 � ,
 @$' , , "
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