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Abstract
This article investigates the existence of solutions to second-order
boundary value problems (BVPs) for systems of ordinary differential
inclusions. The boundary conditions may involve two or more points.
Some new inequalities are presented that guarantee a priori bounds
on solutions to the differential inclusion under consideration. These a
priori bound results are then applied, in conjunction with appropriate
topological methods, to prove some new existence theorems for solutions to systems of BVPs for differential inclusions. The new conditions
allow the treatment of systems of BVPs in the absence of maximum
principles and growth conditions. The results are also new for differential equations involving Carathéodory or even continuous right-hand
sides.
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Introduction

This paper considers the existence of solutions to the following second-order
system of differential inclusions,
(1)

x00 ∈ F (t, x, x0 ),

for a.e. t ∈ [0, 1],

subject to either of the boundary conditions
x0 (1) = A2 ,

c ∈ (0, 1] is fixed;

x(1) + u2 x(d) = A4 ,

d ∈ [0, 1) is fixed,

(2)

x(0) + u1 x(c) = A1 ,

(3)

x0 (0) = A3 ,

where: F : [0, 1] × Rn × Rn → K(Rn ) is a “multifunction” and K(Rn ) is the
family of all nonempty convex and compact subsets of R n (n > 1); each Ai
is a given constant in Rn ; each ui 6= −1 is a given constant in R; and “a.e.”
stands for “almost every”.
The boundary conditions (2), (3) may involve two or three points, depending on where c and d lie in [0,1] and, of course, whether any u i is zero.
Special cases of the boundary conditions include:
(4)

x(0) + u1 x(1) = A1 ,

x0 (1) = A2 ,

(5)

x(0) = A1 ,

x0 (1) = A2 ,

(6)

x0 (0) = A3 ,

x(1) + u2 x(0) = A4 ,

(7)

x0 (0) = A3 ,

x(1) = A4 ,

(8)

x(0) + u1 x(c) = A1 ,

x0 (1) = A2 ,

(9)

x0 (0) = A3 ,

c ∈ (0, 1) is fixed,

x(1) + u2 x(d) = A4 ,

d ∈ (0, 1) is fixed.

The study of differential inclusions has been motivated by their applications, for example, to the areas of control and in the treatment of differential equations with discontinuities in the right-hand side [3, 27, 30]. An
integral aspect of the aforementioned applications are two-, three- and fourpoint boundary value problems involving differential inclusions, which have
enjoyed much interest recently: [2, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 17, 18, 19,
20, 21, 23, 22, 25, 26, 29, 31].
In the quest for existence of solutions to differential inclusions, the application of appropriate topologically inspired fixed-point methods generally
relies on the obtention of a priori bounds on possible solutions to a family of

Systems of differential inclusions in the absence of ...

131

differential inclusions related to (1), and a corresponding family of boundary
conditions [24, 28].
This paper formulates new, quite general and easily verifiable conditions, involving F , in the the form of a single dynamic inequality such that
the aforementioned a priori bounds on solutions are guaranteed. The new a
priori bound results are then applied, in conjunction with appropriate topological methods, adapted from [16], to prove some novel results ensuring
the existence of solutions. Several corollaries to the new results are presented that form new existence results in their own right for BVPs involving
systems of differential equations.
For more on differential inclusions or BVPs, we refer the reader to
[1, 3, 14, 15, 24, 30].
To present the new results, the necessary notation is defined as follows.
Definition 1.1. Suppose that E and G are Banach spaces and X ⊂ E and
Y ⊂ G are subsets. Denote the family of all nonempty convex and compact
subsets of Y by K(Y ). A multivalued map Γ : X → K(Y ) is called upper
semi-continuous (u.s.c.) if {x ∈ X : Γ(x) ⊂ U } is an open subset of X for
any open U in Y.
Definition 1.2. In what follows, consider the following Banach function
spaces:
C([0, 1]; Rn ) = {u : [0, 1] → Rn : u is continuous on [0, 1]}
with the norm kuk∞ = supt∈[0,1] ku(t)k where k · k denotes the usual Euclidean norm in Rn and h·, ·i will denote the usual inner product on R n ;
L2 ([0, 1]; Rn ) = {u : [0, 1] → Rn : ku(t)k is L2 -integrable}
with the norm
kuk2 =

Z

0

H k ([0, 1]; Rn )

1

2

ku(t)k dt

1/2

;

= {u : [0, 1] → Rn : u has weak derivatives u(i) ∈ L2 ([0, 1]; Rn ) for 0 ≤ i ≤ k}
with the norm
kuk2;k = max{ku(i) k2 : 0 ≤ i ≤ k}.
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The spaces H k ([0, 1]; Rn ) are the usual Sobolev spaces of vector functions,
denoted also by W k,2 ([0, 1]; Rn ) (for more details see [14]).
The following notion of a Carathéodory map or multifunction will be central
in the results to follow.
Definition 1.3. A multifunction F : [0, 1] × R m → K(Rn ) is said to be a
Carathéodory multifunction in case it satisfies the following conditions:
(i) the map t → F (t, u) is Lebesgue measurable for each u ∈ R m ;
(ii) the map u → F (t, u) is u.s.c. for each t ∈ [0, 1];
(iii) for any r ≥ 0 there is a function ψ r ∈ L2 [0, 1] such that for all t ∈
[0, 1], u ∈ Rm with kuk ≤ r and y ∈ F (t, u) we have kyk ≤ ψ r (t).
The following general existence theorem will be very useful for minimizing
the length of existence proofs in the remainder of the paper. The proof of the
result is closely linked with that of [16, Theorem 3.1] through an application
of topological transversality [24] and thus is omitted.
Theorem 1.4. Suppose that F : [0, 1]×R n ×Rn → K(Rn ) is a Carathéodory
multifunction
andPthat a1 , . . . , a4 ,b1 , . . . , b4 are given constants in R with
P4
4
2 > 0 and
2
n
a
i=1 i
i=1 bi > 0 and that A, B are given constants in R . If
there exists a positive constant R (independent of λ) such that:
max{kxk∞ , kx0 k∞ } < R,

(10)
for all solutions x to
(11)

x00 ∈ λF (t, x, x0 ),
0

for a.e. t ∈ [0, 1],

0

(12)

a1 x(0) + a2 x(c) + a3 x (0) + a4 x (1) = λA, c fixed in (0, 1],

(13)

b1 x(1) + b2 x(d) + b3 x0 (0) + b4 x0 (1) = λB, d fixed in [0, 1),

for λ ∈ [0, 1]; and if the only solution to (11)–(13) for λ = 0 is the zero solution; then, for λ = 1, (11)–(13) has at least one solution in H 2 ([0, 1]; Rn ).
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A priori bounds

In order to apply Theorem 1.4, some new a priori bound results for solutions
to differential inclusions are now presented. The inequalities used do not rely
on maximum principles or on growth conditions.
Lemma 2.1. Let N be a positive constant. If
(14)

inf{hx0 , wi : w ∈ F (t, x, x0 ), kx0 k = N } > 0,

(15)

kA2 k < N,

then all solutions to (1), (2) satisfy
kx(t)k <

kA1 k + N (1 + |u1 |)
,
|1 + u1 |

kx0 (t)k < N, for a.e. t ∈ [0, 1].

P roof. Let x be a solution to (1), (2). We use “proof by contradiction”
and assume that there exists a t0 ∈ [0, 1] such that kx0 (t0 )k ≥ N . Obviously,
from (15) we see that t0 ∈ [0, 1). Next, define the function
r(t) = kx0 (t)k2 − N 2 ,
and assume that r attains its non-negative maximum value on [0, 1] at t 0 ∈
[0, 1). By (15) and the continuity of r, there must exist a t 1 ∈ [t0 , 1) such
that r(t1 ) = 0 (so kx0 (t1 )k = N ) and
0 ≥ r 0 (t1 ) = 2hx0 (t1 ), x00 (t1 )i
≥ 2 inf{hx0 (t1 ), w(t1 )i : w(t1 ) ∈ F (t1 , x(t1 ), x0 (t1 )), kx0 (t1 )k = N }
> 0,

by (14),

and a contradiction is reached. Therefore kx 0 (t)k < N , for a.e. t ∈ [0, 1].
For a.e. t ∈ [0, 1],
|1 + u1 | kx(t)k − kx(0) + u1 x(c)k ≤ kx(t) − x(0) + u1 (x(t) − x(c))k
Z t
Z t
0
≤
x (s)ds + u1
x0 (s)ds
0

< (1 + |u1 |)N,

c
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and rearrange to obtain
kx(t)k <

kA1 k + N (1 + |u1 |)
,
|1 + u1 |

for a.e. t ∈ [0, 1].

Lemma 2.2. Let N be a positive constant. If
(16)

inf{hx0 , wi : w ∈ F (t, x, x0 ), kx0 k = N } < 0,

(17)

kA3 k < N,

then all solutions to (1), (3) satisfy
kx(t)k <

kA4 k + N (1 + |u2 |)
,
|1 + u2 |

kx0 (t)k < N, for a.e. t ∈ [0, 1].

P roof. The proof is virtually identical to that of Lemma 2.1 and so is
only briefly discussed. Define r as in the proof of Lemma 2.1. Arguing by
contradiction, there exists a t0 ∈ (0, 1] such that r(t0 ) ≥ 0 and there exists
a t2 ∈ (0, t0 ] such that r(t2 ) = 0 with 0 ≤ r 0 (t2 ). A contradiction arises
from (16). The a priori bound on x follows a similar line as in the proof of
Lemma 2.1.
Remark 2.3. If F is a singleton set, consisting of one Carathéodory vector
function, that is, when F (t, x, x0 ) = {f (t, x, x0 )} and f : [0, 1] × R2n → Rn
(n > 1), then conditions (14) and (16) respectively reduce to
(18) hx0 , f (t, x, x0 )i > 0,

for a.e. t ∈ [0, 1], ∀x ∈ Rn , kx0 k = N,

(19) hx0 , f (t, x, x0 )i < 0,

for a.e. t ∈ [0, 1], ∀x ∈ Rn , kx0 k = N.

3.

Existence of solutions

In this section, some new existence theorems are presented for solutions to
(1) subject to either (2) or (3). The a priori bound lemmas from Section 2
are utilised, in conjunction with Theorem 1.4, to produce the new results.
The conditions of the new existence theorems do not involve any maximum
principles or growth restrictions on F and therefore are applicable to a wider
class of certain problems than those dealt with in [16].
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Theorem 3.1. Let F : [0, 1] × Rn × Rn → K(Rn ) be a Carathéodory multifunction and let N be a positive constant. If (14) and (15) hold, then (1),
(2) has at least one solution in H 2 ([0, 1]; Rn ).
P roof. Consider the following family of BVPs associated with (1), (2)
(20)

x00 ∈ λF (t, x, x0 ),

(21)

x(0) + u1 x0 (c) = λA1 ,

for a.e.

t ∈ [0, 1],

x0 (1) = λD,

c ∈ (0, 1] is fixed,

where λ ∈ [0, 1] and see that this is in the form (11), (12). Also see that, for
λ = 1, (20), (21) is equivalent to the BVP (1), (2).
All that is required is to show that the conditions of Theorem 1.4 hold.
Since u1 6= −1 it is easy to see by direct computation that the only
solution to (20), (21) is the zero solution.
We now show that (20), (21) satisfy the conditions of Lemma 2.1. Consider w ∈ F (t, x, x0 ) and let w1 = λw where w1 ∈ λF (t, x, x0 ). See that, for
λ = 0, the only solution to (20), (21) is the zero solution (and thus an a
priori bound holds), so assume from now on that λ ∈ (0, 1].
Since (14) holds we then have
0 < λ inf{hx0 , wi : w ∈ F (t, x, x0 ), kx0 k = N }
= inf{hx0 , λwi : w ∈ F (t, x, x0 ), kx0 k = N }
= inf{hx0 , w1 i : w1 ∈ λF (t, x, x0 ), kx0 k = N }.
Also, from (15),
N > kA2 k ≥ kλA2 k.
So we have an a priori bound on x and x0 by Lemma 2.1.
Hence, if we define R > 0 by


kA1 k + N (1 + |u1 |)
R := max
,N + 1
|1 + u1 |
then all of the conditions of Theorem 1.4 are satisfied and the family (20),
(21) has a solution for λ = 1. Then so must the BVP (1), (2).
Inequality (14) shows that there is a delicate dependency on F in x 0 for
Theorem 3.1 to hold. However, the main focus of this paper is on those F
that do feature x0 and do not exhibit standard growth conditions.
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Theorem 3.2. Let F : [0, 1] × Rn × Rn → K(Rn ) be a Carathéodory multifunction and let N be a positive constant. If (16) and (17) hold, then (1),
(3) has at least one solution in H 2 ([0, 1]; Rn ).
P roof. In view of Lemma 2.2, the proof is virtually identical to that of
Theorem 3.1.
Corollary 3.3. Let F : [0, 1] × Rn × Rn → K(Rn ) be a Carathéodory multifunction and let N be a positive constant. If (14) and (15) hold, then (1),
(4) has at least one solution in H 2 ([0, 1]; Rn ).
P roof. Immediate from Theorem 3.1.
Corollary 3.4. Let F : [0, 1] × Rn × Rn → K(Rn ) be a Carathéodory multifunction and let N be a positive constant. If (14) and (15) hold, then (1),
(5) has at least one solution in H 2 ([0, 1]; Rn ).
P roof. Immediate from Theorem 3.1.
Corollary 3.5. Let F : [0, 1] × Rn × Rn → K(Rn ) be a Carathéodory multifunction and let N be a positive constant. If (16) and (17) hold, then (1),
(6) has at least one solution in H 2 ([0, 1]; Rn ).
P roof. Immediate from Theorem 3.2.
Corollary 3.6. Let F : [0, 1] × Rn × Rn → K(Rn ) be a Carathéodory multifunction and let N be a positive constant. If (16) and (17) hold, then (1),
(7) has at least one solution in H 2 ([0, 1]; Rn ).
P roof. Immediate from Theorem 3.2.
Corollary 3.7. Let F : [0, 1] × Rn × Rn → K(Rn ) be a Carathéodory multifunction and let N be a positive constant. If (14) and (15) hold, then (1),
(8) has at least one solution in H 2 ([0, 1]; Rn ).
P roof. Immediate from Theorem 3.1.
Corollary 3.8. Let F : [0, 1] × Rn × Rn → K(Rn ) be a Carathéodory multifunction and let N be a positive constant. If (16) and (17) hold, then (1),
(9) has at least one solution in H 2 ([0, 1]; Rn ).
P roof. Immediate from Theorem 3.2.
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On differential equations

If F is a singleton set consisting of one Carathéodory vector function, that
is, when F (t, x, x0 ) = {f (t, x, x0 )} and f : [0, 1] × R2n → Rn (n > 1), then
(1) reduces to
(22)

x00 = f (t, x, x0 ),

for a.e.

t ∈ [0, 1],

and the following new existence results follow as corollaries to the results of
Section 3. The proofs involve applying the respective theorems to (1) for
the special case F (t, x, x0 ) = {f (t, x, x0 )}.
Corollary 4.1. Let f : [0, 1] × Rn × Rn → Rn be a Carathéodory function
and let N be a positive constant. If (18) and (15) hold, then (22), (2) has
at least one solution in H 2 ([0, 1]; Rn ).
Corollary 4.2. Let f : [0, 1] × Rn × Rn → Rn be a Carathéodory function
and let N be a positive constant. If (19) and (17) hold, then (22), (3) has
at least one solution in H 2 ([0, 1]; Rn ).
Corollary 4.3. Let f : [0, 1] × Rn × Rn → Rn be a Carathéodory function
and let N be a positive constant. If (18) and (15) hold, then (22), (4) has
at least one solution in H 2 ([0, 1]; Rn ).
Corollary 4.4. Let f : [0, 1] × Rn × Rn → Rn be a Carathéodory function
and let N be a positive constant. If (18) and (15) hold, then (22), (5) has
at least one solution in H 2 ([0, 1]; Rn ).
Corollary 4.5. Let f : [0, 1] × Rn × Rn → Rn be a Carathéodory function
and let N be a positive constant. If (19) and (17) hold, then (22), (6) has
at least one solution in H 2 ([0, 1]; Rn ).
Corollary 4.6. Let f : [0, 1] × Rn × Rn → Rn be a Carathéodory function
and let N be a positive constant. If (19) and (17) hold, then (22), (7) has
at least one solution in H 2 ([0, 1]; Rn ).
Corollary 4.7. Let f : [0, 1] × Rn × Rn → Rn be a Carathéodory function
and let N be a positive constant. If (18) and (15) hold, then (22), (8) has
at least one solution in H 2 ([0, 1]; Rn ).
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Corollary 4.8. Let f : [0, 1] × Rn × Rn → Rn be a Carathéodory function
and let N be a positive constant. If (19) and (17) hold, then (22), (9) has
at least one solution in H 2 ([0, 1]; Rn ).
Remark 4.9. In fact, Corollaries 4.7 and 4.8 are new, even in the case when
f : [0, 1] × Rn × Rn → Rn is a continuous, scalar-valued function.
5.

Examples

In this final section, the applicability of the new results are highlighted
through two examples.
Example 5.1. Let x = (x1 , x2 ) and p = (p1 , p2 ). Consider (1), (5) for
n = 2, where
F (t, x, p) = F (t, x1 , x2 , p1 , p2 )
= ∪κ∈[1,2]

p 2 e x 2 p2

+ κ(x21 + 1)p31 + 1

!

−p1 ex2 p2 + κ(x22 + 1)p32 + 1
  


!  0
1
x1 (1)
x1 (0)
1
 =  .
=

,
1
1
x02 (1)
x2 (0)

,

t ∈ [0, 1],

There is no growth condition applicable to F and thus the theorems of [16]
do not apply. We will apply Theorem 3.1.
For N to be chosen below, consider, for all f (t, x, p) ∈ F (t, x, p)
hp, f (t, x, p)i = κ[(x21 + 1)p41 + (x22 + 1)p42 ] + p1 + p2
≥ p41 + p1 + p42 + p2
> 0 for kpk = 4,
thus (14) holds for N = 4.
It is easy to see that (15) holds. Thus Theorem 3.1 is applicable and
the BVP has a solution.
As previously pointed out in Remark 4.9 the results contained in this paper
are new, for three-point BVPs with continuous f .
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Example 5.2. Consider the following three-point scalar BVP
x00 = f (t, x, p) = (t2 + 1 + x2 )pep ,
x(0) + x(1/2) = 1,

t ∈ [0, 1],

x0 (1) = 1.

We will apply Corollary 4.1.
For N to be chosen below, consider,
hp, f (t, x, p)i = (t2 + 1 + x2 )p2 ep
> 0 for kpk = N = 2,
thus (18) holds for N = 2. It is easy to see that (15) holds. Corollary 4.1 is
applicable and the BVP has a solution.
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[19] M. Filippakis, L. Gasiński and N.S. Papageorgiou, Positive solutions for second
order multivalued boundary value problems, Nonlinear analysis and applications: to V. Lakshmikantham on his 80th birthday, Vol. 1, 2, 531–547, Kluwer
Acad. Publ., Dordrecht 2003.
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[21] L. Gasiński and N.S. Papageorgiou, Nonlinear second-order multivalued boundary value problems, Proc. Indian Acad. Sci. Math. Sci. 113 (3) (2003), 293–319.

Systems of differential inclusions in the absence of ...

141

[22] Y.E. Gliklikh and A.V. Obukhovskiı̆, On a two-point boundary value problem
for second-order differential inclusions on Riemannian manifolds, Abstr. Appl.
Anal. (2003), no. 10, 591–600.
[23] A.M. Gomaa, On the solution sets of three-point boundary value problems
for nonconvex differential inclusions, J. Egyptian Math. Soc. 12 (2) (2004),
97–107.
[24] A. Granas and J. Dugundji, Fixed point theory, Springer Monographs in Mathematics, Springer-Verlag, New York 2003.
[25] N. Halidias and N.S. Papageorgiou, Existence and relaxation results for nonlinear second-order multivalued boundary value problems in R N , J. Differential
Equations 147 (1) (1998), 123–154.
[26] D.A. Kandilakis and N.S. Papageorgiou, Existence theorems for nonlinear
boundary value problems for second order differential inclusions, J. Differential
Equations 132 (1) (1996), 107–125.
[27] M. Kisielewicz, Differential inclusions and optimal control, Mathematics and
its Applications (East European Series), 44. Kluwer Academic Publishers
Group, Dordrecht; PWN—Polish Scientific Publishers, Warsaw 1991.
[28] T. Pruszko, Some applications of the topological degree theory to multivalued
boundary value problems, Dissertationes Math. (Rozprawy Mat.) 229 (1984).
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