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Abstract

F tests and selective F' tests for fixed effects part of balanced
models with cross-nesting are derived. The effects of perturbations
in the numerator and denominator of the F' statistics are considered.
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1. INTRODUCTION

Balanced models with cross-nesting enable us to study the
action of a large number of factors. Whenever possible, F' tests are
highly recommended due to their robustness and power. In what follows
such tests are derived for the fixed effects part of the models.
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Besides the usual F' tests we will consider selective F' tests which have high
power for chosen alternatives. we consider the effects of perturbations on
the numerator and denominator of the statistics. These perturbations arise
when additional terms are added to the models, thus originating associated
models.

2. MODELS AND HYPOTHESIS

Throughout the text, superscripts will indicate vector dimensions, 1" [0"]
will have their r components equal to 1 [0]. Moreover, I, will be the r x r
identity matrix, R(A) will be the range space of matrix A and A ® B the
Kronecker product of matrices A and B. The transpose of matrix A will be
denoted by AT.

Let us assume there are L groups with w1, ..., uy, factors. The number of
the levels for the first factors in the different groups will be a,(1), ¢ =1, ..., L,
we also put a,(0) =1, ¢=1,...,L. If uy > 1, we will have balanced nesting
in the ¢-th group of factors. For each level of the first factor there will be
ag(2) levels for the second factor, and so on. With hy < uy, we will have
co(hy) = HZZ ‘ o ar(t) level combinations from the first h, factors in the (-th
group. The number of level combinations for the factors in the ¢-th group
will be ¢ = ¢o(ug), ¢ = 1,...,L. Each level combination for the first hy
factors of the ¢-th group will nest by(hy) = ﬁ level combinations for the
remaining factors in the group. The number of level combinations for all the
factors, this is, the number of treatments, will be ¢ = Hle ¢p. If, for each
treatment, we have r observations, the total number of observations will be
n =cr.

Let A be the family of vectors h” with components hy = 0, ..., uy,
¢ = 1,..,L and let us assume that the L’ < L first groups are of
fixed-effect factors and that the remaining groups will be of random effects
factors.

The vectors associated to p and the effects and interactions between
fixed effects factors constitute the sub-family A’ of A. Given ht € A/,
c(h?) = H£:1 ce(hg) will be the number of effects or interactions associ-
ated to h”. These effects and interactions are components of a fixed vector
3t (REY, if B £ 0L, Besides this, the vectors hE € A’ = A — A/ will
correspond to effects or to interactions involving one or more random effects
factors. Associated to them there will be random vectors Bc(hL)(hL) with
null mean vectors and variance-covariance matrices o2 (h™)I c(h)s hE € A’
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These vectors are independent between themselves and of the error
vector e” which has null mean vector and variance-covariance matrix o21,,.
Let us put

Al(tF) = {hF . ht € A/t < bt}

A(th) = {h¥ : bt e A'eth < hl}

~

X (") = Q) Xu(he) @17,
(=1

where  Xy(hy) = I, ® 1% hy =0,...,uy, £=1,...,L, we will use a
model formulation introduced by Fonseca et al. (2003),

22) Y=Y X(MptInhy+ S X(E)FMI () + e
hLeA/ hLeA/C

With T a matrix such that [T; s~V 21%] is a s order orthogonal matrix, we
put

(2.3) Kg(tg) = dey(to—1) & Ta[(tg) Q@ ———; ty=0,...,up; £ =1,..., L,

as well as P(tl) = K(tF)K (t1) T, with

L 1
K(t") = Q) Ko(t)) ® —=1

pue vr
and rank(P(tl)) = rank(K (")) = g(t*). We also put
P=1I,—- Y P"),
thitleA

with rank(P) = g, so we can write

(2.4) Yr= > P")y"+PY"™
tleA
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Let us point out that

L
M(hF) = X(W")X (WP = Q) My(he) & ..,
/=1
where J, = 17(1")7. These matrices commute and, taking b(h') =

T Hle be(h¢), the matrices

QM =b(M) M) = Y P(h)

tL:tL<pl

are orthogonal projections matrices, while the P(tl), & € A, and P are
mutually orthogonal projections matrices.
Let us take

PO Eh) = K@)y =)
(2.5)
+ Y prennqry KA TX (RGO (AE) + K(tE)Ten; € A,

where

26) Ok = 3 K@) X0 () ke A
hLeA!(th)

is the mean vector of ﬁg(tL)(tL), tf € A. From the independence of the

BC(hL)(hL ), h € A’ and of e, we also get the variance-covariance matrix
of 9t (¢1)

(2.7) LA () = 4t Ly th e A

with

(2.8) vt = Y b(hE)eR(hE) + o,
hLEA/c(tL)

since Y(3°") (hL)) = O'Q(hL)Ic(hL), ht € A, Y(e") = 021, and
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K5 TM(hR)K (1) = b(hE) I e ); t2 < BE
(2.9) ;
K(t5) T M(RE)K (t1) = 0442y gz ); t7 £ BE

since K (t5) T K (t%) = Ly, t* € A If ¢4 e A, A'(th) =, and

g(
(2.10) /) (1l = 09¢"),
Let us consider the family of the estimable vectors

A(th) = {ws(th) = Bth ) (¢h) - R(B(H)T) € RIK(EH)T)} 5
(2.11)
th e A

In what follows we will use the ¥*(t%) € Aj,(t"), the family of homoscedastic
estimable vectors, t* € A/, to define the hypotheses

(2.12) Ho(tE;d®) - p*(tF) = a%; th e A’

that holds if and only if ||¢*(t) — d*||> = 0. The vectors in A (tF) are
characterized by B(t/)B(tH)T = kI,.

3. I AND SELECTIVE F' TESTS
When A’¢(t") = () we have, according to (2.8),
(3.1) y(tF) = o2
To single out these cases we put t¥ e Aé) when this happen.

If the vectors Bc(hL)(hL ), h € A’ and e" are normal and independent,
we obtain, see Mexia (1995, p. 35-42),
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~, L L
a) Ug(t )(tL) ~ N(Tlg(t )(tL)a/Y(tL)Ig(tL))’ th e A;
b) Pe™ ~ N(0",0%P);
c) the vectors ﬁg(tL)(tL ), t¥ € A, and Pe™ are independent.
Then, with t* € A}, we will have V5 (t) ~ N(¥(t%), 021,) independent
from S = || Pe™||> ~ X2 -

Thus it is straightforward to obtain, for the hypotheses Ho(t*,d*), F
tests with statistics

g 9= (") — d|)?

3.2 J(th)y =2
(32) S(t7) =7 5
where || (tX) — d*||2 ~ 02X 541 vy With
1
(3.3) o(th,d°) = gst(tL) — |

We will replace the test statistic by

) - a)?

(3.4) T(th) 3 ;

because these statistics have "more manageable” distributions than the
previous ones.
Let us consider associated models. The models obtained, taking

(35) B by = gD () + U (), hE e A,

tL tL

this is adding random vectors Z9¢)(t£) to the vectors 7947 (t1), t& € A/,
will be the associated models of first type. Now, with t© € A/, we will have

H{Es(tL) - dSHQ ~ JQX?yv(tL’ds)a with
S 1 S S L
(36)  V(thd) = [0°(th) - d® + B 29|13 th e A

If pr(Z90) (t£) = 09¢")) = 1, V(t£, d®) is constant (with probability equal
to one), and is null if and only if Ho(t", d*) holds.
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We have the associated models of the second type, obtained adding to Pe™
a random vector W9 independent of all the other random vectors that are
considered in the model. Thus, only S will be disturbed and we will have
S ~ 02)(37‘,, with

1
(3.7) V= ;HW‘C’H?

We point out that va is the result of randomizing the non-centrality
parameter in a chi-square.

Lastly we have associated models of third type. These models are
obtained adding random vectors Z9E) (tL) [W9] to the vectors 79" (££),
th € Ajy [Pe™]. We now have [|¢)*(t5) —d*||? ~ 02)@7‘/(#@5) and S ~ JQX;V.
Once more, with t& € A}, whenever pr(Z9t") (t£) = 090")) = 1, V(t£, d*)
will be fixed and null if and only if Ho(t",d*) holds.

We intend deriving selective F tests for certain alternatives.

To define selected alternatives to Ho(t,d®), Dias (1994, p. 21-24) used
polar coordinates (r,01,...,05s_1). For the 61, ...,05_1 we have the bounds

1I 1I .
—=<0; <~ j=1,.,5-2,
(3.8) 2 2

0§95_1 < QH,

which define the domain D with 571 (y* — d®) the vector of central angles
01, ...,0s_1 associated to ¥*(t") — d*, when one of those alternatives holds
we will have 6°~1(y* — d*) € C and |[1*(t) — d*||* > a. We will represent
by v the set of vectors ¥*(t!") associated to these alternatives.

The joint density of 7 (%) and ©3~! = #5~1(¢)* —d®) for normal models,
see Nunes and Mexia (2003), will be

f(z,0°7 0%, g)

oo 20/2T (W) @ (05122 !

o) = RO S
27T5/2F (%) j=0 ]'(1 + Z)%l ’

2>0,0°LeD,
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where

1
o= (W h) — &)
Ko = e P =1

(3.10)

a(esfl) — ﬁ(ws(tL) o ds)T€S(0371)

h(0571) = cos 572, ... cos 0o

The components of £5(6°~!) being

61(95_1) = cosfy---cosbly_q

62(65_1) = cosfy---cosBs_9sinls_1
(3.11) E

;01 = cosfy---cosfs_jsinfs_jiq

06571 = sin 6,

When Hy(t",d®) holds, p* = 0° and the joint density will now be
(3.12) F(z,0°710%, g) = f(z]s,9) f(6°71),
where f(z|s, g) is the density of §<<—§ and

g

S
gh(es—l);es—l e D,

FOh =

so T(t¥) and ©°~! will then be independent. Let us assume that we have
a critical region (k,C), rejecting the tested hypothesis when 7 (t¥) > k and
O~ € C, the test level will be

s—1
(3.13) level(k,C) = (1—F(k|s,g))/c.../f(es1)Hdej.
j=1
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From this expression we can conclude that, for a given test level, there
exist several pairs (k,C). To choose a convenient pair Dias (1994, p. 53)
introduced the max-min tests. These tests maximize the minimum power
for selected alternatives. The selected alternatives for which this minimum
is attained will be the critical alternatives. It is possible to have more than
one of these alternatives, Dias (1994, p. 53) describes a case with s = 2
where there are two critical alternatives.

Now we go over to first type associated models. The selected alternatives
will now be those such that pr((¢*(tE) + B(tEF) 290" (t1)) € v) = 1%

Now we establish

Proposition 1. If the test is max-min for the normal model it is also maz-
min for the associated models of the first type with the same minimum power
for selected alternatives.

Proof. With pot(¢®) the power function for the normal model and G(v*)
the distribution of % (t£) + B(t£)Z9#")(tL), the power for the associated
model will be

(3.14) Pot(G) :/.../pot(vs)dG(vs).

Let us now point out that, if Hy : ¢%(t¥) = ¢3(tY), t¥ € Al is a critical
alternative for the normal model, we will have pot(¢2) = min{pot(¢*®),
v (th) € v}, Since pr((¢°(tY) + B(tL)Z9¢) (1) € v) = 1, we have
Pot(G) > pot(f). This minimum is attained for the ”degenerate” selected

alternatives ¥°(tX) + B(t£)Z9¢") (t£)) = ¥3(t*) so the proof is complete. m

Thus we can extended directly the max-min tests constructed for normal
models to the corresponding associated models of first type.

When the infimum of the power for selected alternatives exceeds the
test level the test will be selectively unbiased. If suffices that the power for
critical alternatives, if they exist, exceeds the test level for the test to be
selectively unbiased. Is easy to establish the

*This condition holds, for instance, if pr(||B(tL)Zg(tL)(tL)|| < 7) = 1 and the
hypersphere, centered in vy with radius r, are contained in v. In this case we privilege the
alternatives such that 1°(t*) € vo.
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Proposition 2. If the test for the normal model with a (k,C') critical region
1s selectively unbiased and has critical alternatives, the test with the same
critical region will be selectively unbiased for associated models of the first

type.

Let us consider now what happens with associated models of the second type.
When the tested hypothesis holds p* = 0°. Since S ~ UQX;V, when V = v,
the joint conditional density of 7 (t*) and ©°~1 is

= (3 )j—

| <

F(z,0°710°, g,v) = *”/QZ %,6°710%, g + 2)

(3.15)

while the unconditional joint density will be, with Fy(v) and Ay (¢)
respectively the distribution and the moment generating function of V,

_ +oo
F(z, 610, g, Av) = / F(z.0°10%, g, 0)dFy (v)
0

oo— 2 0
(3.16) Fo5 ! Zf 2ls, 'QQ;F ) / WiemV2dFy (v)
0

(zls, g +2j),

= f(e°7 Y Jio M}

j129

2>0, 01 eD.

Since
e ©°!is independent of WY,

o pr(7(tF) > k) decreases when pr(W9 # 09) > 0 (since the distribution
of 7 (t*) increases with V' = v, see Nunes and Mexia (2000));
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we can conclude that the perturbations occurring in associated models of
the second type lead to a loss of power of the selective F' tests.

For the associated models of the third type we have perturbations in the
numerator and the denominator. Then we will have to deconditionalize in
order to both perturbations. When B(t* )Zg(tL)(tL) = b®%, d® is replaced by
d* = d* — b°. If moreover V = v, the conditional joint density of 7 (t*) and
©°~! will be

v\J

+oo | —
(317)  f(z.6°'psg,0) = ev/22%f(27981|/33a9+2j)7
j=0 7

where p* = L(y*(th) — d®). We point out that we now also have
1
Vo2

Deconditioning in order to V we get

a(esfl) _ (ws(tL) _ dS)TES(Hsfl) and 5(tL,dS) = %H@bs(tL) - dsuz'

F(z0° 0% 9. Av) = /O F(z,0°710°, 9, v)dFy (v)

(2705_1|p8ag+2j) feo —v
(3.18) :Z 197 ; Ve V2dFy (v)

) 3),,

j'2'] 705_1|p8’g+2j)’

z>0, 05t eD.

Since

f(z,0°71p%, g)

6—5/2h(93—1) 400 2j/2r <g+%+j> dj(9871)zj;rs*1

(3.19) _ e ) _ :
9ms/2T (g) jzg 1+ 2) 5

2>0, 051 €D,
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if the expected values
1

(3.20) Aj=E (e*m”‘“(t”*ds”2aﬂ'(98*1)) L j=0,1,..

exist, deconditioning in order to the perturbations in the numerator, we first
obtain

f(z,0°7g) =
3.21 | N
( ) ho) +§ 2]/2Ajr (W) L1 1
—~ ,z>0, 0" eD,
2m2T (8) = A1+ 2) 55

and the unconditional joint density for 7 (t*) and ©*~! will be, according
to (3.18),

F(z,0°7Y)
, 1
on ().
- Z — f(z,0°" g +25), 2> 0, 0L eD.
j=0 ‘

Since the perturbations occur both in the numerator and denominator it is
difficult in this case to compare the power of the tests.
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