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Abstract

The quotient of two linear combinations of independent chi-squares
will have a generalized F' distribution. Exact expressions for these
distributions when the chi-square are central and those in the
numerator or in the denominator have even degrees of freedom were
given in Fonseca et al. (2002). These expressions are now extended for
non-central chi-squares. The case of random non-centrality parameters
is also considered.
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1. INTRODUCTION

Quotients of linear combinations of chi-squares have relevant applications.
For instance, the statistics of the generalized F' tests are such quotients.
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These tests were introduced by Michalski & Zmyslony (1996) and (1999),
first for variance components and later for linear combinations of parameters
in mixed linear models.

When the chi-squares in the numerator or in the denominator are even
and all coefficients are non-negative an exact expression was obtained, see
Fonseca et al. (2002), for the distribution of these quotients when the chi-
squares are central. We now intend to extend that result to the non-central
case. In carrying out this extension we will first use the Robbins (1948)
and Robbins & Pitman (1949) method mixtures for fixed non-centrality
parameters. Nextly we will consider randomization of the non-centrality
parameters and obtain the corresponding extension.

Thus, our aim is mainly theoretical. We must point out that if practical
applications are the main goal, an excellent alternative for our treatment
is given by Imhof (1961). The algoritm presented by Davies (1980) could
also be used. In this way the shortcomings of previous approaches such as
the one given by Satterthwaite (1946) and Gaylor & Hopper (1969) may be
overcame.

2. GENERALIZED F' AND RELATED DISTRIBUTIONS

In this section for vectors m"*® we consider upper sub-vectors m]
and lower sub-vectors m$, with myq,...,m,;s the components of m"**
and my1,...,m1, [Ma1,...,mas| the components of mj [m3]. Moreover,
U ~ 02)(375 indicates the product by o2 of a chi-square with g degrees
of freedom and non-centrality parameter 6. When § = 0 we write simply
U~ 02X§.

Given the vectors a] and a3, with non-negative components and at least
one non null, and the independent random variables U; ~ th si=1.r,

and Vj ~ X5272,j’ j=1,..., s, the distribution of

.
> aU;
i=1

S
> ag;V;
j=1

will be F*(z|a},a$, g7, g5). Since



NON-CENTRAL GENERALIZED F' DISTRIBUTIONS 49

(2.1)

where

and

with

we will have

(2.2)

T T T
daUi D ani YU
i—1 =1 i=1

s - s s 9
DoazVio Yoaz; Y4V
Jj=1 Jj=1 Jj=1

z
F* (alaf. a3,7.95) = F* (Sl 3.0, )

which show that we can consider only, if it is convenient, quotients of convex
combinations of central chi-squares.

Let (v™)~! be the vector whose components are the inverses of the
components of v"*. The generalized central F distribution will be

F(zlg7,93) = F(2|(g7) 7" (93) 1, 07, 63)-

Another interesting case of F'*(z|a},a$, g7, g5) will be

F(zlgi,95) = F*(2(17,1°, g7, g5).
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If » = s =1, in the first case we will have the usual central F' distribution
while for the second case we will have the F' distribution, defined for the
quotient of independent chi-squares with g1 and g degrees of freedom.

In Fonseca et al. (2002) the exact expressions of F*(z|a},a$, g7, g5) is
given when the degrees of freedom in the numerator or in the denominator
are even. Moreover, the second case reduces to the first one since

(23)  F*(zlaf,a3,97,2m") = 1= F*(27"[a3, a1, 2m°, g} ).

To simplify the notation we represent by ai,..,ar [g1,...,9r] the
components of al[g]] and by ari1,...,ar4s [gr41, .- Gr+s) the components
of a§lg3]. Let us remember that the X; ~ aixfh,, i=1,..,7+s,if gf =2m",
have densities

‘,L.mifl e
i(r) = iy x>0 =1,...,
fz(CC) (ml — 1)‘(2al)m16 X 2 r
24) e ,
filt)=———5¢€ 2, 2>0i=r+1,...,7r+s
L(%)(2a:)%

so that we have

i=1 i=r+1

Jr
F+(Z|a7i,a§,2m”,g§) =pr (ZT:XZ <z rzs Xi)

r+s r+s r
z Z i — ZSCZ

(2.5) 2 i
:/O+Oo.--/()+oo/0 i;rl /Oz'errl i=2 f1(961)d371

wifr(@p)dep o frps(@pys)dTy4s.
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r+s
Putting y = 2 Z x; as well as w; =m; — 1,1 =1,...,r, we get
i=r+1
T T
Y= Z T Y= Z L4 2w r
=2 — =2 1 T
/O Z Ti@y)de, = /0 Z w1!(2a1)w1+16 “ardry
r J1
1 —Q—IZJI(y— xl> kw; (y - Z xz)
Y B
k1 =0 o (Qa)!
(2.6)
-
1 —Q_IZJI(?J— xz) k1w 1
k -
= Z (—1)Fe i=2
(20,1)]1
k1=0 71=0
. ytl 1 T xt.l’l
X —1)r—t1 7
. 2 =1 tial 2 !
(Ztu j1>
i=1
In the last step we used
T Ji jl' T
(2.7) <y — le> = Z r;ytl,l H(_xi)tl’i
i=2 T . i=2
. 1,2
(Ztu = Jl) Z:]‘_‘E
i=1
as well as >i_ot1; = ji1 — t1,1, to obtain the power of coefficient —1.

Moreover, with k™ = (ki,...,k,) and /¢, the largest index for non-null

components of k", we take d(k") = (2ay,)~!, n = 2,... Besides this,

(2.8) A(K") + Kt (2 L

- d(k")) — d(kn.
Ap+41
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So, we have

.
Q*in r r

[ = I oeo) [

1 1 k1wf 1 kewt
SN DD PR 3D >
H(2av)w“+1 k1=0 j1=0 r+1-1 kr=0 jr=0 r4+l1—r
v=2 ( > tl,z‘:jl) ( > tm'er)
i=1 i=1
,
> (ki + ji — tin)
s T
% (—1)271 ' H w,;}‘r' ( 1 —d(k;v_l))j“_w’j__l
(2a1)h v-1 2a,
=2 wy! H t; v+1fz'
i=1
,
Ztm
—d(k")y qyi=1
x £ - Y ,
11t
i=1
(2.9)
with w;-r = w; + Zi;ll tujt1—us J = 1,... The exact expression of
Ft(zla},a$,2m", g3), see Fonseca et al. (2002), will be
F*(zlaf, a3,2m", g3)
1 1 klwf 1 krw;F
Rl DD DU DR D) DEND D x
H(Qav)wv—kl k1=0 j1=0 r kr=0 jr=0 1

(S0i-4) (S ti=i)

i=1
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)=l r w;'! 1 L\
« 1) . 11 — (——d(k 1))

i=2 2a;
w;! H tv,iJrlfv!

(S s
i= (b + %)

X rl Z i:l'/_‘[l h: IF( 12)
H ( r+s ) +

3. NON-CENTRAL GENERALIZED F' DISTRIBUTIONS

Distributions X?J,& is a mixture of the X§+2j’ j = 0,... The coefficients in
this mixture are the probabilities for non-negative integers of the Poisson
distribution with parameter g, Fsjp. Thus, it U ~ X;(S, we may assume
there is an indicator variable J ~ Pj/5 such that, when J =/{, U ~ Xg 1205
£=0,..

Likewise if the U; ~ th S ¢ =1,..,r, and V; ~ X?JQJ’(SQ,]" ] =
1,...,s, are independent, their joint distribution y?2, 97.95,87.65 = Ili—; th,i,éu

_ s will be a mixture with coefficients
] 1X92,]752,]

P () s (B
(3.1) o(t7,65,67,65) = [[ e~ 4< 212' —37( )

i=1 =1

_ r 2 s 2
of the Xg +207,95+205 — Hi:l Xgl,i-i—%l,i Hj:l X92,j+2€2,j'
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Moreover, see Robbins (1948) and Robbins & Pitman (1949), using the
mixtures method, the distribution of

s
> a1l
i=1

Z=5—
Y ag;V;
j=1

will be

F*(2]af, a3, 91, 93,07, 03)

+o0o +oo
0y " o

£11=0  £1,=0

+o0o +o0
XD e 01,405,687, 03) F T (2]at, a3, g7 + 207, g5 + 263).
la1=0 {2,s=0

If, as above, we consider indicator variables, the conditional distribution
of Z, when J1; = {1, 1 = 1,..,r and Jo; = fla;, j = 1,...,s, will be
Ft(zla},a, gf + 207, g5 + 205). Thus, desconditioning in order to the indi-
cator variables, we would obtain the expression of F'*(z|a}, a$, g7, g5, 97, 05).

We now consider monotonicity properties for these distributions. We
will have, with d; o the /-th component of 47,

OF*(z|a}, a3, g7, 95,65, 63)
0414

(3.3)
_ F(z]a}, a8, 91 + 247, 95,07,05) — F " (2|al, a3, g1, g5, 07, 03) <0
_ - ,

where ¢y has all the components null, but the /-th that is 1, as well as

OF* (a1, a3, 47, g5, 07, 03)
0621,

(3.4)

_ F(2]af, a3, 97,95 + 245, 01, 3) — F'* (2laf, a3, g1, 93, 01, 63) <0
5 :
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Nextly, with » = 1, a1 = 1 and aq,...,as41 [92,...,9s+1] the components
of a3[g3], we will obtain the exact expression of F*(z|1,a$,g1,95,9), the
distribution of

X9175

(3.5) e ,

> aixg,

i=2
when ¢ is even. Since

52 = (3)°
(3.6) FT(z]1,a3,91,95,0) = e /2> T I,a3, 01+ 24, 63),

=0 ’

to obtain the exact expression of this distribution it is necessary to obtain
the exact expression of F'*(z|1,a3, g1 + 2¢,95). So, with g; = 2m we have

F*(21,a3,2m,g5) = pr(X1 < 2 ) X;)
=2

(3'7) s+1

- [T /ngiﬂ aon | TT oo T] do
= 0 0 0 1(T1)axy 1 i\ Tg 1 XLj.

Since
s+1 s+1
ZZSCZ' ZZIEZ‘ m—1 v
i=2 dri = i=2 1 d
| = A = [ e s,
s+1
(3.8) _ ! Z;x m—le=3q
. = (m—l)'Qm/O = Ty e 2dxp
s+1 s+l

1 i 7§ZZCCZ' k(m—1) (ngi)]
> (_1) e 1=2 Z 2*]7]'

k=0 j=0

and
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s+1 J ]' s+1
9 (Xe) - ¥ G-I
i=2 s+1 R, =2
(=i K

s+1 s+1
too oo | L . L2 ) @ k(m-1) (Z;xl) s+1 s+1
:/0 /0 do(=DFe =2 - Eﬁ 11 filzo) T dai
k=0 J=0 ’ i=2 i=2
s+1
—%zzxz s+1
e =2 sz )j
ik("il) (_1)k /+oo /+OO s v Sli—[l Sli'[l
1=
= fi(wi) || dwi
P S 0 7! =2 =2
s+1
1 k(m-1) k *EZZCCZ' s+1 . s+1 s+1
ki oo oo T2 ;
=> > ( 2])' / / e =2 (sz) 11 fitas) T da:
k=0 j—=0 J 0 0 i—2 =2 =2

k=0 j=0 s+1 H h:!
. -
Z hi = J) i=2
=2
s+1 s+1 s+1

(3.10)
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Thus

L k(m-1) (—1)kzd 5L fboo

,;) D THQO

= Jj= s+1 h'l
(Sn-i)* 1

=2

<.

ORIy § oy e S
h; =

k=0 j=0 <s+1 )2th|220
i

=2

hi Z;

2
)

E. |

e 5l fi(w)

_ Ty

e 2a;

—d i
(%) (a2 "

o tam (hit g 1)

=0 a0 (sH )2J [T hat =2
i

ik(m—l) Z (_1)/€Zj Sff F(hi+%)
k=0 j=0 s+1 9j Sﬁlh | =2 F(%)(zaz‘)gi/2
(X hi=1)
1=2
(3.11)
and

F+(Z|l,a§,2m,g§’5)

525X (3!
=Ty T F elLag 2m 2 g

5) =

2
2

1

2a;

(_1)k2j s+1 +oo . |
h; =

)(hﬂr%i)

o7
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+oo

1 k(mt0-1) ,
— ¢ 0/2 Z . Z: z_% Z T

(3.12) =2

s+1 i
[(h; + %
< I s

i=3 D(%)(2a:)9:/2 (% + 5

)(h i+

2a;

Up to now we have considered the indicator variables Ji;, ¢ = 1,...,7, and
Jaj, j = 1,...,5, to have Poisson distributions with fixed parameters. We
now assume these parameters to be random variables Li;, 7 = 1,...,7 and
Laj, j =1,..,5. With Apr 1s(],£3) the joint moment generating function
for these variables and

1,1+ Al 2 1+ L ro4s
<er 45> 811 1,rT4£2,1 25)\(75 t )
(3.13) AL (t1,t3) = , ,
H oty H Oty
Desconditioning

F*(z]af, a3, 97, 95,11, 15)

(3.14)

Z Z 105,17, 15)F* (2]al, a3, gf + 207, g5 + 203)
£11=0 {3 5=0

in order to the random parameters vectors L] and L3, we get
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T (2]at, a3, 97, 9, A1y, 13)

too  foo AT (—117” ~11°)

S 3L S
(315) £11=0 f3,,=0 ]:[61 |2E1Z H 62 |2€2]
i=1 7=1

F*(2]ay, a3, g7 + 201, g5 + 203).

If pr(Ls = 0°) =1 [pr(L] = 0") = 1], F*(z|a}, a3, 97,95, Ay 1s) reduces to

FJF(Z‘a’i"a;’g{ngv)‘LI) [FJF(Z‘aTl" agvgfvggv)\Lg)] with

FJF(Z‘aTl"a;’g{ngv )‘LI)

<€71"> 1
.- (_51) + r s r T 8
Z Z F7(z]al, a3, 91 + 201, 93)
£11=0 £1,=0 Hglz!Qelz

i=1

(3.16)

FJF(Z‘aTl"a;’g{vggv )‘Lg)

0 <€ >( 115)
= - Z F*(z|a1, a3, g7, g5 + 263)
521 0 52 S—O H€2J!2£2]
7j=1

Let g; [g;] be the vector with all the r [s| components null, except the
i-th [j-th] which is 1, then L = (1" — ¢})L} [Lj = (1° — ¢5)L3] will have
all the components equal to the ones of L] [L3] to exception of i-th [j-th]
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that is null, being the vector of the random non-centrality parameters when
pr(Li; =0)=1,i=1,...,r [pr(Ly; =0) =1, j = 1,...,s]. From (3.3) and
(3.4) it is easy to get

F+(Z|a71"’a§’g{ag§a)‘fz7]4§) > F+(Z|a7£aa;ag{’gga)‘L;,Lg); 1= 17-~-7T

F+(Z|a71"’a§’g{ag§a)\LI,L§) > F+(Z|a7£aagag{’gga)‘[ﬂi’f§); j = 17“-78

(3.17)

As a rule, when one of the components of L] [L3] is null, with probability
1, the values of F*(zlaf, a3, g1, 95, \rr,1s) increase [decrease].

[1]

(7]

(8]
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